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1 Decision Theory

1.1 Decision Context

1.1.1 Basics LZ,W/{ UF M"Ay

Question 1 0. o/ .
. o \
Name and explain the criteria that describe different decision contexts as explained in the lecture.N } L‘\»—]e(}\ “
\b. ot olecision weles

Question 2 Oﬂ’bf\éw\' loelonrov-
A small investor considers investing his savings of 8,000 Euro into securities for one year. He has two
investment options to choose from:

e Buying fixed-income securities at a price of 3,000 Euro per unit with an interest coupon of 10% per
year.

e Buying shares of an equity mutual fund at a price of 4,000 Euro per share. If the stock market
develops positively, the share value will increase by 20% in a year. Otherwise, it will decrease by

20%.
a) Explain these terms using this example: C} NA, € ‘.':oads M SLGOL\— SL70L_
(1) Alternative [T 5?‘\0 WK 3K 2“3\(
(2) The set of alternatives ¢} o" ol ‘o\ws 9»0»‘ o?LO‘\S rd 6C Ve &.6Y & ,6 &

(3) States of nature (or scenarios ﬂ”l‘\vd g}wt 5[09 wovkol 3 Ve h¥ R,k 1‘2\(
b) What alternatives does the investor have? / g 3.6\X G'él(

“w
c¢) Construct a decision matrix. ~ Ste ©) S 2\ ul %II\K LSK
V) Ve - W .

1.1.2 Efficient alternatives

Question 3
Consider the following decision matrix for a maximization problem:

S1 | S2 | s3 | s4 | S5
ap | 13121 |25 |18 | 10
ay | 14 | 15|20 | 14 | 18
as | 11 | 18 | 24 | 13 | 13
aq |12 119125 | 13 | «

= X c(1A12)

}-¥<43 ;o v\o\' JOW\N‘/\C 0\3
X219 g ok be glowinckd by 24

Determine the integer value(s) for € N such that all alternatives are efficient or non-dominated.

Question 4
Consider the following decision matrix for a maximization problem:

S1 So S3 S4 S5 Se 7 a\“d ak,ac
S| -1 0 2 1| 3| 2| @, dowied-S 0O
G| -2 o 1| -1| 2| -1
as | 1| 1] 2] 1] 3| 2| _sownd aa
as | 1] o 2[ 1] 4] 2] Oy dowivebes O
s | 0] 1] 2| 1| 3] —2|oag lowiners A
“1| of 1] -1| 3| -1

a) Which alternatives are efficient and which are inefficient or dominated?

b) Reconstruct the decision matrix by removing all dominated alternatives.



1.2 Decision Under Uncertainty
1.2.1 Decision rules

Question 5 bco u\c.\(
Characterize the decision contexts in which the decision rules can be used to solve a decision problem.

Question 6
Describe the decision rules that were presented in the lecture. State the decision maker’s attitude toward

uncertainty that is reflected by each decision rule applied. M .
[/, LENVEV.VE
Question 7 Mowsq v n
Consider the following decision matrix of a maximization problem: ¢ wilz
Mivimenl Tecrek
meyY Yﬁ-r (A- S1 S2 S3 S4
loce
S al -1 5 0 3
4 a2 4| =2 1 2
G as 3 7 1] -3
% aq 1 -1 0 0

a) Remove all dominated alternatives, if any, and reconstruct the decision matrix to include only the
efficient alternatives. NOk& dOV"\" e \,,A

b) Which alternative is chosen under each of the following decision rules?

(1) Maximax rule O 2

2) Maximin rule Q q

)
(2)
(3) Laplace rule qg
(4) Minimax Regret rule@ 4
(5)

5) Hurwicz rule; A\ = 0.25, Ay = 0.75 hc-l\ u""V‘[’\ yo=

N2 3

Question 8 G ik 4 max
A tour operator has the chance to buy 0, 1000, 2000 or 3000 nights for 90 Euro per night in a hotel in
Antalya for the next season. If he sells a night within one of his package holidays, he would earn 100
Euro for that night. He estimates to be able to sell 1800 nights in an ave)rage year and 900 (360)00) nights

in a bad (good) year. A boysnl (H#) a\ocue) bod[
v o
. . 1 1000 +4O +4o +5-3.o
a) Construct a decision matrix. 2 2000 420 +18-1820 +§.35g=-30
3 2000 £30 318 - 103D 18 - 189 =-180

b) Remove all dominated alternatives, if any, and reconstruct the decision matrix to include only the
efficient alternatives.

¢) How many nights should the tour operator buy, if he decides under one of the following rules?

(1) Maximax rule 000
(2) Maximin rule 1000
(3) Laplace rule 41090

(4) Minimax Regret rule 1000

Question 9

Rosemarie sells red roses in Indian restaurants in order to earn some extra money. She estimates to sell
either zero, one, two, three or even four bunches of roses for 8 Euro each in one evening. Unfortunately,
she has no idea about the probabilities of these estimates. Each bunch of roses costs her 6 Euro and has
no value if not sold.



So S S, SZ! St-‘ @ Gk {.c.‘SrJ'

ao - - ~ ~ -~ (6] X

A, -6 | a - - - o .« c

Qe m| .y | N

a 3 _43 -10 _ ‘1 G = -O.S 1 2

Al | g o -3.6 18§
a) Construct a decision matrix. -8 PAY

b) Remove all dominated alternatives, if any, and reconstruct the decision matrix to include only the
efficient alternatives.

¢) How many bunches of roses should Rosemarie buy if she makes her decision under one of the
following rules?

(1) Maximax-Regel Ll
(2) Maximin-Regel O
(3) Laplace-Regel 1
(4) Minimax Regret-Regel 1
|

wwize cosh.
Question 10 mwmivamate (05
The owner of a drilling concession for an oilfield wants to condyet a test drilling. There are three different
methods a; (i = 1,2, 3) to conduct this test. The incurred costs of each method depends on the uncertain
kind of rock in this area. Experienced geologists believe in the occurrence of 5 different kinds of rock s;
(j =1,2,...,5). The incurred costs of each method depending on each kind of rock are listed below:

s1 S $3 S4 S5 WX rtgcb\'
ap | 100,000 | 100,000 | 150,000 | 250,000 | 300,000 100 w
az | 50,000 | 200,000 | 100,000 | 250,000 | 300,000 Aco0l
as | 200,000 | 150,000 | 150,000 | 200,000 | 200,000 S0 K

Which method does the owner choose if he decides under the Minimax Regret rule? Cig @V O“L

1.3 Decision Under Risk

1.3.1 Expected value criterion

Question 11
When can the expected value criterion be used for solving a decision problem? Characterize the decision
context.

Question 12

A risk-neutral art collector considers securing his recently acquired paintings by Pablo Picasso amounting

to 20 million Euro against theft. The insurance company offers him a theft insurance for the premium of

3,750 per year. The probability of theft within the next year is known to be 107%.

Qp WO iuwswronce S, not shole., (02239
Gn  ilsUrCnce s4 stelen (0.0001)

b) Formulate the two alternatives into two lotteries. S, Sa

¢) Which alternative will the art collector choose? _ -20M % 0 -oecke

R Q, -31s0 350
Lo);- Lg=Zc00 "
0 L1g-3f;‘b

a) Construct decision matrix from the art collector’s point of view.

1.3.2 Expected utility criterion ﬂ{
—> no (riurenCe

La— .
Question 13 130

When can the expected utility criterion be used for solving a decision problem? Characterize the decision

context. o e as eeded volue) b DU hes rish aMhilvde (cmtese o Yalics)

Question 14
Name and explain the axioms that must be satisfied by a decision maker, if he wants to use the expected
utility criterion to evaluate the lotteries.

Question 15
The utility function of Mr. Hinz is estimated as u(z) = § + (35)?. He is offered to participate in a lottery,
which brings a payout of 10 Euro with a probability of 80%. Otherwise the payout is 3.



EV-10(08)+3l0=86
bt b €Ul () o (3+ () oD Oois "\ 0. Bu-CE- R 6-G0ua= O
> e+ K(ev) -2 Vo505 = J0uh

a) Determine the expected utility, the certainty equivalent and the risk premium.

b) Which attitude toward risk does Mr. Hinz have? He's Pasivg 044hE wore thou rith-ednls
J’L&«bfo«ci Cish-Seeliss (W‘O)
Question 16
The utility function of Mr. Kunz is estimated as u(z) = \/% . He is offered to participate in a lottery,
which brings a payout of 10 Euro with a probability of 64%. Otherwise the payout is 0.

a) Determine the expected utility, the certainty equivalent and the risk premium.
b) Which attitude toward risk does Mr. Hinz have?

¢) Which amount would Mr. Kunz or a risk-neutral decision maker pay at most to participate in the
lottery?

Question 17

The utility function of one decision maker is estimated as u(z) = (W)Q. He is offered to participate in a

lottery which brings a payout of 100 Euro with a probability of 25% and a payout of 0 with a probability
f 75%.
of 7% EV=25; EL-025(422%)+0:0.95] (g~ 100025 =50 j = £y-(E=-25
a) Determine the expected utility, the certainty equivalent and the risk premium.

b) Which attitude toward risk does the decision maker have? RP<0 — QQSL’S““‘!S

c¢) There is another lottery which brings a payout of 80 Euro with a probability of p and a payout
of 20, otherwise. For which probability p would the decision maker be indifferent between the two

lotteries? EQ, = o.asg o EUs=EUq 2 O-G?=O.Q.4

2
0= P(s) + (- EE5) =0.6up +0.04-0.0Up= Obpo.0u > P-0.35

Question 18
Consider a lottery which brings a payout of 100 Euro with a probability of 20%, a payout of 50 Euro
with a probability 50% and a payout of 0 with a probability of 30%.

a) Assume that the certainty equivalent of a decision maker is 50 Euro. Which risk attitude does the

decision maker have? EU=20+26+0 =5 ; RP= Ev-CE=-5 = RPO0-2;sl -S“L‘-'hé

b) Another decision maker has his utility function estimated as u(x) = 751/ . Determine the amount
y, for which he is indifferent between the above lottery and a lottery which brings a payout of either
y Buro or ¥ Euro, each with a probability of 50%.
Eu- 207. ‘w(100) +50°-u(50) %0.55 22
Question 19 EVEU, » 0.$5=0.05'J7+005-J ylu = 44“(‘/—* &'{;’_ = Q-Q-g?"[;:’ y=( 5) =53.1

A businessman has the utility function u(z) = % . (1009?000)2 + 200%00. He is offered two projects. The first
project delivers an income of either 20,000 Euro or 40,000 Euro, each with a probability of 50% . The
second project brings an income of y Euro with a probability of 70% and 0 Euro, otherwise. Determine
the income y of the second project, for which he is indifferent between the two projects.

ELs=0- % EUrBly => 0.57= (L)% L=
Question 20 EVy = O-?(O -S(T.%Ef"' io—oLutT S -‘a"(:?az.y 0%
The football player Rheuma Kai has the choice between two contracts. The first contract guarantees a
safe annual salary of 240,000 Euro. The second one pays based on his performance. If his team wins the
championship with a probability of 30%, he will receive 450,000 Euro, or otherwise only 150,000 Euro.

