4 Integer and Mixed-Integer Programming



4.1 Examples



Integer Program

Example 1: Production Planning

Production Warehouse Contribution Margin

=

Capacity 6

Question: How many integer units shall be produced to maximize the contributed margin?

Note: The parameters of the problem are different from the ones in Chapter 3.



Integer Program

Example 1: Production Planning

Max z=5-x+8-x, (2.5)
subject to
l-x, +1-x,<6 (2.6)
5-x +9-x, <45 (2.7)

x,x, 20 andinteger (2.8)

12772

Definition: An integer program is a linear program where all variables are integer.



Integer Program: Solution Space

MaX Z:S.xl+8.x2
subject to
l-x +1-x,<6
5:x,+9-x,<45

x,,x, >0 andinteger (for short we write: X1, X, € Z> )

All feasible solutions:

— OXit+ Ix,= 45
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4.2 Properties of Integer Programs



LP-Relaxation

Definition 21: The LP-relaxation of an integer program is obtained by relaxing the integrality
constraint of the integer variables. The LP-relaxation can be solved with the Simplex method.

1+ X= 6

X1=2.25, X,=3.75, z=41.25

«— X+ 9X,=45

— T >
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Optimal Solution of the LP-Relaxation and the
Integer Program

Observations (for our example, does not hold in general):

The optimal solution of the LP-relaxation (1) is not integer.
The optimal solution of the LP-relaxation (1) is not integer.
Rounding up (2) does lead to an infeasible solution.
Rounding down gives a feasible but not an optimal solution.

The optimal solution of the integer problem can be far from the optimal solution of the
LP-relaxation.

(4) Optimal integer solution

M | @ | & | @

(1) Optimal solution of the LP-relaxation | x, 2.25 3 2

l .— (2) Rounded up solution X, 375 4 3

(3) Rounded down solution | » 41.25 - 34 40




LP-Relaxation and Integer Program

Observation: The objective function value of the optimal LP-relaxation is larger than or equal
to the objective function value of the optimal integer solution.

x, ,(4) Optimal integer solution (Z=40)

6

5. (1) Optimal solution of the LP-relaxation (Z=41.25)

4
3
2
1

1 2 3 4 5 6 7 8 9

Property 9: For a maximization problem, the optimal objective function value of the

LP-relaxation z*(LP) is always greater than or equal to the optimal objective function value
of the integer program z*(IP).

Maximization Problem: z*(IP) < z*(LP) Minimization Problem: z*(LP) < z*(IP)



4.3 Branch-and-Bound



Branch-and-Bound: Example and Main Idea

We will explain the fundamentals of Branch-and-Bound (B&B) with the following problem:

P,;Max z=5-x +8-x,

subject to
l-x +1-x, <6

5:x,+9-x, <45

X1,Xy € Z>

Main idea: In a systematic way, substitute the start problem by new problems where non-integer
solutions are forbidden by adding constraints. New problems are solved with the dual simplex.



Upper Bound, Lower Bound, and Solution Gap




Branching

In case of a non-integer solution, we substitute the original problem.

Rule for generating and numbering the sub-problems:

o “Left” sub-problem: Adding the <-constraint. Number = Number of parent problem +1
“‘Right” sub-problem: Adding the >-constraint. Number = Number of parent problem +2

Po:Max z=5-x,+8-x,
subject to
I-x, +1-x, <6
5:x,+9-x, <45

x,x, >0

Example: Branching on x, P, x; = 2.25,x; = 3.75

P,:Max z=5-x +8-x, P,:Max z=5-x+8x,

subject to

subject to P P
.x x <
l-x +1-x, <6 1 2 lx, +1-x <6

5-x,+9-x, <45

5-x,+9-x, <45



Branching: Graphical Representation

Xt X=6 Note: P, = P, U P,

o5x,+ 8Xx,= 41.25




Managing Open Problems with a Candidate List

« Let K be a list of the problems, which have to be solved.

