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Chapter 1

Decision Analysis

^

^

Literature:

r Eisenflihr et al. [5].

o Hillier and Lieberman [7] Chapter L5 "Decision Anal.y-sis".

r R^avindrau [9] Chaptcr 6 "Decision Analysis".

o Wiruton [11] Ctrapter L3 "Decision making uncler uncertairrty".

1.1 Decision Situations

\Ve ca.n characterize da:ision situations according to the level of uncertainty into

o Declsion under certainty: The frrture is known a,rrd <kxcril>tNl by a sirrgle scenario.

r Decision uncler uncertainty: There are n > 1 different scenarios for the future. 'Ilhere
are uo probabilities known fbr ttre scenarios.

o Decision under risk: There 'are n different scenarios for the future. Each scenario
j:L,....ru has aprobabiliw 0 < pi <L with fl:, pj:1,

Aanrding to the number of objectives (goals, criteria) we distingrrish trctn'een

o Single criterion decision problern

o Multi*criteria ds:ision problem

1



CHAPTER 1. DECISIOAI ANALYSrc

According to the nurnber of decision makers t'e differentiate J:eJrveen

o Single persion de.cision

o Group decision

Regarding the time line we distinguish between

r Static decision: A decision is ruade tbr the future. The capital buclgeting problern
treated in Section 6.3 is a static deeision.

o Dvnamic decision: A number of decision for different times in the future such as periods
1,2,....,? are made. The dlrrarnic ordering problem treated in Ser:tion 6.2 is a dynarnic
protrlem.

Regarding the behal'ior of the opponent we distinguish between

o Randornly acting opponent (game against rratrue)

o Strategically acting opponent (garne theorl)

L.2 Decision Making under tlncertainty

1".2.1 Decision Matrix and Efficient Alternatives

The decision situation is characterized as follows:

o Uncertainty

o One criteri<ln

e Single decision rnaker

o Static decision

Alternatives (actions) :

r Tlrere are rn alte.rnatives &tt&z,. . . ,&i; . . . ;am.

o The decision maker has to select one alterrrative.

2
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CHAPTER 1. DECISION ANALYSIS 3

Scenario.s (states of rratrue):

o There a.re n scenarios s1, $2,.. .,sj,'..,srr.

r Exactly one scena,r'io will happen.

Outcomes: If the decision naker selects alternative oi and scenario s3 materializes the out-
come is e;,i.

Sequence of e.vents:

L. Decision makex chooses alternative o;

2. Scenario sr. materializes

3. The outcome is e4.y

Decision matrix

s Srr

A1

anl

Figure 1.1": Decision matrix for a decision under unc:ertaiut),

De,cision protrlem: Which alternative shorrld the derision ura,ker cftoose if he warrts to maxi-
mize the outcome?

Example Newsvendor problem: A newsv-endor is making his living try buyirrg newripapers
in the morning and selling them throughout.the darv. The cost for buving a uewspapcr is 20
Cent and selling a newswpaper he makes a reverrlle of 25 Cent. The demand for newspapers
is between 6 and 10. Any uen/spaper rxrt sold at the end of the <lay is worthlsLs.

Alterrratives are the number of newspaper bought in the urorning a,ii a1 : L,tt2 : ),
nl

,atn. :

Scenarim are the munber of customers who want to bu1," a rewspaper throrrglxrut the day
53: 51 : 6,S2 - 7r...,SS : 10

If the newsvendor choosex alternative a; and thus buys f neu'spapers in the morning and
scerrario q rnaterializes, i.e., j * 5 customers lvant to buy a newspape.r, then the resrrlting
profit is:

S1

Ai

etJ .. er,i .' ey,n

(.t,t Q,nAt.,j
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eij
(25 - 20) .i,,

25-u+5)-20.r.
ifrsj+5
ifz.>j*5

i: Lr2r... rrn'
j:1,2,...,5

or

ei,j 25-nrin{r,j+5) -20'i (

^

^

By ttris we obtain the decisiort rnatrix given in Figrue L.2
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Figure 1.2: Dec:ision rnatrix for the ne&'s!'eudor problem

Deflnition 1 An alternatiue aa is efficient if no otlr.er altentati'ue a exists for which

and

holds. If there is an altem.atiae o,,, then a, dominates a;.

Observation: Alternatives o,rt. . ., rr5 B.i well a^s alternatives o,11 a,nd {re o,re dominated by
alternative o6.

Dominated alternatil'es are eliminatsl froru the decisiorr matrix ber:au"se ttrere rnill always
tre one non-eliurinated alternative which is better than a dominated alternative. Aller the
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elirnina,tion of donrina,ted alterlrative the renrafuring ef{icient alternatives are te-trutn}rered
frorn 1 onr,lards.