His utility function is estimated as: (piecewise defined)

1,&00\/E for 0 <2 < 250,000

u(x) =

3
1 —250,000 \ 2
1y (W) for 250,000 < z < 500,000

a) How high is his expected salary in both cases? 2LO’'c00 <€ ereh L
- b
b) Which contract will he choose? £)4= QLY ; EU,= 0,3.;,..{(..50@)4-01-»(4500”)' 05> ~ Secord @akvac

¢) How high should the safe salary be, so that he will choose against the performance-based contract?
0.53= ) => %==(0-33) = (033 33350+250000= 28I LS

5



Question 21
A decision maker’s preference is described by the utility function u(z) = 2 (with 2 > 0 und a > 0).

a) Use the Arrow-Pratt measure to specify for which values of a the decision maker is

a-2 2
(1) Risk-neutral 61 A ? b~ ('C) (0:2—0) X _ _(‘7"‘)7Lak _ o-1 :-1:3\"
. ow -t o Q-1 - N X x
(2) Risk-averse & <1 (7() (23 Jo- - e -4
0-2)-la-") -
(3) Risk-seeking o241 Seding <0< ovese

b) The decision maker has the opportunity to participate in a lottery which brings a payout of either

1 Euro or 0 Euro, each with a probability of 50%. 40 _A
EV=21" =5

(1) How high is the certainty equivalent of the decision maker depending on a? C€= k"(3)= 0.5%

(2) Assume that @ = 2. Will the decision maker pay 30 cents for his/her participation on the

lottery? ce= 0,5“’3_-0’33:; - Yes, wold foy vp b Ce= 3B cenls

Question 22

The managing director of a medium-sized company is facing with the decision whether to include a new
product into the assortment. In the end he has only products A and B in his shortlist, but only one can
be selected. Product A brings a profit of 50,000 Euro with a probability of 30%, a profit of 90,000 Euro
with a probability of 50% and a profit of 100,000 Euro with a probability of 20% in the planning period.
Product B brings a profit of 80,000 Euro in any case. The managing director asked two consultants, Mr.
Roland and Mr. Berger, to make a decision. Mr. Rolands has the utility function

0) Reudi = —20 = 0 Dneteed

W) = 10036000 "
) ‘&,3_” fer 0 ¢ € SO0
whereas Mr. Berger has the following (piecewise-defined) utility function 1) 60000° _4 .
"X ->S<Ju.é
) 5 ¥ | S000
x
3+ (s000) for 0 <2 < 50,000 fov SO0 < REAPCO
v(e) = 50,000 -2 (ﬂ-)% ="
% + 1/ 5So0000-  for 50,000 < 2 < 100, 000 s000) e
' z(‘L"_' "z_;;;
a) Determine the risk attitude of the two consultants by using the Arrow-Pratt measure. (’{ — ) 200000
Tdond: Ryt
b) What are the recommendations of the consultantsr?a,‘.os o038 | Eli:03-0:5:0.5-0.86+02- =083 z(; Z2(x-50000) A""‘"L“d
- neteod £02 088 > Roducst B

¢) How do the decisions change, if both products incur an additional fixed costs of 50,000 Euro and

how can this effect be explained? Polads decision doewt choge-
Beger: B 03-0x05:032402-0.5:02¢

(ecemise
1.3.3 Decision matrix and risk utility Euar048 » g‘ﬂ"’“’ﬂ“ to Podech A e o He

Question 23

The ChraimlerDysler AG wants to secure its position in the American automobile market and plans a
new factory in Detroit. The corporate management considers producing either the series Tiger, Eagle or
Dolphin. The following matrix, which illustrates the expected income of each alternative depending on
the situation of the total market, is used as a decision support.

wklly

P1 = 0.2 P2 = 0.5 pP3 = 0.3 'E\/

Total market | positive | constant | negative

Tiger 70 20 5 25.5
Eagle 40 30 25 20.5
Dolphin 10 30 50 V2

a) Which alternative will the corporate management choose, if they use only the expected value as
the decision criterion? Which risk attitude is implied by the corporate management?

@d,?l)m. Lidnedel becose ouly BV isused; basically «le)=x



b) Assume that the corporate management has the risk utility function u(z) = (”‘6—_55)2. Which decision
would be rational if they use this risk utility function? a)“ﬁ"- ©2(1)+0.5(0 053) 10-3(0)= 0.23

EVggte =0.4¢

Question 24 Vg = 0.22

A publicly traded company requires additional capital to finance an investment of 100 million Euro.

The supervisory board offers the management to select either to take out a loan, to issue a bond or to

issue new stocks. The following decision matrix, which illustrates the expected costs in millions Euro,
depending on the development of the interest rate, is used as a decision support.

=T \'32/

0<p1 <08 | p2=02 | p3=08—p;
Interest Rate increase constant decrease
Loan 6.3 4.5 3.0
Bond 5.1 4.8 3.9
Stocks 3.5 4.7 5.6

a) Which criterion will the management use, if they are risk-neutral? W No resdd! M'Eﬁ‘dnyd""
Ceibecio

6.3—w)2

b) Assume that the management acts on the utility function u(x) = (%25

(1) For which probability p; would the decision maker be indifferent between the borrowing and
the issuing of stocks? B 02(0.298)s (0-8-72)(1) =0.86-P4 ; EVs=74(032) +0.2.(0.23)+ (0.9 44 (©.04)= 0.08 + 0.68 pa

(2) For which probability p; would the decision maker choose the bond as a financing tool? =?%1=0.46
€Ug= P1(0.13)+0.2(0.21)-(0.8-P4)(0-53) =0.u66-0.kpy To cluwse agonsk EVg: P4 7065

EUs: pacO J>nrrv\°?n'/h-m¢‘.
s* Yn .

1.3.4 Decision matrix and p—o rule

Question 25
In which context is the pu—o rule used to solve a decision problem? Characterize the decision context.

Question 26
The student M. S. wants to invest his savings of 100 Euro. He has to choose between three different
alternatives:

A: Invest in the company "Gugel" newly founded by one of his fellow students.
B: Purchase the stocks of the WMB AG.

C: Purchase the German government bonds.

The expected payoffs after one year are listed below:

=02 |pp=07 |ps=01 | gv () Vo(c*) SO(c)
S1 So 53 ,,2-43‘ (fgé(g)}); 5385
+o. o
A -100 0 100 -10 - 2800
B -4 8 16 6.k 32.64 5M
C 4 4 4 U o 0
a) Determine the expected outcome and the variance of each alternative. At x
b) Depict each alternative in a y—o—diagram. 5 sb T
c) Assume that M. S. behaves after one of the following preference functions: -» *
i) ®(a;) = pla;) + o(a;). = Seauas, A
i) ®(a;) = p(a;). = Nebod , B
iii) ®(a;) = p(a;) —o(a;). —=Pvtest , C



(1) What is his attitude toward risk under each preference function?
(2) Which alternative would he prefer under each preference function?

Question 27

Mr. Bert wants to invest his savings of 100 Euro in securities for one year. There are three different
alternatives available, each at the current market price of 100 Euro. The expected prices after one year
are listed in the table below:

2

pr=02 |p=05 |p3=02 |ps=0.1 I G G
S1 S9 83 84
Security A 80 120 130 90 102 L% 2034
Security B 110 120 100 120 |402 208 Aqu.ke
Security C 90 120 115 80 101 2838 16.92

e
G Ty 1
G\Wwi N M‘( CG-\CVW)
b) Depict each alternative in a y—o—diagram. \,\x “_,\,U [r ©) is skl e

a) Determine the expected outcome and the variance of each alternative.

c) Assume that Mr. Bert behaves after the preference function ®(a;) = 2 - pu(a;) + 2 - o(a;).

(1) What is Mr. Bert’s attitude toward risk? S&&Lwn(j

(2) Which alternative would Mr. Bert prefer? wlon) = 18418
Ga) _ v
()= 18184 9 Seecnby A

Question 28 (aq) =185.6h
Explain under which circumstances both the y—o and the expected utility rules provide an equal solution.
ih., @Righ-Nedol DA @ Quodvokie uku‘7cn ® Novwmelly duScW res U
Question 29
There are 300 Euro available for an investment of one year. Moreover, there are three different financial
securities that fulfill the requirements. Securities A, B and C are at the current market prices of 100, 100
and 200 Euro per unit, respectively. The expected prices after one year are listed in the table below:

P pr=02]p2=05|p3=01|ps=02| g g2 6 ¢
S1 S92 S3 S4
: gLz 2433M8
100 Security A 80 120 130 90 103 3u1 1§
100 | Security B 110 120 100 80 108 236 1536  2456.2%
200 | Security C 180 270 300 140 | 228 3Wd 6833 us5M.32

a) Determine the expected outcome and the variance of each alternative.
b) Depict each security in a p—o—diagram.
c¢) Assume that the decision maker behaves after the preference function ®(a;) = 20-u(a;)—0.02-02(a;).

(1) What is the decision maker’s attitude toward risk? Ave.se (-g)

(2) Determine an optimal investment portfolio, assuming that each security cannot be invested in
fractions. ¢ ks logyet /0 voko < yse as wony Cos possble: 1, owd 40¢ B (Lo-bed)
AC+113
1.4 Multi-Stage Decision Making

1.4.1 Decision tree analysis and expected value criterion

Question 30
In which context can a decision tree be used to solve a decision problem? Characterize the decision
context.



Question 31

A risk-neutral entrepreneur considers bringing a new product to market. The production of the new
product will incur the fixed costs of 1.5 million Euro. If the product is a success (probability 50%), the
entrepreneur will make 3 million Euro. But if the product is not a success, the entrepreneur will only
make 1 million Euro.

The entrepreneur, however, has the opportunity to do a market survey for a cost of 20,000 Euro, before
he finally makes the investment decision. If the market survey’s prediction is positive (probability 60%),
the probability that the product is a success will raise to 70%. On the other hand, if the prediction is

or
negative, the probability that the product is a success declines to 20%. y oler 4
o < ot "’"2
a) Draw a decision tree that depicts the problem of the entrepreneur. 5\6 ., =4
o~ 52 l; y.ftJ-Jia..: o

b) Determine the optimal strategy for the decision maker. Which decisions should he make and how
should he behave under certain situations? €@, = 2W-154 =031 Bz W-ASM0IN = gocef» Do Mo
€%, = Au-15M=-0.AN = No prededicon = g9 =0 ERsz 0L-03M-0.2M=OSLN Suevey
c¢) How much should the entrepreneur be willing to pay at the most for the information brought by i &%-, Jotpudice.
the market survey? 0.6-e3n-c=05M=C =00um =Llooco L€)

gMAS
-~
d) How much should the entrepreneur be willing to pay at the most for the perfect information that 2054 o
tells him whether his investment will be a success or not before he even makes the investment? Sn*Q -os

Bz 2(1.50)+2(0) = OFSM  belere: EROSM 2 C=005M

1.4.2 Decision tree analysis and risk utility

Question 32

The owner of a discontinued drilling concession has just enough time to do one more drilling. The drilling
costs 100,000 Euro. The success probability in finding oil is 55% and he will earn 400,000 Euro. Otherwise,
he will earn nothing. The owner, however, has the opportunity to perform a seismic test before the actual
drilling. The test costs 30,000 Euro and the probability that the test is positive is 60%. Moreover, the
chance to find oil raises to 85% if the test is positive. If the test is negative, however, the pro?ability to

find oil declines to 10%. The owner behaves after the risk utility function u(z) = (%) °,

a) Draw a decision tree that depicts the owner’s problem. //o,-( ffj‘

b) Determine the optimal strategy for the decision maker. Which decisions should he make and how

should he behave under certain situations? f), the Yesh. I ws{kve, ARl i F wob, dowt dall.