Py:Max z=5-x+8-x,
subject to
I-x, +1-x, <6
5-x,+9-x, <45
X, <3

x,,x, 20 and integer

Pp:Max z=5-x, +8-x,

subject to

Iox, +1-x, <6

5:x,+9-x, <45

x,,x, >0 and integer

Po

x] = 2.25,x5 = 3.75

P,

P,:Max z=5-x+8-x,
subject to
I-x, +1-x, <6

5:x,+9-x,<45
Xy =>4

x,,x, >0 and integer



Updating Upper Bound (UB) and Lower Bound (LB)

e The UB equals the maximum value of the objective functions of the LP-relaxation of all
sub-problems in the candidate list K.

e The LB is updated whenever we solve a sub-problem and find an improved integer solution.

Po:Max z=5-x, +8-x,

subject to

NI
Il
NN
=
DO
Ul

I.x +1-x, <6

5-x,+9-x,<45

IN
I

w

NN

x,x,20

x; = 2.25,x5 = 3.75,z* = 39

Po

P, : Max z=5-x,+8-x,

Py:Max z=5-x+8-x,

subject to
P1 I:)2

subject to

l-x,+1-x, <6

1.x,+1-x, <6

5.x .x. <45
5-x,+9-x,<45 5-x,+9-x, <45
Xy <3

Xy =>4
x,x,20

x,x,20 .
x1=3,%x,=3,z"=39 x; =18x; =4,z =41



Solution Gap

e For any state in the branch-and-bound algorithm the solution gap can be calcluated.

A - |z(best bound) — z(incumbent)|

|z(incumbent )|

z(incumbent) is the objective function of the best found feasible solution for the integr problem.
z(best bound) is the objective function of the best possible solution, which still can be reached.

If A= 0, we found the optimal solution.
If A> 0O, the best possible solution is A *100 % away from the so far best found solution.

e During the branch-and-bound algorithm, A is decreasing.



Selecting the Next Candidate Problem from the List

e Last In First Out (LIFO): We select the problem, which has been added to the list last.

e Tie Breaker is the largest problem number.

Po:Max z=5-x,+8-x, (2.5)
subject to
I.x +1-x, <6 (2.6)
5-x,+9-x,<45 (2.7)

x,,x, 20 andinteger  (2.8)

P, x; =2.25,x5;=375 Z=4125,z=34

P,:Max z=5-x +8-x, (2.5) Py:Max z=5-x +8-x, (2.5)
subject to P 1 P2 subject to o ,
l-x +1-x,<6 (2.6) X +1-x, <6 (2.6)
5-x,+9-x,<45 (2.7) 5-x,+9-x,<45 2.7)
X, <3 X, >4
%% 20 andinteger  28) x,x,>0 andinteger (2.8)

x;1=18x;=4,z" =41

*

x] =3,x5=3,z"=39



One lteration: Processing one Sub-Problem

1) We select a problem from the list

2) We delete the problem from the list

3) We distinguish cases 1 - 4:
Case 1: If the LP-solution is integer, check if LB and incumbent solution can be updated.
Case 2: If the LP-solution is not integer and z*(LP) < z, no further action.
Case 3: If the problem does not have a feasible solution, no further action.

Case 4. If the LP-solution is not integer and z*(LP) > z, create two new sub-problems.



Example: Processing Problem P

1) We select a problem from the list

2) We delete the problem from the list

P() 3) We distinguish four cases:
xl = 225 E — 4125 Case 1: If the LP-solution is integer, check if LB and incumbent solution can be updated.
x2 = 375 Case 2: If the LP-solution is not integer and z*(LP) < z, no further action.
z=4125 | £=34
' Case 3: If the problem does not have a feasible solution, no further action.

Case 4: If the LP-solution is not integer and z*(LP) > z, create two new sub-problems.

Not Feasible Feasible

Not integer

z*(LP)> z

Case 2 Case 4



Representation of the Branch-and-Bound Tree

Po (1)
X,=2.25
X,=3.75
z=41.25

X< 3 case 4 X2 4 +—

P, ) P, (2)




Summary: Design Decisions for Branch-and-Bound

Fractional variable used for branching:
e Here: Arbitrary choice of x, when both variables are fractional
e Alternative: Choose the variable, which is most fractional.

Creating and numbering sub-problems:
e Left sub-problem: Adding < —constraint — sub-problem P,
e Right sub-problem: Adding = —constraint — sub-problem P,

Selecting the next candidate problem from list K:
e Here: Last-in-first-out (LIFO): Select the sub-problem, which has been added to K last.
e Alternative: Maximum upper bound (MUB): Select the sub-problem with max upper bound.
e Tie-breaker: Largest problem number



Table-Format for Branch-and-Bound

1st Iteration: Problem P,

Cases:

(1) Integer solution

(2) z'(LP)=z

(3) No feasible solution
4) z(LP)>z

K

T

Sol. LP-relax.