In orcler to select oue of tlre efficient alternatir,'es, clifferent decision rules have been proposed.
None of them is riglrt or wrong. Rather. tlifferent decision rules reflect different attitudes
to*ards decision mzrking in an uncertaiu situatiou. For all nrles $;c assulne that wee seek to
maxirnize the outcome.

L.2.2 Maximin Rule

For each alternativc d.i \1r dctermine the urinirnuur outcorue orrer all sceuarios:

rnirr {e1.i}
J

(1.1)

The rraxinrim nrle clxroses the alte.rnatil,e, u,hich maximizes the minirurrn (u'orst <:a^se)

out(:oute, The maxirnin rule assr[es a rninirmrrn outcorue u'irich is 30 for t]re Neru'sverrdor
example. A decision rnaker applying the maximin rule is risk an'L,rse.

5

S;

¤li

di

30
10

-10
-30
-50

30
35
15
-5

-25

1

2
3
4
5

1

2
3

3
30
35
40
20

0

2 5
30
35
40
45
50

4

max {eq}
30
35
40
45
50e

5
30
35
4A
45
50

4
30
35
40
45
25

30
35
40
20

0

30
35
40
45
25

min {e1}
30e
10

-10
-30
-50

Figure 1.3: Maximim rulc applied to the.i\ewsvendor problem

L.2.3 Maximax Rule

s1

32
30
10

-10
-30
-50

30
35
15
-5

-25

F igure 1.4: Ila:iirnax rulc appliecl to the Nerwsvendor probklrn

For cach aitcrrrative a,i rr.el cletcrrrnine t]re maximurn outcorue ol'cr all scenar.ios
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max {q.1} . (1.2)

The alternative which gives way to the rnrxirnum (btxt case) out<xrme is selecterl. The
ma>cima;i rule provides the chance for the ma>rimum outcome which is 50 for the News'i,endor
example. A decision rnaker applving the maximax rule is risk seeking.

L.2.4 Hurwicz Rule

Leonid Hru'wicz, 2007 recipient of the Nobel prtce in econornics proposed a rule, which allows
a weiglrting of the rnirrirnurn a,nd maxirmrm attainatrle ouk:ome. tlsing weightirrg parameter
.\ e [0,1] for eac]r alternative ad we calculaie

¤. : I'max {ea;} + (1 - ,\) 'uin {q;} (1.3)

and choose the alterzrative with maximum e6

q
1 2 3 4 5 md4{e;J mini{eg}

30
10

-10
-30
-50

Figrrre 1.5: Hurwir:z rule u,ith .\ : 0.9 applied to the Neu'sr.'enclor problern
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Figure 1.6: e;-r,ahres of the alternatives deperr<ling orr .\

The parameter ,\ i,s terme<l "optirni.sm parameter" because for ) : 1 u'e obtain the rna,xirnax
rule q'hile for ,\ : 0 rve ol:taiu the ufnirnax rule. Figure 1.5 gives the applicatiorr of the
Hurwicz rule for t-u pararneter of ,\ : 0.9. Figure 1.6 provides thc e;-r,alues fbr all alternatires
an<l all ralues of .\. For the Newsrandor exarnple, alternative a1 is the clmice for 0 < .\ < 0.8
while a5 should be selected tbr 0.8 < ) S 1. For ,\ : 0.8 each of the altcrnatives could be
sebctr:d.

L.2.5 Minimax-Regret Rule

As the naf,rle suggcsts. the minirna;i-regret rule applies the udnirnax-principlc to the regret
value. The regret associated with an alternative and a scenarkl is tlre difference in outcome
achicr,'cd vs. the outconre which c'oukl have bceu obtairred if thc alterrnativc lcading to tirer
maxirnum outcome for the scena,rio would hilve been selecterl.

Using the rninimax-regret rule is tloue in tlree steps:

1. Calculating the Jrest outcorue for each scenari<r

e] : max{e;;} (1.4)

2. Calculatirrg the regret rnatrix

7

e1

?,
0

50

40

30

2A

10

0
-10

-20

-30
-40

-50

frr
?2
f,t

rt.j : oi-*u.i

3. Applying the rninirrax rule to the regret nratrix

( 1.5)
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S;

1 30
35
40
45
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40
45

30
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20

3

10
5
0

20
40

5
0

20
40
60

30
10

-10
-30

30
35
15
-5

a

max{eii} 30 35 40 45 50

F'igule 1.7: Step 1 of the minirna:r-regret rule: Clalculation of the ura-xiurum outcorne for
ei*h scenario

S;

532

4i

1

2
3
4
5

0
20
40
60
80

4
15
10
5
0

20

2A
15
10
5
0

max {q/
20¤
20+,
40
60
80

Figure 1.8: Step 2 and 3 of the minimax-regret rule: Regret matrix arrd selection of the
alternative

A <lecision maker which follou's the uduirnax-reglet rule v"ants to rniniutize the ma,>lirnuur
regret rvhen sclecting an alternative.