¢) How high may the probability of the situation ,,Seismic test is positive* be at the most, so that the
owner does not decide to perform the seismic test? @3> P-(0.85-w(u 0w -40030L)+ 0,45 (0t 301)) + (4-p)-w(-30%)
>P.0.91+(1-P0-38 =>025>0L3p =>058 >

Question 33
An entrepreneur plans the production of a new product that generates a return of 4 Euro. He estimates a
high demand (87,000 units) with a probability of 60% and a low demand (45,000 units) with a probability
of 40% in the first year. If the demand of the first year is high, he estimates a demand of 125,000 units
with a probability of 70% and a demand of 79,000 units with a probability of 30% in the second year.
However, if the demand of the first year is low, he estimates a demand of 58,000 units with a probability
of 20% and a demand of 37,000 units with a probability of 80% in the second year. He already owns a
machine that can produce 50,000 units annually. Moreover, he has the opportunity to buy a new machine
at costs of 120,000 Euro that can produce 40,000 units annually.

Assume that the entrepreneur behaves after the risk utility function u(z) = | /1556555

a) Draw the decision tree that depicts the problem of the entrepreneur.

b) Determine the optimal strategy for the decision maker. Which decisions should he make and how
should he behave under certain situations?

1.4.3 Decision tree analysis and real options

Question 34
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A toy manufacturer plans the production of the new action figure , Terminator®. He estimates a high
demand (154,000 units) with a probability of 38% and a low demand (68,000 units) with a probability
of 62% in the first year. If the demand of the first year is high, he estimates a demand of 217,000 units
with a probability of 73% and a demand of 171,000 units with a probability of 27% in the second year.
However, if the demand of the first year is low, he estimates a demand of 166,000 units with a probability
of 29% and a demand of 84,000 units with a probability of 71% in the second year. The management
also considers when to buy which machines. There are two different types of machines available:

e The purchase of a machine of type I with an annual capacity of 250,000 units costs 527,315 Euro.
e The purchase of a machine of type II with an annual capacity of 120,000 units costs 264,141 Euro.

Assume that every sold action figure generates a revenue of 6 Euro. The discount interest rate is 12%
annually.

a) Draw the decision tree that depicts the problem of the entrepreneur.

b) Determine the optimal strategy for the decision maker. Which decisions should he make and how
should he behave under certain situations?

c¢) Determine the value of the real option for the following case: First, one machine of type II is
purchased. Depending on the market development, an additional machine of type II is purchased.

1.5 Multi-Criteria Decision Making - Utility Analysis

Question 35

When can a utility analysis be used to solve a decision problem? Characterize the decision context.
~

Question 36

Describe the steps of a utility analysis in keywords.

e
Question 37

Three projects are suggested to the management of a company, but only one can be realized. The projects
are evaluated on the basis of four criteria. The following table illustrates the evaluations of the projects

and the weights of the criteria: a) b)

Criteria Costs Risk Increased Market Share | Prestige | EQ

Weight 6 8 4 2

Project A 50,0000 Low , 5% ot Mediumo gggo)*o.l.n)to.ws)*o.ato)

Project B | 35,000,/ High _ 4% o | Medium |= 0.3 son
r,u,;,,_uﬁ}\, Project C "4}5”(,)59"0" Mzéiurrols S(é . I—‘I’iih . :-g‘;:;*o.uo.

a) Conduct a utility analysis to decide which project the management should select. —>'P(ot‘)n§¢ C

b) Which weight should the goal ,Increased market share “ have, so that project A will be selected,
given that all other parameters are unchanged? Cus A: 0-333+ (1) < 0.+ 2£(05) => 35 <0.2%
=> wel.lh

Question 38

A company wants to respond to the introduction of a new product by a competitor. There are three
product alternatives A, B and C, which differ regarding the timing of the market introduction, the
expected market share and the development costs. An early market introduction is three times as
important to the company as the market share. The development costs are irrelevant. The company

is risk-neutral.

Product | Market Introduction | Market Share | Development Costs
A early 4% 300,000
B middle 10% 400,000
C late 8% 100,000

10



a) Conduct a utility analysis to decide which project the company should select.

b) Which weight should the market share have, so that the company will be indifferent between
products A and B, given that all other parameters are unchanged?

¢) Assume that the company applies the weight obtained in b), which product will be selected, if
the expected market share of product B is only 9%? Will the decision change if the company is
risk-seeking?

Question 39
You are a student assistant at a Chair of the TU Munich and supposed to recommend which word
processor to be acquired. Since the Chair must pay for the software, the cost plays a crucial role (g1 = 5).
But you also want a program that is easy to use (g2 = 3) and has a wide range of functions (g3 = 2).
After an intensive market analysis, you can call seven potential softwares and evaluate them for costs,
usability and functionality.
W 0.5 0.3 0
b) diwimated | Software Costs Usability Functions | S (.,L‘L:\,\.Ln) S, exd . go.

xF Super Type | 1000| very difficultg] many 4 0.2
w

X Easywrite 90 0.4 difficult 095 mediumot ©.26
5&“ Right Word 500 very easy q| medium efs .63
Lexico 01 medium ¢.4 litte o3 ©.72 ga+2: 033
)('- Ultraword 2003 very easy a| very littleq .7
Keywrite 40 o) easy 0234 medium o6 .66 94-0.6+2°0-66
Fastwrite 85048 medium 05 many 4 0.\25 94 .0AS+ L

a) Conduct a utility analysis to decide which project you should select. =2 lexics

b) The Chair is very experienced in using word processors. Therefore, the usability of the program
can be ignored (go = 0). Which weight should the criterion ,Costs“ have, so that ,Keywrite* will
be selected, given that all other parameters are unchanged? K>l o K>F
0.66 =
o.GO.M.'S?:g.; M :74.65:?;1 - 4.s4<54<4.GS —-————“‘
0.634*1'31 * y'. 94 ’

Monte Carlo Simulation 0.L3<WA<0.L5

Describe the
the simulation?

ess of the Monte Carlo simulation. What information are available a the process of

Question 41
The owner of a kiosk buys 13 ies of the Munich Daily Telegrap
sells these for 1.50 Euro each. The ies that he cannot sell a
distribution of the daily demand is showigjn the table below;

ery day for 1.20 Euro each. He
orthless at the end of the day. The

Demand 10
Probability | 5%

ximum capacity of 19 passengers. The following demand was observed in the past:

11



Md 14 | 15 | 16 | 17 18 19 20 21 22 | 23

24

25

ProbabilM, 3% | 5% | 7% | 9% | 1% | 15% | 18% | 14% | 8% | 5%

3%

LionAir does not book e than 19 passengers for each flight. Additional requests
However, there are often fredgats despite a huge demand because of no-shows (
flight but do not show up). Assulsg that the number of no-shows is describe
with an expected value p = 2. Now, airline decides to book 21 passen,
Important costs and revenues are shown

(2) What is the probability that the profit is between 2,000 Euro and 2,500 Euro?

12

Iways denied.
engers who book a
a Poisson distribution
or each flight in the future.

_



2 Linear programming

2.1 Modeling and Graphical Solutions

Question 43
Consider the linear program (LP) below:

Maximize
z = 40-214+30- 29 b=C : 2% 4%,-12= Litq+ 3%, 13
9 D) theume pidds: L 7K =2 X, (mb)=hS

subject to 4 (0.0) ; (0,6):(.53);(6,0)

l-x14+1-29 < 8 055 fvu. valas: f,vs" hyiake Fedien

2412y < 12 €

271 +3-20 < 18

T, T2 2 0 .2

a) Illustrate the constraints in a chart and mark the feasible region.
b) Determine all extreme points of the feasible region and their objective function values.

¢) Determine graphically an optimal solution(s) and specify the optimal value of the objective function.

Question 44

A farmer owns 100 ha. of land. He wants to plant potatoes in one part of the land and cereal crops in the
other. Potatoes incur planting costs of 1,000 Euro per ha. and cereals 2,000 Euro per ha. Furthermore,
it takes 1 workday to plant one ha. of potatoes and 4 workdays to plant one ha. of cereals. There are in
total 160 workdays and 110,000 Euro available for the farmer. Expecting to make a profit of 1,000 Euro
per ha. of potatoes and 3,000 Euro per ha. of cereals, he wants to determine how to maximize his total
profits. # poVoloes =¥ ; ¥ corml= Xg may 2= A000%, +3000%,

$-L- Ka + L‘ﬂ:. < 160
ACC0 %4 + WX, § MOCN

a Xa+ Xa € 100

b

Formulate the problem as a linear program.
2,0, -
Define and explain the objective function, the constraints and the ‘ecision variables.

c) Illustrate the constraints in a chart and mark the feasible region.

)
)
)
d) Determine graphically an optimal solution(s) and specify the optimal value of the objective function.

Question 45

A fish-processing factory produces pure crabmeat and crab salad. A crab picker needs 60 minutes to
produce one kg of pure crabmeat. A cook takes 30 minutes to process one kg of pure crabmeat into one
kg of crab salad. Two crab pickers work for the factory and work 5 hours a day. Furthermore, there is
only one cook who works 3 hours a day. The profit which should be maximized is 3 Euro per kg of pure
crabmeat and 5 Euro per kg of crab salad.

a) Formulate the problem as a linear program.

Illustrate the constraints in a chart and mark the feasible region.

)
b) Define and explain the objective function, the constraints and the decision variables.
c)

)

d) Determine graphically an optimal solution(s) and specify the optimal value of the objective function.

Question 46

A mining company owns two different mines where certain kinds of ores are extracted. The mines are
located in different areas and have different capacities. The ores can be divided in three different classes:
Coarse-, medium- and fine-grained ore. Each class of ore has a certain demand. The mining company
aims to provide a smelter a minimum of 12 tons of coarse-grained ore, 8 tons of medium-grained ore,
and 24 tons of fine-grained ore per week. Mine 1 has operating costs of 200 Euro per day and Mine 2
has 160 Euro per day. In Mine 1, 6 tons of coarse-, 2 tons of medium- and 4 tons of fine-grained ore are
extracted per day, while in Mine 2, 2 tons of coarse-, 2 tons of medium- and 12 tons of fine-grained ore
are extracted per day.

13



a) Formulate the problem as a linear program to determine the minimum-cost extraction plan.

b) Define and explain the objective function, the constraints and the decision variables.

b) Ilustrate the constraints in a chart and mark the feasible region.

)
)
)
¢) Determine graphically an optimal solution(s) and specify the optimal value of the objective function.