T9

\]

Incumbent

[P sol.

Case

Branch P; z*(LP)




Branch-and-Bound Tree

P, (1 _
_0( ) | 54125
X,=2.25 a4
x,=3.75 | ¢~
z=41.25
P1 P2

K =< P,,P,]



Graphical Representation of Problems P, and P,

o5x,+ 8Xx,= 41.25




Solving Sub-Problem P, with the Dual Simplex

q)o Yy 24

I

)
0
0 ) =(3)a ()
0

(2) =(5)-225(1)
(10) = (g) - 125(14)

Optimal tableau for Py: BV Vvalue x1 x2 x3 x4 ¥s Row
x1 2.25 1 0 225 -025 o (1)
KXo 2l X2 3.75 0 1 -125 025 o (2
Xo-Xg= Ly Xg = © @Stidg O 0 1 (3)
g 4 Xg = - y - -41.25 0 0 -1.25 -0.75 o (4)
BV Value x1 X2 x3 x4 X5
¥a 225 1 O 225 -025 (5)
X 235 Y A8 .9 ()
Xs 095 o 0 da(s] oas
-Z -l as 0 0 125 _03s (3)
BV Value x1 X2 X3 x4 X5
Xz 02 O O 1 -02 -08
-Z - L1

1) = (3)/1.28

(1) = (8)- (1291
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Table 2" lteration: Problem P,

Cases:

(1) Integer solution

(2) z*(LP-relaxation) <z
(3) No feasible solution
(4) z*(LP-relaxation) > z

K

1

Sol. LP-relax.

>

T9

Incumbent
IP sol.

Case | Branch P; z"(LP)

(Fo]

x :
2.25 3.75

41.25

Ty =2

To =3

4) o <3 P 39
ro>4 P 41

(P, P




B&B-Tree 2" Iteration: Problem P,

Py (1)

X,=2.25

X,=3.75

z=41.25
X;= 3 case 4~ X2 4
P, () P, (2)
X1=3 X,=1.8
X,=3 X,=4
z=39 z=41




Table 3" Iteration: Problem P,

Cases:

(1) Integer solution

(2) z*(LP-relaxation) <z
(3) No feasible solution
(4) z*(LP-relaxation) > z

Sol. LP-relax. Incumbent
K P | 11 To z z z A IP sol. Case | Branch P; z*(LP)
(P Py [ 225 3.75 41.25 (4125 34 21.32% | &1 =2 4) <3 P 39
To = 3 o >4 P 41
(Py, P P, |18 4 41 41 34 20.59% 4) <1 P; 40.56

rn>2 Poo-

<P43 ‘PB*, Pl]




B&B-Tree 3 Iteration: Problem P,

Po (1)

X,=2.25
X,=3.75
z=41.25

Case 4

Case 4

X422

P, (3)

no feasible
solution




Graphical Representation P1, P3 and P4

X2
4 X1=1 X4=2
© X1 X= 6
S) \4_ B
S — ooy x4 ]
4 3 +~{} 2
3 -e ® o Xp= 3
2 e ) ® o
- P,
| ox,+ 8x,= 41.25
RS B S B G S A s B B W R
1 2 3 4 5 6 7 3 9




Cases:
(1) Integer solution
(2) z*(LP-relaxation) <z

Table 4t lteration: Problem P, (3) No feasible solution

(4) z*(LP-relaxation) > z

Sol. LP-relax. Incumbent

K P | 1y T P Z z A IP sol. Case | Branch P; z*(LP)

(P Py [225 3.75 41.25]41.25 34 21.32% | 21 =2 4) <3 P 39
To =3 ro >4 Py 41

(Py, P P, |18 4 41 41 34 20.59% 4) <1 P; 40.56

rn>2 P -
(Py, P3, P | Py | - — — 40.56 34 19.29% 3)
(Py, P] |




B&B-Tree 4" Iteration: Problem P5

Po (1)

X,=2.25
X,=3.75
z=41.25

z=39

Case 4

Case 4

no feasible

solution

Case 3




Table 5t Iteration: Problem P

Cases:
Integer solution
z*(LP-relaxation) < z
No feasible solution
z*(LP-relaxation) > z

(1)
(2)
3)
(4)

Sol. LP-relax.