^ L.2.6 Laplace Rule

The assurnptir:n of thc Laplace rule is that each scenai'io has the saure probability *. VL
then can calculate the expected ortcorne rvhen selecting alternative a4 a^s

1

n L",.t' (1.6)
j

Thc alternative with the ma-ximurn expectecl outcome is selcctecl. A decision maker applying
the Lapla.ce nrle is risk neutral.
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Figure 1.9: Laplace rule applied to the Ne.wsvendor problem

L.3 Decision Making under Risk: Expected Utility
Theory

Decision situation:

r Risk

o Single criterion

o Single decision maker

o Static decision

\Ve extend the decision matrix introduced in Section 1.2 by the probability pr' for scenario
s3. It tras to hold that 0 < pj < 1 and Di pi : t.

pi P*
$n

Example: Fina,ncial investment. A decision maker ca,n choose betu,een

o a bond for which we n'ill receive 10,000 at the end of the year or

o a share which *'ith probal>ilitv of 50% will be valrred n'ith 30,000 or with 50% nill be
valued with 0 at the end of the y'ear.

A

Figrue 1.10: Dec:ision rnatrix for decisitxr rnaking under risk

Pr
$1

cL1

Ai

;

¤t,t .. eLj ¤t,r

¤i,ne;J .. e;,i
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Decision matrix for the financial investment decision:

0.5
$r

o,1

a2 (Share)

Figure 1.11: Decision matrix for the financial investment

1.3.1 Lotteries

Each alterrrative n4 in a tlecision under risk carr lrc depicted as a krttery .Li
carr havc n possible outcomes .r.i;-,...,e1,y1 with associa.ted piobabilities p1,
0 < pj < L alxl I;Pi : t ha-s to hold (see a.bov-e). The lottery Ls <lenoted as

Li (pu ei,r; . . . i ?j, e.Lji . . . i p,o, et,,,)

0.5
5r

10

Lottery ,L;
.p* where

(1.7)

^

an<l can be graphically depicte.d as girerr in Pigure L.L2

Li

The two fina,ncial investment are denoted as "L1(Bond) : (1,10,000) and /,2(Share) :
(0.5,30,000;0.5,0). The graphical representa.tion is given in F'igrue 1.13. VYhich one of
the two lotteries should a de,cision maker pick? Obvkrusly there is not one decisiorr which
fits for each decision mal<er. Rather, the decision depends on the decision maker and more
precrisely on his risk attitude. tr!'e thu.s rreed a nlethod which alkrws ttre <lecision maker to
l'alue and ttrus compare arrd select lotteries taking into accourrt his risk attitude.

1.3.2 St. Petersburg-Paradoxon

8i,r

¤i,a

o,,i

9i,n

Figure 1.12: Lottery

10,000
30,000

10,000
0

Using the Laplacrapproach we could value a lotter.y by its expected value
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1

Lr 

- 

10.000

11

0,5 30.000

L2

0 5 0

Figure 1.13: Lotteries for bond and share

EV(L):l.pi."r,i
j

 

^

The expected values for the two financial inrcstment lotteries arc EV(L1) : 1 -10.000 :
10.000 olod EV(L2) : 0.5 . 30.000 + 0.5 . 0 : 15,000. Base{ on ttre expecte.d r-alue n'e 5a'e
to select lottery 2 (the sha.r'e).

In or<ler to illustrate the tlown"side of the Laplace-criterion fbr selectirrg rlsk-ry alternatives.
let us consider the following lottery: A fair coin is flipped until tail (i.e. nunrber) shor.r's up.
Then, the person who ha"s chosen the kittery (the player) receiv'es 2" EURO u'ltere n is the
number of times the coin has been flipped. Thus, flips 1....)n - l showeel heads arrd the
la,st flip shor*ed tail. If r*'e limit the number of flips to L0 we obtain the lotte.ry shown in
Figure 1.14.

0.2s

0.125
L

0.00097656 1,024

Figtre 1.14: St. Petersburg lotterl'

The probability distritxrtion /(a:) for a pa.lrnent of rr: with a limit of 10 flipls is given in Figure
1.15.