Question 47

A brewery produces two different kinds of beer: Pilsener ,Classic* and the nonalcoholic ,,Free“. As an
intern you should set a production plan to maximize the total revenue. There is no demand restriction
for the two kinds of beer but the availability of hop and malt is limited. You carry a stock of 10,000 kg
of malt and 2,000 kg of hop. To produce one litre of ,,Classic“ you need 200 g of malt and 9 g of hop. It
can be sold for 1 Euro. To produce one litre of ,Free“ you need 180 g of malt and 10 g of hop. It can
be sold for 1.50 Euro. Furthermore there are advanced orders of 8,000 litres for ,,Classic® which must be
satisfied.

a) Formulate the problem as a linear program.

b) Define and explain the objective function, the constraints and the decision variables.

)
)

c¢) Illustrate the constraints in a chart and mark the feasible region.

d) Determine graphically an optimal solution(s) and specify the optimal value of the objective function.
)

How much should the price per litre of ,,Classic“ differ, so that it is optimal to produce 25,000 litres
of ,,Classic* and 25,000 litres of ,,Free® ?

e

2.2 Simplex Algorithm: Basics

Question 48
Determine which conditions need to be satisfied to determine an optimal basic feasible solution of a linear
program via simplex algorithm.

Question 49
Consider the linear program (LP) below:

Maximize

z :®$1+2'$2:’+0~$3+0'$4+0-$5

C
)S . "4"'“0«4)
ubject t0 " (legest
A

1'Q?1+2'ZE2:+1'ZE3+0'1‘4+0'1‘5 = 10
3 |
,“_.,‘®~m1—|——-x2:+0-x3+1-x4+0-x5 =
Csacllesh co0) 2 | -
gt 0.1 +1-224+0-234+0-24+1-25 = 4

T1,T2,T3,T4,Ts > 0 VMQ&\‘) TN ]Mly M Ore &J‘
Lor jnikal bosic Solkon
a) Determine the related basic feasible solution. X4,%g =07 Y210} X(.2 8jxs=l
b) Show that the basic feasible solution is feasible but not optimal, faxsble: all corshoiats ore o/
nob oghmaie oy, y,z4, o Xa=d X eh is bk
c¢) Improve the basic feasible solution by performing one iteration of the simplex algorithm.
c) Xq onbesi %y leoves) Lin conduir L 18 givol
CQctilessifiieorI}chiolinear program (LP) below: O + 4*‘—%“*0*5:64.,
' 414 ;%111-0)(34"/1*«"0"5 -

Maximize Os, + A4y +Oxs* Ox +lxg =4

3
6-21—12 20 —4-23+0-24+0-25 = z|212=0% ity ¥02y ~hxu+O%s
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subject to

2-214+2-204+0-23+1-24+0- 25
l-zy+4-204+4-234+0-24+1-25

T1,T2,T3,T4,Ts

=7
> 0

a) Determine the related basic feasible solution.

b) Show that the basic feasible solution is feasible but not optimal.

c¢) Improve the basic feasible solution by performing one iteration of the simplex algorithm.

Question 51
Consider the linear program (LP) below:

Maximize
3'x1+1-x2+4'x3|‘+0-m4+0~x5
subject to

6'$1+3'1‘2+5'5L’3||+1-l’4+0'7}5
3':1:1+4-x2+5~x3‘+0-m4+1-x5

T1,T2,T3,%4,Ts

>

A )(4')(1’7(3')(‘1'7(5

z N N t I

Xy | 26 6"3:5|’\|0

|

%5 |20 3, LS5, 0l
» 2|03 taryiolo
20
0

a) Represent the linear program in a tableau format.

bo.ﬂc vovichles bove

b) Show in the tableau that the basic feasible solution is feasible but not OM 7 Soy.fm. CothiGionks ? O

¢) Perform pivot steps of the simplex algorithm in the tableau format until an optimal basic feasible

solution is found.

Question 52
Consider the linear program (LP) below:

Maximize

l-z21+1-29+3-23+0-244+0-254+0-264+0-27

subject to

l-z2y—-1-204+0-234+1-244+0-254+0-
12y +0-220—-1-234+0-24+1-25+0-
—1l-z1+1-294+1-23+0-244+0-25+1-
2.2y —1-294+1-234+0-24+0-254+0-

x6+0-x7
6 +0-x7
zg+0-x7

g+ 127

X1,T2,T3,T4,T5,T6, L7

a) Represent the linear program in a tableau format.

%

10
12

b | vl | X2 1 X2 X3 Xy I X
. + l

? T
Xa |6 [3'-A 1001 a1
| |
% | w35 uis' 4 | o lug
2% st o o 1%

X4 S/ | 4 ‘-4/3: o ;"/:-:'/3
5 |30 101 Ul
2|10 -0 1-Y v

- wno festkve coefkciants; ophimal

b) Perform pivot steps of the simplex algorithm in the tableau format until an optimal basic feasible

solution is found.

Question 53

(Hint: You should solve this question in less than 7 minutes.)/

Given a maximization problem and the simplex tableau below, answer the following questions.

15



a) Which variable will leave the basis in the next pivot Step of the simplex algorithm? Justify your
answer. ‘52.; %2 Wil edes eler (01 Sj, w#du\,\-?O) o So bos Mo (&046" ek (sulla‘ch-d)

b) Perform one pivot step of the simplex algorithm.

¢) Do you find an optimal solution by performing the pivot Step in b)? If so, what is the optimal
value? Justify your answer. Yoq |, o?kw\ velwe -3, (o} %4=0j \ll:’l j be.xqis how- basic)

2.3 Transformation into Canonical Form

Question 54

Consider the linear program (LP) below:

Minimize

12 —2-

subject to

1l‘1+1
6-21+9-
01’1+1

T1, X2

€2
T2

T2

IV IA A IA

100
720
60
0

Mo .

2= Myq 4 9—’(2

BV | Wert | 21 22 81 82 83 Q o\ ¥, Y2 S Sa S=

S1 7 1 3 1 S U _4/1 0 4 -%% ©

s 2 1 1

’ & Ko |1 |22 0 %2 O
5 2 4 1

» S22 |00 0 -21

—Z -2 —3 @ _2 _3 _4/% O o _A/z O

%q ! )izl Sa'% ,IS3

BV | vl
b L
S* $a |00 f\|f||4( (
AN+ 14, + 154 < 100 Sz |0 | |5| c
é)(,'*s*z 4—151 = 220 S} 6o :/]?l " (4
1 _ T
Axq F1%3:60 2|0 | alolololo

Xa 'xz, 54151 ,sl 20

a) Is the given LP in canonical form? If not, transform it to a canonical form. Give an explanation.

b) Perform pivot steps of the simplex algorithm in the tableau format until an optimal basic feasible

solution is found.

Question 55

Consider the linear program (LP) below:

Maximize
521 —7 29+ 3-

subject to

1oz +1-
221 +4-
1z +1-

xo+2-
1'2—2-
$2—3'

T1,x2,T3

IV IV IA A

@ @ s
| S |
BN | yel al %yl Sa S 73 RN | yel 5(,\\‘)( ISAISz{ 3
| | —
Sa |Uo | 1 I 4 ( (_'\ s+ | 10 I I 9 ‘ (4/‘1
|
S2l180] 671 L 11-8 Xq|20|1 | l et Y
z Xq | 60 ‘,4: 1‘ (1 Xq | 60 ‘|4| |‘ ([ 4
1
2wl 7 Tolotota 1l o Lotk
Ophmal/
! =150, %}'=30; 1§ =60
11
-8
0

a) Is the given LP in canonical form? If not, transform it to a canonical form. Give an explanation.

b) Perform pivot steps of the simplex algorithm in the tableau format until an optimal basic feasible

solution is found.
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Question 56
Consider the linear program (LP) below:

Minimize
WAGK,
2201 —1-22-2-23 = 2 _g=Qurlxg i dxsg
) st
subject to 'l(!'ﬂ -:*4 —1x1-4i§+4¥§+454 :—3
l-2;+2 - 20+1-25 > :2" Xq —1i3+4x; 4139 =
~loz140-a5—1-z3 = 0 x4 +Ax5 —x3 -S3 =0
0Oz +1 ap+1 23/ < 1 %z x4 sy =1
_,(4_)(3;0-7%44-!350 T1, X2 _’>— 0
-Xqa-%3 €0 T3
oﬁ: ;%53;’20 N x3-%g

a) Is the given LP in canonical form? If not, transform it to a canonical form. Give an explanation.

b) Perform pivot steps of the simplex algorithm in the tableau format until an optimal basic feasible

solution is found.

Question 57
Consider the linear program (LP) of question 44.

a) Is the given LP in canonical form? If not, transform it to a canonical form. Give an explanation.

b) Perform pivot steps of the simplex algorithm in the tableau format until an optimal basic feasible

solution is found.

Question 58
Consider the linear program (LP) of question 45.

a) Is the given LP in canonical form? If not, transform it to a canonical form. Give an explanation.

b) Perform pivot steps of the simplex algorithm in the tableau format until an optimal basic feasible

solution is found.

2.4 Dual Simplex Method / Big-M Method: Basics

Question 59

Determine which conditions need to be satisfied to determine an (optimal) basic feasible solution of a
linear program via the dual simplex method. Mo be dwel -Cersible = All Cayﬂ\‘d&nl‘s fh 2 hush be SO

—

Question 60

BY |val | X4 1%, X5 Xy IXg 104
Consider the linear program (LP) below: 0) xs|0 |-2 ; 5?: 1 : 0 | olo
Maximize 9 - |
A4 1,2 ,0,-"10 1 . .
- x5 |12 7—|,’1=O|0:4lo becw.sea.lsbaac,
2+l 2402340244025 = 2 z|lol211170 "o |0 -ML/‘:\‘PW::}“O!
r C_ STeao T Thrd A~ ™ T —F- - (o3 v hew -2
subject to > Nok ohal- c"“'li" hew -2 | 8M M+‘LT3'L*!—'- O.-n, 0 0 fee "
Dual Sieaples MeModl cannat e appliad %}
—2-z1+5-22+1-234+0-244+0-25 \ @3“ val | X4 'X1|X3|Xu IXS |2
= I
() Zl-m1:2~x2+0'x@x4+0'x5 prat Xa| O 2/.‘? |4/5| O :O
2oy +1 2040 2340 a4 +1-25 = 12 a2 42// —'//5'-1 : ol
12 0 (-5 'O
V‘m r1,T2,x3,%4,25 > 0 s > 1 : - 0 .1 T
oy P A%y k- Uxy +Oxy A%+ 10, +0xg =3 -Z|9m -.wn O '¥n% -m10 .0
add of%a:l a) Find a basw feasible solutlon of the linear program by using ng the dual simplex method or the big-M
Vortalde bo thod
Qg o el MethOd:

c vor.
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O B[ 0 1K X e 10 (L% 5)- (Fmes) (%)

ohwe X2l 2 | O ;4 Va/g |- ' o %3

x| 6|4 ,0 ‘z/3|l %) 0 |%s -?/SM,”/S +?/5M+E£5‘ =2, 28 25 a4
*s| o Olol‘lsl“/g:’l"“/s St et s =

-2[-12] 010 tya tugt 0 el e Moy in abikay cdficed) romeie it

b) Perform pivot steps of the simplex algorithm in the tableau format until an optimal basic feasible
solution is found.

b) "}® BY [val | Xq 1%, |X3 lX'-l :XS

Question 61

X2 |0 1" 1o
Consider the linear program (LP) below: x4l 5 | 1 lo | 0 ‘ Ofl"“*-‘ ot %5 2;%7= 5= 0
- 2% =12
Maximize Xu| O | O O ,4/u l 1 3/(.1 (23, %5 won-bonc)

AR | ! ‘, -
—1l-z21+1-294+0-2340-244+0-25 = | | 0l0. O A

subject to
l-z1+3-20+1-234+0-244+0-25 = 7
1
lox1+§-x2+0'x3+l~x4+0-x5 = -1
2-21+2-20+0-234+0-24+1-25 = 4

T1,%2,%3,%4,x5 > 0

a) Find a basic feasible solution of the linear program by using the dual simplex method or the big-M
method.

b) Perform pivot steps of the simplex algorithm in the tableau format until an optimal basic feasible
solution is found.