Incumbent

K Py | x4 T 2 z z A IP sol. Case | Branch P;
(P Py | 225 3.75 41.251(41.25 34 21.32% | 21 = 2 4) o <3 P
Iy — 3 €I9 2 4 P2
Ty > 2 Py

(Py, P3,Py] | Py | - — — 40.56 34 19.29% 3)
19 >5 P

<P()'1 Rr): Pl]

z*(LP)
39
41

40.56

37
40



B&B-Tree 5t Iteration:

Po (1)
Problem Pg x,=2.25
X,=3.75
z=41.25
Xz <3 Case 4~ X2 4
P, () P, (2)
X1=3 X,=1.8
X,=3 X,=
z=39 z=41
X;s 1 Case 4 X2 2
P;(4) P, (3)
X;=1 .
x,=4.45 no feaglble
2=40 56 solution
Ps( ) Pe (9)
X4= X4=0
X,= X,=5
z=37 z=40




Graphical Representation P4, P-, and Pg

1 =1 x4=2

« X1 X= 6

3 -e ® 0 X= 3
2 -9 ® o °
-1 P,
1_. ® .i ° <_5X1+ 9X2— 45
. i 5x,+ 8x,= 41.25
S I (S S R S B G B L N R
1 2 3 4 5 6 7 8 9



Final B&B-Table

Sol. LP-relax. Incumbent
K P. | T 2z Z z A IP sol. Case | Branch P; z*(LP)
(P Py | 225 3775 41.25|41.25 34 21.32% | 1 =2 4) w<3 P 39
To =3 >4 P 41
(Py, P P, | 1.8 4 41 41 34 20.59% 4) <1 P; 40.56
Ty > 2 Py -
(Py, P3, Py | Py | - - — 40.56 34 19.29% 3)
(Py, P Py |1 4.44  40.56 | 40.56 34 19.29% 4) To<4 P; 37
T2>5 s 40
(P, Ps,P1] | Ps | 0 3 40 40 40 0% 1 =0 1)
To =D
Opt. Sol. 0 5 40




Final B&B-Tree

Po (1)

x,=2.25
X,=3.75
z=41.25

z=39

Case 4

X,25

no feasible
solution

Pe (5)

X4=0
X,=5
z=40

Case 1

Case 3




Solution Space and Visited Solutions

X2 i
Pe (x40, X,=5, z=40)
Fs (x;=1 x,=4.45, z=40.56)

P, (x,=1.8, x,=4, z=41)
-o+— P, (infeasible)
' P, (X,=2.25, X,=3.74, z=41.25)

_________________________________




»( )

Flowchart of the B&B-Algorithm

Initialization
K=<Pg]. Determine feasible solution x, for P,. Set x™=x,". LB z=z(Xx,).
Determine optimal solution x," of the relaxation of Py. Set UB z=z(X,).

kS

1a®) {
4

<
<

3

Cases:
Stop yes
xfis opt. sol.
Not Feasible Feasible
no
Pick P; out of K,
Determine x/ of P;, Case 3 Not integer
Delete P; from K

X'

no X
< feasible? *

i Case 3 Z(LP)>z

Case 2 Case 4
z=z(x{)
xf=x
yes
3 Case 2
Case 4

—— Create sub-problems and insert them into K. Z = max{z(x]) | i € K}




Property 10: Non-Increasing Objective Function Value

Observe: z*(LP-relaxation of P,) < z* (LP-relaxation of P,). Generally, we have:

Property 10: In case of a maximization problem, the following holds for the optimal objective

function value of parent-and child-problem, both for the LP-relaxation and the integer problem:
z*(child-problem) < z*(parent-problem).

Po (1)
X,=2.25
X,=3.74
z=41.25
X;<=3 Cash&:>4
P () P2 (2)
X1=3 Xx1=1.8
X,=3 X,=4
z=39 z=41
X1<=1 Case 4 Xy=>2
Ps(4) P, (3)
X1=1 ,
X,=4.45 No fea§|b|e
7=40.56 solution
X,<=4 Case 4—X2=>5 Case 3
Ps() Ps (5)
X1=1 X1:O
x2=4 X2=5
z=37 z=40




Chapter 4.3.2

Truncated Branch-and-Bound



Truncated Branch-and-Bound: Idea

We stop the algorithm as soon as the solution gap A falls below a given threshold A.