2

4

8

16
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r(x)

0,5

0,45

4,4

0,35

0.3

0,25

0,2

0,15

0,1

0,05

0 x
2 4 8 16 32 64 128 256 512 1024

Figure 1.15: Probal:ility distribution of the St. Petersl>rrrg lottery

The expected value of the lotter;,- with a lirnit of 10 flips is

10 10

,

\Vithout a flip limit the expected ralue of the lottery ig

E\rQ): T )' zj :Llr: 10
1

(
.:i:r j:1

Although the expected value is infinite the vtrst rnajoritv of decision nrakers are willing to
exchange the bttery with a certain pavrnent of 50 ELTRO. This indicates tirat the expected
value is not (alwa1's) a suited method in order to value lotterics.

1.3.3 Utility F\rnction and Expected Utility
lllhe concept of utilit1.' functions ha,s been proposed b.r- Bernoulli in 1738 and in 1.947 refined
by von Neunaun arxl l.{orgenstenr.

EV(L):i(i)'2,:i1':cc\ / z-/\21
.i:1 \ / j=l

Definition 2 The expected utility of o,lotterg La i,.s
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ELr@) : Do,.u(e,,i) (1.8)

where u(r) is the utilitv function. The utility function transforms each risky outcome e;;
into a utility in the irrterval [0,1]. Ix* e+ be the maximum outcorne and let e- be t]re
rninimurn orrtcome. Then, the follon'ing hold.s for the utility ftlrrction u(r):

1. u.(e-) : g

2. u,(e-): I
3. u,{a) < u(1,) if e- S a < b 1 e+

Let us con"sider three chara<:teristic utility functions for a bttery with e- : 10 antl e+ : 100.

Linear utility function

13

^

^

11u\x) : -g + qn .ff

u(x)

20 40 60
I

s0 100

Figure 1.16: Linear utility function

Concave utility function

u(r):-0,46*0,14610'5
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o,

20 Jt0

L4

o.

u(x)

^

^

11
I

99 ' 9900

so 100

EO 1m

60
x

Figure 1".17: Concave utility ftinction

Convex utility function

u(x)

ub) x2

0,

20 40 80
x

Frgure 1.L8: Convex utility ftinction

If the utility fturction of a decision maker is known, he can cornpare tw<r alternatives (btteries)
as follows:



CHAPTER 1.. DECISJON AAIAL}'S]S 15

o (r,1 F 02: Alternatil'e a1 is preferrecl over alternative n2 if Et';'(ar) > EU(o)'

o o.1 ;-42: Alterniltive a2 is prefcrred ov()l'o'1 if flti(a'l) < Etilct'2) holds'

. o,r - a.2: 'Lhe decision maker is inclifferent betu'een alternatives a1 and azif" EU(a):
EU {a2) }xilds.

1.3.4 Generating a Utility F\rnction

tlsiug the St. Petersburg krtterv we rvill txlrv shorv hos' wc'can generate a <lecisiort utaker
specific utilitv fuuction. Fbr this u,e will be using the so-called "certaint,v equir'alent method"
(the narne x.ill soon beconre apparent). \Ve a^sstrrte that ll'e ltave a rnaximization problem'

1. Deterrnirre

o the rnaximutn possible otttt:onte e+ and

r the miniruum possible outcome c-.

2. The decision makcr has to deternrirrcr the certain outcoue 
"(0'''r) 

6n. which he is indil
ferent to a lottery $'ith 50% probabilitv to lecier,'e e+ artcl 50% prohability to receive
ej , t.e..

L : (t, e(o.rl; - L : (0.5, e+; O.S. e -).

The certain outcorne for rvhich the decision maker is indifferent to the lottery is callccl
"certainty equir,alent". Note that etrch lotterv has it's specific certaint3, equivalent.

e+

g(0,5)

Sirrce ,L1 - /,..1 holds. EU(LI) : EL|(L) has to to hold as w'ell and tinrs u(et0's)1 --
0.5'u(r:=) +0.5.u(t:-):0.5.1+0.5.t):0.5. Tire fact that ue are ol,rtain a *tilitv-
valuc of 0.5 is the lea^sorl r,vhy x,c put 'O.5" in the superscript.

0

0
e-

3. Analogoush'. n'e deterrnine the outcorrle 
"{0'25't 

by L :
(0.5,6t0's)'0.5,e*) ancl the olrtcome.(0';5) 6, I: (1,,,(07i)) -
with utility rr(r:(0'z'"); : 0.25 arxl 6(e(0'75)) : 0.75. respecti'ely

4. If rrecessary, further poirrts (e(otx).0.125). (e(o'azi).0.875), ... oarr he <ieternrined.

11' eL_
().25i) N L:
(0.5, r:*: 0.5, e(o s)

Example; De[ennilati<ln of t]re utilitv function fcrr t]re St. Pcterstrurg lottery rcstricted to
10 coin flips.
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L. e- : 2, e+ : Lr024