Question 62
Consider the linear program (LP) below:

Lo os ko be O
Maximize be Qg is basic
+0sa-Maa b) BV v [ xq Xz Sq4 Q4 C)@ BV|vw) | x4 Xz S4
ey +2-207 = 2 sa|10|3 2 10
) 01
Z42M=(Ma )% 4 (2-UK)xy +O0sa+ 0 (o A4 04 Xafou| 0
subject to x Xa|26| 1 0 ou
3*4_?’( +Sq = “2l2Mn M2zt O O 2|4 o 0 -06
® BU[wl | x4 Xz S4 @
3-x1—2-m3 < 10 el B e B b ofhimal o) %2236 %04
l-x1—4-29 = 2 54 ulo 20° 1 3 Del
Axq- Uy $40a> % X2 |1 -4 0 4
o =210 6 0 -m

a) Is the given LP in canonical form? If not, transform it to a canonical form. Give an explanation.

b) Find a basic feasible solution of the linear program by using the dual simplex method or the big-M
method.

c¢) Perform pivot steps of the simplex algorithm in the tableau format until an optimal basic feasible
solution is found.

Question 63
Consider the linear program (LP) below:

\ \ weild nesd
Minimize &— M\I“M.JJ'\“‘ “M" :’“om;?ﬁj::\, &oﬁ\mu‘f
1 1 4

subject to

1+ o
—x1+ 379
x1

Z2

T

m IV IAN IV IV IA

= o = =

T2
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a) Is the given LP in canonical form? If not, transform it to a canonical form. Give an explanation.

b) Find a basic feasible solution of the linear program by using the dual simplex method or the big-M
method.

¢) Perform pivot steps of the simplex algorithm in the tableau format until an optimal basic feasible
solution is found.

Question 64
Consider the linear program (LP) below:

Minimize
B -2 mtloag—doay = 2 —2 -2k #3020 0G Ky b - Maa-Mag-Mag A DM EIEA D
Mak -3 X4 + 2 v, - Tu54bx, =-2 248m= (BB 4 (20t F (2435 - (10510 + (U4BAIXw =M -34
SUDJECt 10\~ Tt e frosttle
~Saka, l-x1+1-29—4-23+2-24 > 4 Xn+—x:+X{’XZ“Ax‘L+2x&\_S44O“I =l1 (»)
-Sa —3-r1+1-29—2-234+40-24 < 6 -SH"“BX:\‘}'X:‘X; —2X3 4\"S2 =6 (1)

-('4)l o, O0-z94+1-294+0-23—1-24 = -1

-
- X2 +X =
+Q-} 1'$1+1-$2—1-:L'3+0~:I:4 2 2 +xl4 ‘\'a.‘ —4 (‘)’)

X =Xa 4%;-%3 — X3 020 ()

x,,; +X4‘—x;’ XZ=J‘X;'K;'~ Z1,x2 €
3,84 2>

0
R
0

a) Is the given LP in canonical form? If not, transform it to a canonical form. Give an explanation.

b) Find a basic feasible solution of the linear program by using the dual simplex method or the big-M
method.
bro 1 woh o Compuber, Hris will loke Loy boo losg
¢) Perform pivot steps of the simplex algorithm in the tableau format until an optimal basic feasible
solution is found.

Question 65
Consider the linear program (LP) of question 46 without taking the constraints 7 < 7 and x5 < 7 into
account.

a) Is the given LP in canonical form? If not, transform it to a canonical form. Give an explanation.
b) Find a basic feasible solution of the linear program by using the dual simplex method.

¢) Perform pivot steps of the simplex algorithm in the tableau format until an optimal basic feasible
solution is found.

Question 66
Consider the linear program (LP) of question 47.

a) Is the given LP in canonical form? If not, transform it to a canonical form. Give an explanation.

b) Find a basic feasible solution of the linear program by using the dual simplex method or the big-M
method.

¢) Perform pivot steps of the simplex algorithm in the tableau format until an optimal basic feasible
solution is found.

Question 67

A milk processing company produces cheese and cream. It takes 50 litres of milk to produce one kilogram
of cheese and 4 litres of milk to produce 1 litre of cream. 1,500 litres of milk need to be processed every
day. All products need to pass a strong quality control, which takes 5 minutes for each kilogram of cheese
and 20 seconds for each litre of cream. An employee, who works 7.5 hours per day, carries out the quality
control.
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The maximum demands are 60 kilograms of cheese and 700 litres of cream per day. The cheese is sold
for 5 Euro per kilogram and the cream for 2 Euro per litre.

The company aims at maximizing the daily revenues.

a) Formulate the problem as a linear program. Define and explain the objective function, the con-
straints and the decision variables.

b) Is the given LP in canonical form? If not, transform it to a canonical form. Give an explanation.

¢) Find a basic feasible solution of the linear program by using the dual simplex method or the big-M
method.

d) Perform pivot steps of the simplex algorithm in the tableau format until an optimal basic feasible
solution is found.

Question 68

The owner of a fruit plantation has 80 tons of apples after the harvest. As he does not want to waste
any apples he will either sell them for 0.50 Euro per kilogram or process them to fruit juice which can
be sold for 1 Euro per litre. The fruit juice is a mixture of water and pure apple juice. One litre of pure
apple juice can be obtained from 5 kilograms of apples. The water supply is unrestricted and for free.

The apples that are processed to apple juice need to be cleaned. The cleaning process takes 1.5 minutes
per kilogram of apples. Moreover, it takes 1 minute to bottle 1 litre of fruit juice. Help laborers carry
out these two tasks manually. The owner has a maximum of 2,500 working hours at his disposal. 20,000
litres of fruit juice need to be produced due to delivery commitments. The maximum demand of fruit
juice is 70,000 litres and 60 tons of apples.

The owner aims at maximizing the sales revenue but he needs to obey a food law that sets a minimum
proportion of pure apple juice to a.

a) Formulate the problem as a linear program. Define and explain the objective function, the con-
straints and the decision variables.

b) Is the given LP in canonical form? If not, transform it to a canonical form. Give an explanation.

¢) Which values can a adopt so that Q) 2°0.5%a+ 02K

, . U Xq = 800®O

(1) the linear program (LP) has no feasible solution? 174, 150000

(2) the linear program (LP) is unbound? 0.2% % 20000

(3) all constraints that contain a are redundant? 0 .2%.§ 30009

Xa$ 60000
d) Assume that a is equal to 10% = 0.1. X11% 20
S#a cN

(1) Find a basic feasible solution of the linear program by using the dual simplex method or the
big-M method.

(2) Perform pivot steps of the simplex algorithm in the tableau format until an optimal basic
feasible solution is found.
2.5 Simplex Algorithm: Special Cases

Question 69
Describe the special cases that may appear in simplex algorithm.

Question 70
Consider the linear programs in tableau format:

BV | Value | z1 22 x3 x4 5 BV | Value | 1 22 23 x4 x5
3 5 1 2 -1 o 212 1 1
1) s 4 1 10 @ @ | (O 5 31
T 2 1 -2 1 T5 7 2 1 1
—z | -10 (o) -1 —z| —6| 3 -1
Ulbiple Oghwee! X, 1o wom-basic bk ks Priweol AM Basic leowing voacBe Xo

Sel\roas - c““‘au\} 0 20 Wos welve 0



BV | Value | =1 22 x3 x4 x5
T3 60 6 5 1

(3) a4 80| 6 5 D (4)
T5 150 10 20 1

—z 0 | 500 450

n;‘-ﬂa- " “ o(n»‘“«} SG'LS i
Q“,MJOAL « ‘ :l-dfna\'la(sc sdAs ?ﬂu"

BV | Value T Ty I3 T4 Xy

T3 60 6 ) 1

(5) x4 | | —80 6 5 1
5 150 LlO 20 1
| 0Y\s0 450)

BV | Value | 1 x2 x3 x4 x5
x3 2 2 1

T4 4 1 1

x5 1 0 1
-z -2 -1 3

Un\aow\d solhon: Al cpt&&b—\‘é vo Ue

CO[.bvw\Fof e f\vo‘r dfw-l-—L

ot mbc.kw,

No Teaste solbon: Nl grivnal- (g n0 ok (il Single) Lnctle od Gigo M okl Voo Lokl 1o |

e He
\S( LWL“'U

a) Specify the special case of each LP and describe how you can identify it in tableau format. ¢ ce Wl Nk;,\}ly?

b) Specify in each case how these special cases affect the process of the simplex algorithm.

Question 71
Consider the linear program (LP) in tableau format:

BV | Value | 1 22 x3 x4 x5 g
Ty 2 —4 1 1 3
T3 1 0 1 2 3
T o 1 1 0 -1
—z 10 0 -4 -5

How do you have to choose the parameter a so that the linear program (LP)

a

b

d) has several optimal solutions? X2 0O

e) has an unbounded feasible region?

Question 72
Consider the linear program (LP) in tableau format:

has at least one initial basic feasible solution? &=Q

)
)
c) has just one optimal solution which is degenerate? ¥
)
)

has at least one optimal solution which is not degenerate? & 20

BV | Value | 1y xo x3 x4 x5 Tg
x1 1 1 0 1 -2
x3 3 1 -1 3 -2
) B 1 5 0 -1
—z | =20 -2 -4 I6;

How do you have to choose the parameter 8 so that the linear program (LP)

a) has at least one initial basic feasible solution?

b) has at least one optimal solution which is not degenerate?
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¢) has just one optimal solution which is degenerate?
d) has several optimal solutions?

e) has an unbounded feasible region?

2.6 Sensitivity Analysis: Shadow Price and Reduced Cost

Question 73
Consider the optimal tableau of question 57.

a) Determine and interpret the shadow prices of the three production factors.

b) The farmer considers growing another product. Which product should the farmer in your opinion
choose if he can select between the following products?

Products
Production Factors | Asparagus Corn
Plantable area 3 3
Working Days 4 2
Budget 2,000 2,000
Profit Margin 4,000 2.500

¢) The Farmer wife suggests to grow both products. Do you have the same opinion? Why and Why
not?

Question 74

Consider a company that produces two kinds of pralines, which are made of chocolate and nougat. The
available capacities, the needed amount of chocolate and nougat for the production of the products
,Chocolate Dream* and ,Nougat Hill“ and their contribution margins are listed in the following table:

Products
Production Factors Chocolate Dream (x1) | Nougat Hill (x2) | Capacity
Chocolate (x3) 3 1 20
Nougat (rr 1 2 15
‘ Contribution Margin 4 3

A company’s employee already found an optimal tableau by using the simplex algorithm:

BV | Value | 21 9 T3 X
x 51 1 & -2
o 5 I
—z | -35 SV

a) How much should the company be willing to pay for one additional unit of chocolate capacity at

the most? 1 wo

b) A praline of the kind ,,Calorie Bomb* is made of 4 units of chocolate and 3 units of nougat. What
is the contribution margin of the ,,Calorie Bomb* so that the company would produce it?