We then have a guarantue that the best possible solution is not more than A*100% percent away
from the found solution.



Truncated Branch-and-Bound: Example

For A = 20% we obtain:

Sol. LP-relax. Incumbent
K P | 1y X9 z Z z A IP sol. Case | Branch P;:z*(LP)
(Py] Py | 225 3.75 41.25|41.25 34 21.32% | 2y =2 4) Ty <3 — P139
To = 3 To >4 — Py 41
(Py, P P, | 1.8 4 41 41 34 20.59% 4) T <1— P; 40.56
x> 2— Py -
(Py, P3, P\] | Py | - — = 40.56 34 19.29% 3)




Final Truncated B&B-Tree

P, (1
0 ) Z =41.25
X,=2.25 a4
x,=3.75 | ¢~
7=41.25 | A =21.32%
case 4~ X, 24
P, (2)
X,=1.8
Xo=
z=41
Xy 1 case 4
P;(4)
X4=1
x,=4.45

no feasible
solution




Chapter 4.3.3

Branch-and-Bound without Simplex Algorithm



Example Capital Budgeting Problem

A budget of 14 is available and each investment (project) can be selected or not selected.

Project NPV Budget demand
1 16 5
2 22 7
3 12 4
4 8 3

Decision: Which projects should be selected in order to maximize the total NPV?




Binary Program for the
Capital Budgeting Problem (CBP)
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Solving the LP-Relaxation of the CBP
with the Simplex Algorithm

ROW (BASIS)
Ok.t.1 ART

2 X3

3 X1

4 X2

5 SLK S

6 SLK

b

(

oOOo0OOoOHHOO

1

.000
.000
.000
.000
.000
.000

Max 16xl1 + 22=2 + 12=3 + 8=4
Cxl + 7x2 + 43 + 3=x4 <=

st

®l <=1
®Z2 <=1
®3 <=1
x4_<= 1

Mecsicn Vorik\‘a\¢5

Lo e I o s e

X2

.000
.000
.000
.000
.000
.000

Lo R e e e Y e

X3

.000
.000
.000
.000
.000
.000

HOOOOK

X4 ) SIK

.000
.750
.000
.000
.750 -
.000

oOoOOoOOoO oW

2 SLK
.ooo 1.
.250 -1.
.ooo 0
.ooo0 1
.250 1
.goo 0

14

0oo
750

000
750
000

SLK

0.000

oOFRrOOoOO

.00o0

000
000
000

5 SILK

0.000

HOOoOOoOO

.0aoon

000
000
000

OO e

.000
.500
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500
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Calculating the Upper Bound in Table-Format

\olve e, (b.su\’u‘k'
buJ§L¥rP0\wmn0‘ QcC. \/c,kug Qac. EVASLLM B-2by¥5
: . -
Project | NPV (c;) Budget ¢ Selection |  X;j Y ¢ x; Y& - x;
demand (a)) b a; Sequence Ay
1 16 5 Bozg I 41 | wen A6 5 g
2 22 7 2/;‘ - 3.4 9 %< 1 23 12 2
3 12 4 73 30| X%ra i L A0 o
4 8 3 g = 2.47 | Y *u=0 AN 1y

Re\oxed SOL\Acn

OB=uy
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Calculating the Lower Bound in Table-Format

Project | NPV (c;) Budget ¢ Selection |  X; Y- x Y4 - x;
demand (aj) b a; Sequence
1 1 6 5 32 /} \/1__ 1 /l C) 5
2 22 7 2 A4 2 4= 1 R 12
3 12 4 ’5 '3 3(3: O\\ \t
4 8 3 2.63 U Xu:0 e
h ne Q"GO\«'O(\@\
QOA«C\'S [ LB <38
(v Yook
WJ&' @zo«le

\OV(LD()\’ [ ¥Xa® 1

0"’)&,‘"1
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Branch-and-Bound Table

Cases:

(1) Integer solution

(2) z(LP-relaxation) <z
(3) No feasible solution
(4) z(LP-relaxation) > z

Selection of the next sub-problem: MUB with tie-breaker ,smaller problem number®.