2. L : (1, eto's)1 * l, -* (0.5, 1,024;0.5, 2)

1
g(0,5)

Figure 1.19: Deriving s(o's)

Rsult: s(o'5) :469

3. L : (1,e(o.zs)1 - L :(0.5,400;0.5,2)

1
g(0,2s)

0

Figure 1.20: Deriving s(o'zs)

Result: e0'25) : 150

4. L: (1,e(o.zn)1 - L: (0.5,1.024;0.5,400)

1
g(0,75)

Figule 1.2L: Deriving s(o'za)

16

0

'1.024

2

2

1.O24

400

400

 

Result: e0.r5) :600

\Ve thus obtain the following utility fi.rnction:
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u(x)

0,75

0,25

L7

0,5

0
x

2 150 400 600 1.O24

Ii'igure 1.22: Resriltirrg utility function

1.3.5 Risk Attitude of a Decision Maker

Definition 3 Th,e certainty equivalent CE of a lottery L is the ori,com'e for uh,ir:h th,e

rlecision rnaket" i,s indi,fferen,t, behrcen the. r'isky lottety and the certain outcorne CE:

(L.CE(L))*L (1.e)

Definition 4 The risk prerrriu:m (RP) is the d,'iffert:nce: betueen the tryrct:ted ao,lue oJ th,e

lottery (EV (L) : Li pi . ei ) and, th,e cnrta'int11 equzualerfi CE:

RP(L) - EV(L) - cE(L) (1.r0)

Definition 5 If the second, rleriuati.ue of th,e u,ti,li,ty fun,cti,on, u,(r) e.ri,sts and the. first deri.ua-
t'iue of u.('lc) at r uith e- S ;r { rt+ i.s rtot ze.ro, thr: r'ish utt'ituce. of the decis'ion, rna,ker at:r
t:un, be d,eterrn'ined,'with, th,e Arrow-Pratt measure (AP):

AP(:r\ : -u!'(r)\ / 
t(, (r)

The third proper'[y of a utilify fiur<'[iclrr as given abor,'e states that t]re utilitv fiurction is
monotorricallv irx'reasing. Hcnce. n'e have tr'(r) > 0. Iu ca.ser the utilit.v lunction is lincar
u.e have ul'(:x):0 and thus AP(:r) - 0. Fbr a, utiiity function whir:h is cottt:al'e u,-e hal-e
tr"(r,) < 0 (ttre skrpe arrd thus the increase in utilit.v becornes snraller u'ith increasing :r) arxi
thus AP(.r:) > 0. For a convcx utility function we havc u" (*) > 0 (the slope and tlms thc
increase irr utility hecomes larger rvith increasing t;) a,n<i tlms we ha..i,e ,{P(r) < 0.

\t'c distiuguish betrveen the follorving []rree risk attitudes:
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o Risk averse

o Risk seekiug

o Risk neutral

Let us sumruarize these risk attitudes in tenns of the concepts introduced:

Risk averse decision maker:

r Concave utility fiutction.

o Fbr all r ¤ [o-,"*] w'e ltave AP(r) > 0.

o For a lottery 1,:(0.5, e+; 0.5, e-) the decision maker will ha.l'e a certainty equiralent
CE < EV. Note that this leads to the concar,'e shape of the utility function given in
Figure 1.23.

r The risk premium RP is positive.

o An example for a risk averse decision is to brry an insrunnr:e contract.

u(x)

1

50
I

I

!
t.
I,,L RP -a

0 x
e- CE EV e+

Figure 1.23: Utility function of a risk a\,'erse decision maker

Risk seeking decision maker:

o Convex utility function.

r For all c ¤ {r-,**) rve }rave AP(o) < 0.
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. For a lottery 1,:(0.5, e+; 0.5, e-) the decision maker will have a certaintS' equivalent

CE > E\r u'hitfi learls to the srnvex shape of the utility function given in Figrrre 1'24'

o The risk preuriurn RP is negative.

r An exarnple for a risk s'eeking de,cision is to take part in a garnble'

u(x)

1

A

^

0,5

<l- -RP J
0 x

e- EV e+

Figure 1.24: Utility function of the risk seeking decision maker

Risk neutral decision maker:

e Linear utilitv function.

r For all c ¤ lr-,"*l rve have AP(c) : 6.

o For a lotter;r L:(0.5, e+; 0.5, e-) ttre decision rnaker will ha.ve a certairrty equivalent
CE : EV which leads to the linear utilitv function giren in Figue 1.25.

o The risk prerniruu RP is zero.
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u(x)

20

1

0,5

e- EV=CE e*

Figrue 1.25: Utility function of a risk neutral decision rnaker

Utility F\rnction of Fliedman and Savage

lliedman and Savtr.ge [6] have empirica]ly observed utility fiurctions with a concave and a
corn'ex section (see Figrue 1.26).

u(x)

RP=0
x0

1

^
0

0 x
e+

Irigure 1".26: Utilitv function of l,liedman and Srwage

o In section I the decision maker is risk averse. E.g., he wants to awrid losses by siguirrg
an insurance contract.