Usitg W vispedie Shodn, prices: W(A)r3(4)<]
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2.7 Sensitivity Analysis: Variation of the objective function coefficient

Question 75
Consider a brewery which produces three kinds of beer with hop and malt. You find the given capacities,
the required amount and their contribution margin in the table below.

Products
Production Factors | Wheat Beer (x1) | Pils (z2) | Export (z3) | Capacity

Hop (z4) 1 1 2 7
Malt (z5) 2 1 3 10
Contribution Margin 8 ‘ 6 ‘ 5 ‘ ‘

An employee has already determined an optimal tableau of the simplex algorithm:

BV | Value | z1 2o 23 x4 x5

T2 4 1 1 2 -1
1 3 1 1 -1 1
-z —48 -9 -4 =2

a) What is the contribution margin of ,Export“ so that it is in the basis? USth M’«:m\ co G+g <Al

b) How much can the contribution margin of ,Wheat Beer“ change without changing the optimal

basis? A‘Ad A toCh., = apfy to afkvn'l't,cd (0+8) > S¢t Yo O be. basiv vors Cind Lomib i oMler cotlf.

Question 76
Consider the linear program (LP):

Maximize

—1-21+1 29

I
w

subject to

1'1’1+3'$2
1'1‘1+2'I2
2.1+ 2- 19

IV IA IV IA
=TSN |

Ty1,T2

and the corresponding optimal tableau:

BV | Value | 1 22 23 24 Ts
73 1{-2 0 1 o0 -3
T2 2/ 1 1 0 0 3
T4 31t 0 0 1 1
—2 -2(-2 0 0 0 -3

a) In which interval can the objective function coefficient of the variable x; change without changing
the optimal basis? S\acAow grices 2L 2 ped

b) In which interval can the objective function coefficient of the variable zo change without changing
the optimal basis? 2-psO o 440660 = -1sD
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c¢) Consider now the following extended linear program. Determine the parameter « so that the
variable x3 is in the optimal basm.@ridké Ou\'

Maximize

—1l-z1+1-20+a-x3

I
w

subject to

l-21+3-20+4-23
].'5171+2'.'E2+1'$3
2-x14+2-22+5 23

T1,T2,T3

IV IA IV OIA
= I R

Question 77

Daddy Cool sells two kinds of punch at the Munich Christmas Market: Cinnamon and Clove. One litre
cinnamon punch includes 0.7 litres of red wine, 0.25 litres of water, juice of 1.5 lemons and 3 grams of
cinnamon. One litre Clove punch includes 0.8 litres of red wine, 0.15 litres of water, juice of 0.5 lemons
and 5 grams of clove. There are in total 35 litres of red wine, 10 litres of water, 40 lemons, 75 gram
cinnamon and 200 gram clove available for Daddy Cool. It takes 2.7 minutes to measure and mix the
components for one litre of Cinnamon punch and 1.8 minutes for one litre of Clove punch. Due to the fact
that he sells and serves the punch on his own, he got at most 90 minutes to mix the components. The
contribution margin of one litre of Cinnamon punch is 0.7 Euro and 0.4 Euro per litre of Clove punch.
Assume that all of the produced punch can be sold. How many litres of Cinnamon punch and Clove
punch should Daddy Cool produce to maximize his contribution return?

a) Formulate the problem as a linear program and explain the objective function, the constraints and
the decision variables.

b) Determine the optimal solution and the optimal objective function value with the simplex algorithm.
¢) How much does the optimal objective function value differ if there would be one lemon less?

d) A friend offers to measure and mix the components. How high should his maximum hourly salary
be and how long should he work for Daddy Cool at the most?*

e) He plans to offer another punch out of 0.75 litres of red wine, 0.2 litres of water and the juice of
one lemon and a contribution return of 0.30 Euro per litre. It takes 1 minute to measure and mix
the components. Should he expand his range of products with that punch?

f) Determine the interval, in which the contribution return of one litre of Cinnamon punch can change
without changing the optimal basis.

g) Assume that unused lemons could be sold to a chummy fruit seller. Specify the contribution return
per lemon so that the optimal basis will change.

* The method to solve the second part of this question is applicable to the Master level only.

2.8 Dual Programs: Basics

Question 78
Explain why it can be practical to solve the relating dual instead of the linear program.

Question 79
Determine the relating dual to the following linear program:

Maximize

3-x1+2-29 = 2z
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ot a +x, =¥

Va

Y

mi V= 40):.*3)’;*"‘”
st

subject to
A\,.*ly‘ 23
Loag+2-22 < 10 2ya+3yMyy <2
0-z14+1-20 > 4
= Dhs
T, > 0°73%0
i) S 0
™ pep 2
Onstwuat

Question 80
Determine the relating dual to the following linear program:

Maximize Doe
2-m+l-x = 2 min V=0y.+3y,+12ys
sk
subject to Lyis Ay, 42532
RPN VIVIRY.
221 =523 ="0
Loy 4229 >70°0 YAER; y150; y3>0
2. +1-2p < 12
1 > 0
o € R
0% etk =

2.9 Dual Programs: Properties

Question 81
Define and explain the four duality properties.

Qﬁwcl
mork 274000444 3020%,

3 s.b
Question 82 Xa & %

N
Consider the linear program of question 44 again. Ya + bxy € 260
s

10004, +200%,

a) Determine the relating dual linear program. X4, ¥2 2 0

b) Determine the optimal solution of the dual linear program.

Dyl
mn V2 400y,,44607., + 440900}’3
st
Ya + Yo 4 4000ya2 1000
Va + ky.l_*ZooOy;;)m

YA Yy Vs 20

¢) In which range are the objective function values of all basic feasible solutions of the dual linear

program located?

Question 83

Reconsider the linear program of question 46 but without taking the constraints z; < 7 and x5 < 7 into

account.

a) Transform the LP into the relating dual linear program.

b) Solve the dual linear program with the simplex algorithm.

¢) Compare the optimal tableau format from b) with the optimal tableau format in question 23. What

do you notice? Which duality properties are shown?
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3 Integer and Mixed-Integer Programming

3.1 Branch-and-Bound: Basics

Question 84
Explain the meaning of an LP-relaxation of an integer or a mixed-integer program and how its optimal
solution is related to that of the linear program.

Question 85
Describe the general procedure and the components of the branch-and-bound method.

3.2 Branch-and-Bound with Simplex Algorithm

Question 86
Consider the integer program below:

Maximize
z=3-x1+4-x9
subject to

6-x1+5-290 < 25
3-x1+5-29 < 20
r1,r9 > 0and integer

Determine an optimal solution by the branch-and-bound approach. Consider the subproblems using the
MUB rule and the smallest number rule as tie-breaker. Stop the branch-and-bound procedure when the
objective function value of your solution is at most 5% smaller than the optimal objective function value.

The following information is available to solve the LP-relaxation:

B iowds ido®, P, 2 Vext vede 2, (higler R)
-

Subproblem | To Initial Problem P, | Solutfion of the Relaxation

Added Constraints T /(xg z
pY¥ @ 3 17 (e JLJ'
pY r <1 16. G/@Wﬁﬂd Ned e w Lisk o
Pcd 1 <1 Ty >4 (7 )\/@lh\méu\/—*dndv fbnwwé \:.Mh)
P, 0 n<l  wm<3 odes! bounds
pY 1> 2 2 6.4/@M~?F.’|§+ Nedt P,
P;© x> 2 zy <2 25 2 15.5
Py 0 Ty > 2 T9 >3 infeasible @ Adkue unodes ?d.?(:,% all bove
P, =2 <2 | 2 2 14 g": mt “L::l"'"a" St
P x> 3 To < 2 3 14 14.6
P; T >3 To =2 infeasible
Py 1 >3 2o < 1 31 13

Question 87
Consider the integer program below:

Minimize
_ 5
z2=3- xr1 + 5" To
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subject to

2-x1+3-290 > 19
12
3'$1+7'$2 > 22

1,22 > 0 and integer

a) Determine an optimal solution by the branch-and-bound approach. Consider the subproblems using
the MLB rule and the smallest number rule as tie-breaker. Sol hon is Y=, %p=3,2=28S

b) When could you have stopped the branch-and-bound procedure given that the objective function
value of your solution is at most 8% higher than the optimal objective function value? \ jlon 2 ssa
boueren Wt fesh ulger sslbion
The following information is available to solve the LP-relaxation: foumd is dso He ofk"“-‘J
Sl ion — No eedy bemitdlion

Subproblem To Inital Problem Py Solution of the Relaxation
Added Constraints T To z
P 6 (233) 2383 Red 2.7 5P,
P 2 >3 3 2435 @DReoudh B, 24P,
P& 21 <5 To >3 5 95.21 O Beoc TP =
pd 21 >6 2y >3 6 3 255 (@ Feasitle §thher Hom '“"»;"l?f&
PO Ty < 2 2 24.5 OReonch BT Py
Pfo 1 <6 To < 2 infeasible
P& 0 >7 Zo < 2 7 925.17 ©Brock PP = e
Py 1 >7 To =2 7 2 26
P, 0 > 7 2o <1 8 1 26.5
P53 21 <5 29<4,29>3 infeasible
P.0 1 <3 T9 > 5 3 7.58 27.95
P 1 <5 T >0 4.47 5 2591
P, r1 =5 ry < 4 Infeasible
P, r1 <4 T >0 4 5.83 26.58
3.3 Branch-and-Bound without Simplex Algorithm ’—}

than the ring. The costs and the valué

Jewelery Necklace \V Bracelet

Value

1
Cost T T 2 T~ ¢




uestion 89

tudent is searching for a job and has three opportunities. The first employer is a chair at a university
ays 60 Euro per week for 8 hours work. The second employer is Sieh&Menz and pays 80 Euro per,

\@mployer Chair Sieh&Menz McConsult
S&{y 60 80 90 /

a) Determine good upper and lower bounds for the objective function value offan optimal solution.

b) Determine an optimal sdlution by the branch-and-bound approach. Consjder the subproblems using

the MUB rule and the bi

Question 90

You decided to prepare yourself wit
island. The instruction of the airline sdates that the maximum tot
exceed 12kg. Firstly you list all objects w

est number rule as tie-breaker.

ut interruption for the exam .,

Object N|2[3[A]5]cs
Weight in kg | 1 \\2 2 // 4|6 | 10
Benefit 8 \ / 10 ] 12 | 12

a) Determine good upper and lower bounds for t

anagement Science® on a lonely
weight of your luggage should not
the information of theij weights and their subjective benefits:

bjective function value of an optimal solution.

b) Determine an optimal solution by the branchfand-boynd approach. Consider the subproblems using
the LIFO rule and the smallest number ryde as tie-br

Question 91

An express agent transports orders from

maximum capacity of 10 tons. Six orde

unich to Hamburg. F
are available:

ker.

the next ride he has a truck with the

Order // 1 2 3 4 5 6
Return in ELyé 9,000 | 4,000 | 3,000 | 11,000 3,qu 12,000
Weight in }éns 5 3 2 6 2 7

between
rnative
their

Alternative A B C
Costs 7 4 6
Decrease 5 3 4
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a) Determine good upper and lower bounds for the objective function value of an optimal solution.

b) Determine an optimal solution by the branch-and-bound approach. Consider the subproblems uging
the MLB rule and the smallest number rule as tie-breaker. Stop the branch-and-bound progédure
when the objective function value of your solution is at most 4% higher than the optimal g¥jective
ction value.