Solution of the
relaxation

N

IN

Case

Branching UB

<Pl




Updating of UB when Selecting the 3'9 Subproblem

Py (1) K =< P4,, Pll P3]
X1=X2=1 zZ =44
x,=0,5,x,=( z = 38 Z = max{43.6; 43.33; 36} = 43.6
z=44 A=13.64%
X;=0 case 4 X3=1
P (4 P,(2) |_
X,=x,=1 X1=332;: ) 7= 4313.71
X5=0;x,=0,67 X,=0,71;x,=0 = —
Z=43,33 Z=43,71 A=13.06%
x,=0 case 4 X,=1 X;=0 case 4 X;=1
P, (8) P (5) P2 (9) AN
X1=X2=1 X1=X4=1 X1=X3=X4=1 X2=X3=1 Z=43.6
X3=X,=0 X43=0;x,=0,86 Xo= X,=0;x,=0,6 | £ = 38
z=38 2=42,86 2=36 2=43,6 A=1284%
case 1 X,=0 case 4 X,=1 case 1 x,=0 case 4 X=1
Py (11) P10 (6) Ps (7) Ps (12)
X, =X,=1 Xy=X,=1 Xy=X5=X,=1
X,=X,=0 X,=0;x,=0,8 x,=0 n. feas. .
z=24 z=42.8 z=42
case 1 x,=0_~case 4 X,=1 case 1 case 3
P,,(10) P,,(13)
Xy=X,=1
X,=%;=0 n. feas.
z=30

case 1 case 3



Updating of UB when Selecting the 5t" Subproblem

K=<P8, P5, P7, P3, P6]

Py (1)
X,=0,5;x,=0 z = 38 Z = max{42.86; 42; 38; 36; " —"} = 42.86
z=44 A =13.64%
;=0 case 4 X3=1
P, 4 P, (2
X1=X2‘=(1 ) ;4333 X1=x32=(1 ) r—am
z = 38 - -y =0 Z = 38
=0;x,= 2 =0,71;x,=0 =
A 4%”;‘3 0.67% = 12.30% a7t L A= 13.06%
X4= case 4 X,=1 X;=0 ; case 4 X;=1
P;(8) Pga (5) Pa(9) | P,3) |~
x1=)(2=1 X1=X4=1 7= 42.86 =X3=X4=1 X2=X3=1 Z =436
X3=X,=0 X43=0;x,=0,86z = 38 = X,=0;x,=0,6 | £ = 38
z=38 z=42,86  |a=1133% 36 2=43 6 A =12.84%
case 1 X,=0 case 4 \X=1 case 1 X;=0—"case 4 %=1
Py (11) P10 (6) Ps (7) P (12)
X, =X,=1 Xy=X,=1 Xy=X5=X,=1
Xp=X4= X,=0;x,=0,8 x,=0 n. feas
z=24 z=42.8 z=42
case 1 x,=0_~case 4 X,=1 case 1 case 3
P,,(10) P,,(13)
Xy=X,=1
X;=X,=0 n. feas.
z=30
case 3

case 1



B&B-Protocol with Updating of Upper Bounds

Relaxation
K Pe | Xy X, X3 X4, Z z z A Case | Branching UB
<P,] P 1 1 1, 0 44 44 38 | 13.64% | (4) [ x3=0=P, |43,
x,=1=P, |43,
<P,,P/] P, 1 5%, 1 0 435, |47 38 |13.06% | (4) [x,=0=P; |36
X, =1=P, |43%
<P,PPsj] [P, |3 1 1 0 43%;| 436 38 |1284% | 4) [x,=0=P5 |42
X;=1=Pg |n.feas.
<P,PsP;, |P;, |1 1 0 2, 43,4333 38 11230% | 4) |x,=0=P, |38
Pé] X, =1=Pg |42%,
<P PP, [Py | 1 6, 0 1 426|428 38 | 1133% | (4) |x,=0=>P, |24
P3,P] X, = 1= Py, | 4245
<P.0,Ps,P7, [Py | 1 0 1 424,428 38 | 1121% | 4) | x,=0= P, |30
P3,Pg,Pe] X, =1=P,, |n.feas.
<Ps,P7.PsPu, P, | O 1 1 1 42 42 42 0% (1)

Pg,Pe;P12]