0e-
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o In section 1I ttre decisiorr rnaker is risk seeking' E'g" tre ta'tries part in garubliug'

r ln sectiorr III the decisiorr maker is risk ar,erse' E'g', by iur"cstiug tlone,v in boucis

lather tiran in shares.

1.3.6 Decision Matrix and Expected Utility

Having a <lecisi<lrr matrix we (:ilrt appl)" the conr:ept of expected utility try calculatirrg fcrr

each al[eruative thc extrlected utility and t]rcn selec'riug the a.lternative rviric]r ura-xiruizers t]re
expected utilit;i

?t
.S1

4.1

{l,rn

Figure 1.27: Decision rnatrix irr a risk situatiorr

For this we proceed a"s lbllows

Applving expected utility thcor-v to a decision matrix

1. Derir.ing the utility fiurction'u(r) l'la"sed on the outu>rnes ei,i {tf t}re decision ruatrix.

2. Transtbrmiug []re <lccision rnatrix wit]r out<'ornos cri.i into a dc<'ision rnatrix wit]r utlities
u(e,.: ).

3. Calculatirrg ibr each alternative a; thc expectcd utilitv EU(a.a):

ELi {CI.i) : D4 . tL(c6,1)

J

"1. Seler:tiirg the alternative N,ith nraxirnrlrn expectecl utilit-v

Example: Applving expected utility to the decision rnatrix given in F'igure 1.28 with ma:r-
inturn outr:ome e+ : I0 and rnirrimrlrn out<:ome e- :2. Figure 1.29 slxlws the selec:tion of
optinral alternativc for a risk seeking clecision urakcr with utilit.1, u(x) : (f )'. Figule 1.30
shorvs ttre selection of the optimal alternatir.e for a risk a,vers(] decision rnaker wittr utility
firru:tion u,(r) : I* Finalll'. F'igure 1.31 shorn's the selection of the optirnal alternative
fbr a risk neutral decisiorr uaker u'itir utiliq. iiurction u(x): -] + frr

Pn
.9t

Pi
s

a;

¤ r.r .. et,j .. C.l.rt

¤..r .. e.i,j '. Q4n
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0, 1

1

o,2
4

1

0,

0
4
5
2

0,5
3

5
4
5

2
2
2
3
I
I

2
6
4
3

3
0,

Pi

S;

1

2

4

o
5
4
5

2
3
I
I

6
4
3

1

q
4

Figrue 1.28: Exarnple dtrision rnatrix irr a risk situatiort

0,1 0,2 0,5 0,2
4

EU(ai)

1 2

ai

Figure L.29: Selecting an alter:rative nith utility function u(x) : (#)'

L.4 Decision Making under Risk: The p,-o-Criterion

The p-a-<riterion is a rnethod cornmcln in practice. It employs for each alternative tlre two
rneasures expected value p (see Equation 1.1"1) and lariance o2 (see Equation 1.12). The
variance measure,s the exterrd to which an outcorne rray deviate from the expected l'alue.
The standard deviation is s : rF. Figut" 1.32 gives the expecte<I values and the l'ariances
of the alternatives for the example.

p(ai):la,'rr,i (1.1 1 )
I

o2(a,i): f pi -tt {"u) - et.i)2
J

0,1 0,2
4

p(al o'(ai)
1

dt

7,W
0,85

2,4
5,4

Figure L.32: ExptN:ted value antl variance of the alternatives

The p-o-<riterion calculates for each altenntive q a preference value O(o,). O(o4) is a
func:tion of p and a. The altemative a; with maxiurum prefereuce value e(a6) is selec:ted.

p,
si
1

2
3

o,2
2

0,5
3

5,6
4,5

5
5

10
4
5
2
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0,1

1

0,2
2
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1

Pj

3
4

0,00
0,71
0,50
0,35

0,00
0,35
4,87
0,94

0,00
0,13
4,75
0,88

0,5
3

0,71
0,61
0,50
0,61

0,50
0,38
0,25
0,38

4,2
4

1,00
0,50
0,61
0,00

1,00
0,25
0,38
0,00

EU(ai)

0,55
0,55
0,60 ¤
0,53

0,45 ¤
0,31
0,38
0,38

7,84
0,85

2,4
5,4

3;