Question 93
The company\plans to build one or two furniture warehouses to supply its three stores, aigfing to minimize
the sum of warghouse- and transportation costs. The following table presents the fifed costs to build
warehouses:

Warehouse 1 2
Fixed costs | 8 | 70

Store 1 2 |13

Each store has the following demand:
Demand | 11 | 14 | 9

The following table presents the thansportation cost per unit shipped from each warehouse to each store.

Store

Question 94
A company wants to build at most three ses to s its six stores. The following table presents
the fixed costs to build warehouses:

/Warehouse 1 2 3
Fixed costs | 97 | 74 | 83

Each store has the following defmand:

Store 1 2 3 4 5 6
Demand | 10 | 17 | 21 | 13 | 24 | 19

Store
Warehouse | 1 2 3 4 5 6
1 17 9 10 9 11 6
2 0 12 6 7 8 10
3 9 6 7 13 14 8

etermine good upper and lower bounds for the objective function value of an optimal solution.

) Determine an optimal solution with branch-and-bound. Consider the subproblems using to\the
LIFO rule and the smallest number as tie-breaker. Stop the branch-and-bound procedure when the
objective function value of your solution is at most 25% higher than the optimal objective functio
value.
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Question 95
onsider the following branch-and-bound-Tree and answer the subsequent questions:

Po (1)
X =1
X, =0
X3 =%
z=56%
— 3=~
X;21
P, (3 P, (7)
= No
X, =% feasible
X3 = solution
Lo z=50 x,>1
Ps (6)
No
feasible
solution

a) Is this a maximization/or minimization problem?

b) Which rule and ti

¢) Why was the vdriable x5 branched after solving subproblem

)
)
)
)

d) Explain for/£ach subproblem why it was not branched and, where

could be Apdated.

cessary, when the lower bound

e) What/is an optimal solution and the optimal objective function value oNthis problem?

f) When and with which solution would you end the branch-and-bound procedure, given that a max-
fmum deviation of 15% would be allowed?

) Derive a related binary integer program (BIP) out of the branch-and-bound tree
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Question 96
onsider the following branch-and-bound-Tree and answer the subsequent questions:

P (1) |
z
x=1  x=1 z
x3=1  x,=1
% <0 x5=0.5 x5=0
z=38
P, (13)
X1=1 X,=1
X3=1 X4=1
=0  xg=0.1
z=35,6
X5 <0 X1 %, <0

X=1  x,=0 N Mo feasible

xs=1  xg=0 solution xs=1  x=0 || xs=1  x=
z=34 / z=33 z=30
XMT
Pg (7) Py (6)
X4= X,=0 x=0  x,=0
X3=0\, x4=1 x=1  x4=1
Xs=1  \Xz=0.1 xs=1  %z=0
z=31.2 \ z=28
XM
P (9) P\E)
X=1 0 Xp=
X=0  x,=1 No feasi
Xs=1  Xg= solution
z=30

a) Is this a

ximization or minimization problem?

b) Which fule and tie-breaker were used to choose subproblems?

)
)

¢) Why/was the variable x3 branched after solving subproblem Ps?
)

d plain for each subproblem why it was not branched and, where necessary, when the loyer bound

ould be updated.
What is an optimal solution and the optimal objective function value of this problem?

f) When and with which solution would you end the branch-and-bound procedure, given that a m
imum deviation of 20% would be allowed?
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4 Graph Theory and Network Flow Models

4.1 Shortest Path Problems: Dijkstra’s Algorithm

Question 97

Determine which prerequisites need to be satisfied to determine the shortest path from an initial node to

all nodes of a network by using Dijkstra’s algorithm.

Question 98

How many iterations of Dijkstra’s algorithm are needed to determine the shortest path from any initial
node to every other node in a network, given a graph defined by a set of n nodes?

2 .
1
Question 99 ! 23 456
2
123 Wsg d|l0 6 4 » 2
Pl a4
d|0 % » ©» @ L5
P
M: 1
111 23 WS g
d|0 6 4 ©» v 5
Pl 1
M: L3

Determine the shortest path from node 1 to node 6 by using Dijkstra’s algorithm.

Question 100

Determine the shortest path from node 1 to node 4 by using Dijkstra’s algorithm.

Question 101
Consider the graph below:

32

i1 23 wusg “il1 23 usg

d|o 6 4 M2 g d|lo 6 4 3 3 M

P 11 2 3 P 1715 335
M: Su M U6

“il1 23 Wusg

|E| d{o s 3 %10

e P 1715 3 u

M",G_ -2 Neo O~CS Lmé

Shoted gl 6l 531
ov A+3+5-L=6



148 (8) 257 1)

55 226
93

) 75

138 108
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76 77
©) 96 —{9) 57 %
16 41)
119 29 @ 63
@)

75 73

i5)

a) Determine the shortest path from node 1 to node 3 by using Dijkstra’s algorithm.

b) At which point could you stop the algorithm when you only want to determine the shortest path
to node 77

Question 102

A taxi driver is supposed to take a passenger, who is not familiar with the city, from "Hauptbahnhof" to
"Dt. Museum". A map of Munich’s city center that shows the most important places and journey times
is presented in a (simplified) graph:

Determine the shortest path from "Hauptbahnhof" to "Dt. Museum" by using Dijkstra’s algorithm.
Question 103

One of your fellow students wants to find the shortest paths from node 1 to all other nodes in the network
by using Dijkstra’s algorithm:
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a) He has already performed the first iteration of the algorithm (see in the table below). Perform the

second iteration of the algorithm.

i |1 2 3 4 5
D0 3 3 1 oo
RJi] 11 1

M = {2,3,4}

2

12 34Ls
do 2 313
P U 1 1u

M 2,35

b) Which shortest paths are known after the third iteration of the algorithm?
From wode 1 Yo nodes Lik (asnf-,mru-wd Feom 1)

12 3 w42 ¢ Shortest Path Problems: Floyd-Warshall Algorithm
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Determifie the shortest path from node 1 to node 6 by using the Floyd-Warshall algorithm. State the
shortest path and its length.

Question 105
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Determine the shortest path from node 1 to node 5 by using the Floyd-Warshall algorithm. State the
shortest path and its length.

Question 106

Determine the shortest path from node 1 to node 5 by using the Floyd-Warshall algorithm. State the
shortest path and its length.

4.3 Minimum Spanning Tree Problems: Kruskal’s Algorithm

Question 107 Lt syt sepid
Consider the graph below: Soid «;ﬁt-‘: a|3,c,d,¢:c'b ok algeszn-1

a 2 @b6

2 9

Determine a minimum spanning tree by using Kruskal’s algorithm. Stop the algorithm as soon as possible.

Question 108

Consider the graph below: L- d‘/b./ é d CA.f
[ B bl |

Determine a minimum spanning tree by using Kruskal’s algorithm. Stop the algorithm as soon as possible.

Question 109
Consider the graph below:
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Determine a minimum spanning tree by using Kruskal’s algorithm. Stop the algorithm as soon as possible.

Question 110
Consider the graph of question 101 again and assume that all arcs are replaced by (undirected) edges.

a) Determine a minimum spanning tree by using Kruskal’s algorithm.

b) Explain why you can stop Kruskal’s algorithm after you have added 14 arcs, even though there are
still arcs in list L. 4¢ wodes » Free has n-1 “'50

=
4,4 Transportation Problem: Northwest Corner Rule

Question 111
Consider a“lassic transportation problem with three suppliers and four customers. The ¢g8t matrix, the
supplies and tlwdemands are listed below:

2 3 11 7
c=110 6 1

58 15 9
a=(6 1 10) b= (7 2)

Find a feasible solution by using the nortMgest corner rule.

Question 112
Consider a classic transportation problem with threg’Sgppliers and four customers. The cost matrix, the
supplies and the demands are listed below:

4 5 2 10
c=| 5 8 10 2
10 10 4 3
a=(5 8 T7) b=(4 6 6 5)

Find a feasible solutigg#Dy using the northwest corner rule.

Question 11
A companygperates distilleries in four different cities and wheat is supplied by three agricultulMl coop-
erative he distilleries’ demands of wheat in tons are:

b330 40 20 10)
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Théynaximum supplies of wheat in tons by the cooperatives are
a=( 108 50 100 )

The transportdtion cost for one ton of wheat from cooperative i to distillery j is give the following
matrix:

3 4 2 1
c=|(2 4 3 2
4 3 3 4
Find a feasible solution by usindéhe northwest corner rule.

4.5 Allocation Problem: Noxthwest Corner Ruyfe

Question 114
Consider the following cost matrix:

4 5 7 3 6
1 3 5 8 4
c=| 0 6 5 7 2
3 56 3 6
9 3 4 3 4

Find a feasible solution by using thgnorthwest corner rule.

Question 115

The young married couple, $fefan and Sasha, wants to share the most important &gmestic work (shopping,
cooking, laundry and chgfiging the baby’s diaper). Each is supposed to take cardNf exactly two tasks,
so that the overall tigy€ spent is minimized. Both are willing to handle any task witjout complaining.
Though, they do ng# perform the different tasks at the same efficiency. The following taDbg lists the time
spent on each tagk by each person.

’ Weekly hours for \ Shopping \ Cooking \ Laundry \ Changing diaper ‘
Sasha 3.6 7.8 2.9 4.5
Stefan 4.3 7.2 3.1 4.9

r Eind a feasible solution by using the northwest corner rule. ’

4.6 Maximum flow problems: Ford-Fulkerson algorithm
No o‘o‘—uwv\:ud e} {Jgas(‘o(e stod Flows

Question 116
Determine which prerequisites need to be satisfied to find the maximum flow of a graph via the Ford-
Fulkerson algorithm.

Question 117
The following network with arc capacities, source Q and sink D is given.

8,4
&/"C"U\, let \x‘ ou\,, Ducsn't (q‘u"d A Gm‘ i'—(zokon

a) Modify the graph so that you are able to determine its maximum flow by using the Ford-Fulkerson
algorithm.
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b) Determine a feasible (not necessarily optimal) flow from the source to the sink. Start out from that
flow and perform as many iterations of the Ford-Fulkerson algorithm as necessary to determine the
maximum flow from the source to the sink.

¢) Determine the cut with the minimum capacity. Mark the cut in the graph and determine its

capacity.

Question 118
The following network with arc capacities, source q and sink s is given.