Branch-and-Bound Tree with Optimal Solution

Py (1)
X,=0,5;x,=0 z = 38
=44 A = 13.64%
X5=0 case 4 X5=1
P, 4 P, (2
=X L(1 L 4333 X =X2=(1 ) r—umn
x4=01x,=0,67 Z = 38 x,=0.71:x,=0 Z = 38
3 ™4 ’ _ ’ ’ _
2=43,33 A=12.30% 2=43 71 A =13.06%
X,=0 case 4 X,=1 X;=0 E case 4 X;=1
P7(8) Pg (5) P9 | P,3) |
X =X,=1 X=X, =1 7=14286 “Xg=X,=1 X=X, =1 z=43.6
X3=X,=0 X3=0;x,=0,86z = 38 =0 X,=0;x,=0,6 | £ = 38
z=38 z=42,86 |a=1133% 36 2=43 6 A =12.84%
case 1 X;=0 case 4 \X=1 case 1 X;=0_—"case 4 X;=1
=
Py (11) P10 (6) Ps (7) Pe (12)
X, =X,=1 X,=X,=1 7=428 X, =X;=X,=1 | 7=42
X,=X,=0 X,=0;x,=0,8 [z =38 X{= z=42 n. feas
z=24 z=428 A =11.21%]>=42 A=0%
case 1 x,=0_~"case 4 X,=1 case 1 case 3
P,,(10) P, (13)
Xy=X,=1
X;=X,=0 n. feas.
2=30

case 1 case 3



Chapter 4.1

(Further) Examples



Mixed-Integer Program

Example 2: Warehouse Location Problem

Variable cost c; for delivering one
unit from warehouse i to retailer j

g ‘:—:¥

; e L —

. Retails
Locations
i=1,....,m Retailer j=1,....,n
with fixed cost f; with demand d,
y; € {1,0}

Source: http://www.research.ibm.com/trl/projects/optimization/wltp _e.htm



Mixed-Integer Program
for the Warehouse Location Problem

Variables:

vy, = 1, if warehouse i is opened, 0 otherwise (Integer variable)

x;; = Number of units transported from warehouse i to retailer j (continuous variable)

Parameter:

f. = Fixed cost for warehouse |

dj = Demand of retailer |

c; = Transportation cost for transporting one unit from warehouse i to retailer j



Mixed-Integer Program

m m n
MinX f-y, + 2 XX (1)
i=1 i=1j=
subject to
| Tor ek (doiler, Hle 2wl Spped pro vothoses
m . to He (e)r&:\zf hos ¥ eqva\ ola,nmc[
§Xij =d; (4=1,...,n) (2)
i=1 SUm of o(ema\«i\ e . .
n r n‘ '~l O\CCfoLS:\ ;‘« Lyf/\i“ olbwo'vc\) » L \,\/(}r{l]/ovw. We Somts S\mﬁ? 'om%& Lc-ceho
Z Xij -Il(2 dj )(‘. yk: < 6? (|=1 ""’m) (3) /\}io rej\:i;\ws Los Yo be € lobel sopfly cléa dome-d
=1 =1
x; 20 (i=1,...,m) (4)
(j=1,...,n)
yi =1 (i=1,...m)  (5.a)
y; € {0,1} (i=1,...,m) (5) Yy, =20 (i=1,...,m) (5.b)
Vi € Z (i=1,...,m) (5.c)

Definition: A mixed-integer program is a linear program with integer and continuous variables.


Mobile User


Binary Program

Example 3: Capital Budgeting Problem

A budget of 14 is available and each investment (project) can be selected or not selected.

Project NPV Budget demand
1 16 5
2 22 7
3 12 4
4 8 3

Decision: Which projects should be selected in order to maximize the total NPV?



Binary Program

Example 3: Capital Budgeting Problem

Max z=16-x +22-x,+12-x,+8-x, (2.9)
subject to

5-x,+7-x,+4-x +3-x,<14 (2.10)

x,,x,,x,,x, €1{0,1} (2.11)

Definition: A binary program is a linear program where all variables are binary.



Summary: Integer and Mixed-Integer Programs

Integer Program (IP) Mixed-Integer Program (MIP) Binary Program (BP)
X € Zs x =0 x € {0,1}

y € 1L
Production program Warehouse location Capital budgeting

with integer quantities problem problem