Fignre 1.30: Selecting a.n alternatir,,e with utilitv ftinction u(r) : ,R

0,1

1

0,2
2 3

0,2
4

EU(ai)

0,00
0,50
0,25
0,13

F'igrrrc 1.31: Selecting an alternative rvith utilti-v fiurction tL(r\: -i + i"

Risk neutral decision maker A risk neutral decision rnakerr is oll-l'takiug into a<'<'ourrt
the cxpectecl 'nalrrc. Herurc. hls pref<rrence fiurction is

(D(n;) : p(ai) (1.13)

It the exaurple given in Figure 1.28 thc risk neutral decision rnaker chooses altcrnatir,e 41.
He is indifferent betweel] {.r,3 imd n.1. Figrue 1.31} pr<rvides t}te inf<rrmation on tlte calculatiort
of the prel'clerrce functiorr. Note that a for a lisk neutral dccision rnaker the ;r-o-*riterion
recluccs to tLrc p-criterion (expected r,alue crite-'rion). The expectc<l l'alue criterion rvill lead
to the same alteruative a.s the expected utilit-v criteriou.

0,1 0,2 0,5 0,2 p(ai) o'(al o(ai)
1234

31

&;

1

2
3
4

0,5Pi

Si

1

2
3
4

6
5
4
5

2
3
8
I

12
6
4
3

0
4
5
2

5,
4,

6
5
5
5

5,6
4,5

5
5

e

Figurc 1.33: Decisiou of a risk rrcu[ral decision maker rvith t]re p-o-<:riterion

Risk seeking decision maker The risk sccking clecision rna.ke'r is interested in tltc ex-
pecte<l ralue and iu the anxrurrt the expected'iahre ca.n be excreeded. He is ther"ef<lre iuterested
in a large p and a large o. A concrete function for O0 is
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O(a;) : p,(&) +0.5. oz(q) (1.14)

A risk sc.eking decision maker with preference frrnction (1.14) chooses alterna,tive a1. Re-
garding altemative$ e3 :ilrd ca the decision maker prefe.rs alternative a4 bercau*se it has the
higher o. Figure L.34 provides the details of the calculations.

0,2 0,2
4

p(q) cr(a,) o(q)
2

7,W
0,85

2,4
5,4

e
a

Figure 1.34: Decisiou of a risk seeking decision maker rvith the p-a-crite.rion

Risk averse decision maker The risk a.l'erse decision maker is interested in a large
expected outcorne p and in a small o becarrse he vie*'s o a$ a threat that p is de,crea.sed. A
concrete function for O0 is

Pi
s;
1

2

0,5
3

0,

9,52
4,93
6,20
7,70

5,6
4,5

5
5

4
5
2

5
4
5

2,80
4,91
4,40
2,85

5,6
4,5

5
5

4
5
2

s;
1

2
3
4

0,2
4

0,5
3

5
4
5

4,2
2

3I
9

6
4
3

3
II

2
b
4
3

a

n

o(o1): |.uk,) -2.o{a1) (1.15)

The risk averse decision maker with preference function (1.15) chooses alternatire 42. Ile-'
garding alternatives {l3 and ar the decision maker preferc o,:t btN:alr.se it ha.s the smaller o.
Figure L.35 provides the details of the calculations.

0,1 p{AJ of(al o(ai)
1

ai

7,U
0,85

2,4
5,4

¤

Figrrre 1.35: Decision <f a risk averse decision rnaker with the p*a*criteri<ln

1.5 Dynamic Decision Making under Risk: Decision
Tree

Cha,r'acterization of the decision situation :

o Risk
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o Oue criterion

o Single rleci.sion rnaker

r D)'rtanric rlerisiorr

25

Irt a <lyuarnic tlecisiorr coutext, the <lecision maker has to rnake a series of dec.isions. Bc.tu,een
tw-o successivc decision orre scenalio will take piace. Let us gir.'e an example n'ith the intrcr".
duction of nerv pro<irrct to tire rnarket. \\'e assrrme that the procluct ha^s been developeri.
Nornr thc decision rnaker f'aces rhc lbllou'ing alternalive dccisions:

1. Obtaiu irrtbrrnatiorr about the chances of the product on thc uralket b_r,- testing the
ptotluct on a tcst market (costs of 30) and undertaking the clccision about introducing
the product to tire rnarket (or rmt) afterrvards.

o If the result of the test market is positive (60% prohabilit), tlrcre is a 85% prol>
ability that tlrc product rvill trake a profit of 300 and a 15% probabilit-v that the
product will make a, loss of 100'when intr-oduced to the m:rket.

o If the result of thc tcst rnarket is ncgatir,'e (40% probability) thcrc is a 10%
probabilitv tlrat the product will rnake a profit of 300 and a. lrrobabilitl. of 90%
that the product will rnake a loss of of 100.