6
[0,6] 6

17 2 — 3+ 0
/ |qt1o|q+y atu 2
2 |1t6 — -
‘3 — q‘-?_ -—
bl - | —
S |2%6 ur | — 10
Al 6 3 |o [? 101 7
gle 23 |13

a) Modify the graph so that you are able to determine its maximum flow by using the Ford-Fulkerson
algorithm.

b) Determine a feasible (not necessarily optimal) flow from the source to the sink. Start out from that
flow and perform as many iterations of the Ford-Fulkerson algorithm as necessary to determine the
maximum flow from the source to the sink.

¢) Determine the cut with the minimum capacity. Mark the cut in the graph and determine its
capacity.

Question 119
Munich’s municipal services run two water wells at the maximum flow rates of 15 litres per second (Well

1) and 25 litres per second (Well 2). The water is pumped to a factory via a system of water pipes and
pumps. The following graph depicts this system and the maximum capacities of the water pipes (in litres
per second).
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a) Modify the graph so that you are able to determine its maximum flow by using the Ford-Fulkerson
algorithm.

b) Determine a feasible (not necessarily optimal) flow from both wells to the factory.

¢) Start out from the feasible flow and perform as many iterations of the Ford-Fulkerson algorithm as
necessary to determine the maximum flow to the factory.

Question 120
Consider the problem statement of question 119 again.

a) Explain the following terms:

— Cut
— Capacity of a cut

b) Determine the cut with the minimum capacity.

c¢) Give an interpretation of the results.

Question 121
Consider the following network with arc capacities, two sources A and B, and sink H.

a) Modify the graph so that you are able to determine its maximum flow by using the Ford-Fulkerson
algorithm.

b) Determine a feasible (not necessarily optimal) flow from the two sources to the sink. =2 sk seb Cuergt ke O

¢) Start out from the feasible flow and perform as many iterations of the Ford-Fulkerson algorithm as
necessary to determine the maximum flow to the the sink.

d) Which water pipes are necessary to retain their maximum capacities, so that the flow determined
in b) is not changed?

Question 122
Consider the following network with arc capacities, source Q and sink S.

a) Determine a feasible (not necessarily optimal) flow from the source to the sink.

b) Start out from the feasible flow and perform as many iterations of the Ford-Fulkerson algorithm as
necessary to determine the maximum flow to the sink.

¢) The maximum capacity (minimum capacity) of which water pipe must not be reduced (increased)
so that the determined flow of sub task b) is not changed.

39


Mobile User


2,6
©

{

0,6

13

0 AN, K 6 2 14 f/\s—j

Question 123
Consider the following network with arc capacities, source Q and sink S.

[0;5]

(221 (03] [0;6]

[0;5]
[1;5]

[2;5]

a) Modify the graph so that you are able to determine its maximum flow by using the Ford-Fulkerson
algorithm.

b) Start out from the given feasible flow and perform as many iterations of the Ford-Fulkerson algo-
rithm as necessary to determine the maximum flow to the sink.

c¢) Determine the cut with the minimum capacity. Mark the cut in the graph and determine its
capacity.

Question 124
Consider the following directed graph with arc capacities A;; and a feasible flow Kj;.

Notation: [A; ; ] X;
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a) Record the given flow in the following table.

b) Determine the maximum flow from source ¢ to sink s by using the Ford-Fulkerson algorithm.

Iteration

Node | Feasible Flow

g

c¢) Determine the set of nodes V; and V, of a cut with the minimum capacity. Mark the cut in the
graph and determine its capacity.
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5 Dynamic Programming

Question 125

You are the manager of a research department and have deployed 3 research teams to work on different
technical solutions independently. You wish to hire just 2 new scientists and divide them to the three

teams to minimize the probability that all teams fail. The following table presents the probability of
failure for each team if k additional scientists are hired.

2, Yo 73 §(23,%) FA(zg) Flz)|24% 22 Llapxd Filvg) Flz,)
?5 3 ; 0_;’& 1 : 0,;, 202 OTC 03 08-| k| Team1 | Team2 | Team3 | 2 0 2 ©Ob
12 1 0 o056 1 oSz 11 04w 05 072° 24 1 o2
220 0.3 1 0101 0.6 05 03¥ ( 0.40 0.60 0.80 2 2 0 o
220 o-’i 0.3 o4 #*
110 0% 0.3 on2- .
500 0.6 0.3 gis# 1 0.20 0.40 0.50 X%=1
=0
2 0.15 0.20 0.30
o

Zo ¥a 21 £(20,9) FH(za) F(20)

0.46 0.064
03 0.06 ¥
oLl o.01

a) Define each component and variable of a dynamic program to solve the problem.

b) Determine an optimal distribution of the two scientists using dynamic programming. Specify the
number of scientists to be dedicated to each team and the probability that each team is successful.

Question 126

Hans wants to invest his savings of 10 in three investment alternatives, but he can choose each alternative

only once. 'Foru Vea 50N
23
2" Y’l 20 £(xn) ‘F‘(7°) 'F(qu) F‘('l,.) 23 Y) ?7 g&;) Fi{?,) F(Z’.’3) F (z’]
OO0 O o o o * Investment ¢ | Capital Value ¢; | Expenses a; | © O ° o (o] o *
214 O 15 19 % 30 3 o 45 13 X
2 1 19 3 404 o 20 2 g
2, %2 2a {x,) F(z,) Flayr) ¥z 303 g 33 338 g
2 20 4 51 0 25 o 2% X
0O 00 0O o 6 X 8 1 3 256 19 b *
30 2 0 19 15 i~ 3 25 5 31 u s 20 us *
u 1 0 2 o 70 * 44—z - - o
712 20 19 22 * =2 1%3; 1% Ox,
a) Determine the optimal investment policy. Specify which investments he should make with his
achieved capital value and expenses.
b) Explain why you do not consider certain states in stage ¢ = 1. Specify which states are not
considered.
¢) Draw a transition diagram. Mark the optimal policy, all subproblems, all subpolicies and all
dominant subpolicies. ,° 3
7t
AT
Question 127 27T 0
Heinz Hectic has only 11 days left to prepare for 4 chapters to pass the "Management Science" exam. He
wants to use this time as effectively as possible. While not to miss any chapter, he needs to spend at least
> two days and at most five days on each chapter and only one chapter per day. The exam result depends
on the learning effort in the number of learning days. The following table presents the estimated points
earned for each chapter and learning effort. ;2 3 ZZX, 2. £(x%) &) F (z,) o?
Z X4 20 £(%,) Fz;o) F(z) o 25 =2L,56, %. “ ¢ § a5 ¥
Number .. . 2,58 L5 ¢ M 3 g
22 0 5 o S X of Decision Linear Integer Network 8 26 ¢ %43 x
2 - - 23
:‘:’ E g 7 g ; 3: days Theoryz, Programm1ng?2 Programmmg? Theory 2 g 3t _i 42__? :z *
550 9 o 9 % 2 5 4 6 5 :gg;«u,
3 0 —
7, %2 24 €(¥,) FG") F(zz) ogh? 3 7 6 7 5 2 44 8 o a7 _—
“w22 u—s 3 % 945 8 49 _
gg:::«* 4 7 8 8 8 364 3 o 43 -
122 5 11 -—
s32 ¢ 3. B- 5 9 9 9 8
¢ 33 6 E 13— %
3 3b—g— 5 13— — & b dags neadeot
€ u2—g 5 % - for 23,2, 2
7433 45— % Bleed (o
529 5 . — Feasible shekes

42


Mobile User

Mobile User


2. Zu¥a?s £(%) FR) F(z) o
826 5 45 20 &
823 5 42 22 %
0L 3 5 4 2 g
MM 2L 5 5 241 26 * "‘OP‘\ \
3 1 & 3 z‘; = Xa=2
M3 3 & 43 o - X2
VW6 € A5 23 — gzl
1 ( 2 8 " 25 _ Aqs3
M5 6 8 L5 =23 -
Heinz Hectic wants to achieve as many points as possible by allocating the 11 learning days to the 4
chapters effectively.

a) Define each component and variable of a dynamic program to solve the problem.

b) Determine an optimal allocation of the 11 learning days using dynamic programming. Specify the
number of learning days allocated to each chapter and the maximum points he will earn in the
exam.

Question 128
In the next three weeks a company needs the following amount of raw material: ?
22Xy T3 flzaF) 7y |2%2 M FlY Flzy) Zo%a 2 Hen) Ha) Fleg)  Ophunarl:
R 200 0 A00 150 2504 W k 1 2 3 6 %o aso 300 Lso 0-79.0'70”0
Ouw 0 150 o 130 g ee so woo¥
0200 450 250 00 % 0720 150 2 - T}OOL.O
k0O O 200 ©0 200 x |G0O W 306 2 se0¥| Demand | 50 | 20 | 40 | O w60 130 609 €3 !
OGowo 750 200 3%0° f|°\@\@>\,=wo

Raw material, that is not used in the current week, will cost 5 Euro of storage per week per unit. The
fixed ordering cost is 150 Euro. Assume that at the beginning of the planning period the storage is empty
and the ordered amount will be available immediately (No delivery lead time).

a) Define each component and variable of a dynamic program to solve the problem.

b) Determine an optimal order policy using dynamic programming. Specify the amount of the raw
material to be ordered in each week and the total costs.

¢) Draw a transition diagram. Mark, the optimal policy, all subproblems, all subpolicies and all
dominant subpolicies. % y 50\;01" 2
Ao

WD
. e 10 ~< 0~
Question 129 O:;a— O 0 Yo

The demands of a component are estimated for the next five months. Components, that are not used in
the current month, will cost 6 Euro of storage per month and 1000 units. The fixed ordering cost is 200
Euro.

Month 1 2 3 4 5
Demand | 6,000 | 4,000 | 22,000 | 27,000 | 8,000

Assume that at the beginning of the planning period the storage is empty and the ordered amount will
be available immediately (No delivery lead time).

a) Define each component and variable of a dynamic program to solve the problem.

b) Determine an optimal order policy using dynamic programming. Specify the number of the com-
ponents to be ordered in each month and the total costs.

Question 130

A financial service company invested 10,000 Euro of his clients in the fixed-income securities with an
interest coupon of 10% per period. The interest is paid without compounding at the end of the sixth
period. Through the sale of the securities, the company has to ensure the paybacks to their clients due
at the beginning of each period.

Period 1 2 3 4 5 6
Payback | 1,500 | 2,500 | 500 | 1,000 | 3,000 | 1,500

A sale order of securities costs 250 Euro independent of the financial value. The fixed order cost has to
be paid at the end of the sixth period. The company wants to determine an optimal divestment policy
to minimize the total costs (= opportunity costs for interest revenues plus fixed costs).

a) Define each component and variable of a dynamic program to solve the problem.
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b) Determine an optimal divestment policy using dynamic programming. Specify when and in which
amount the securities will be sold and the minimal total costs.

Question 131
In this question the shortest-path-problem from node 1 to node 7 should be solved by using dynamic
programming. In this regard consider the following graph

a) Define each component and variable of a dynamic program to solve the problem. State the compo-
nent for each node.

b) Determine the shortest path from node 1 to node 7 by using dynamic programming. State the
shortest path and its length.

Question 132

In this question the shortest-path-problem from node 1 to node 8 should be solved by using dynamic
programming. In this regard consider the following graph

a) Define each component and variable of a dynamic program to solve the problem. State the compo-
nent for each node.

b) Determine the shortest path from node 1 to node 8 by using dynamic programming. State the
shortest path and its length
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