2. Intro<hx:tiorr of the product to tlre rnarket rvitlrcut having a rnarket strxl,v. In this ca;e
there is a probabilit;, of 55%, to make a prolit of 300 and a probability of 45% to make
a Ioss of 100.

3. No introdur:tion of tlrc produr:t to the rna,t'ket

\\ihat sequencc of cler:isions should thc der:ision uaker undcrta,ke in order to maxirdze its
prrifit? In what follor.,i's te s,'ill tnotlel and solr,'e the problent rvitlt a decisiou tree.

1.5.1 Elements of a Decision Tlee

A decision tree is a,rr untlirected graph vrith three no<le t1'pes

o rlecision node (represcntetl as scluare),

o chanre nodes (represente<l as cir:le) arxi

o outc:oure n<xle (represente<l a^s triantrSle)

and edges wtrich <:ontter:t tu'<r rtocles. Figure i.136 gives the decision tree for tlte pro<iuct
in[ro<luc[ion exa.urple.
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positive

Test market

-30

negative

040

test

0

No test markel and no market launch

26

Market launch

No market launch

Market launch

No marl(et launch

Success
0.55

Failure

0.Es

Success

Failure
0.15

Success
0.10

300

-100

-100

-100

0

0.60

0.90

0

300

0

300

a

0.45

A

Figure 1.36: Decision tree for the new product introduction

1.5.2 Solving a Decision Tlee

We assume a risk neutral declsion maker and hence can apply the expectal value criterion.

o The decision tree is solved backnards, that is we start with the result nodes on "the
right side.

o For each final chance node (i.e. there are no more chance nodes ou the right side
connected try edges) we calcrilate the associated expected l'ahre.

o For each final decision node we select the decision (that is the edge connecting the
dec:ison node on the left with a chance node or an outcome node on ttre riglrt) with
the ma:rimum expected value. The arcs of non selecteNl decision are ma.rked with "f f" .

The value of the decrision n<lde is set to the value of the selected decision.

Due to the backward solution of the decrision tree, the rnethod is termed 'roll back proce-
dure".

Solving the decision tree of the new product introduction
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positive

Test market

-30
+.6.240+.4.0=144
=114

negative

0.4

test

0
+(. 55,300+ 45.(-1 00))= 1 29
=120

27

0.6

Market launch

85 300+.15 (-100)
= 240

No market launch
0

Market launch

.1 300+.9 (-1 00)
-60

No market launch
0

Success

Failure

Success

0.85

Failure
0.15

Success
0.10

300

-100

-100

0

300

Fa
0.90

0

300
0.55

-100
0.45

No test market and no market launch
0

0

Figrrre f .iJ7: Solrrirrg the nerv produc:t irrtroduction to optirnality'

Remark: Solving a decision tree with ttre roll back procetlure provicles optirnal decisions
fcrr each decision node. Hence, e\,en if the realization of a chance node is unfar,'orable u,c rvill
obtain the optirnal decision frrr proceeding. E.g.. as$lrule that we have <lecicled to nur the
tcst rnarkct and that the result is negatire. In this ca*qe it is optirnal not to irrtroduc'e the
product to the milrk)t. The far:t that u.e rvill obtain an optima,l dr:cision for each node is
termed "flexible plarrning".

Observation: Thc optimal decision fcrr the risk neutral decision maker is to introduce the
pr<l<luct to the rnarket witlnut test market. Hou'ever, uraking this decision goes along rvith
a 45Yc probabilitv to makc a loss of 100. In ca.se of a test rrarket the probabilitv to rut*re a
loss of of 130 (30 r:osts fol the test market arul 100 bss for the failed rnarket introdrrr:tion
afteru,ard) is down to 0.6 . 0.15 : 9% (probability of a positir,e result frorn the test ruarket
and a loss on the rnarket).
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1.5.3 Decision Tlee Sofrtware

Thcre a,re a nunrtrer of dr:crision tree softrvarc systerns on thc market. One is pr.ecision Trtl(l
frorn Palisade (http:l/www.palisade.com/precisiontree/), see Figure 1.138.

F'igurc 1.38: Scrcenshot of the "Precision Trec" software

L.5.4 Value of Information

Value of the test market

In or<lel to cle[errnine thc value of thc tcrst rnarkct strid.v lct us a.ssurlx] t]rat t]re terst utarket
studr.' is free instea.d of costing 30. Solving tlte decision tltNr with a, frtle terst n:arket Lt,duces
the cost b"v 30 axl tirus raises the ralue to 144.

|ion' lct us assumc that the tcst rnalket, cannot be conducted. \Vc thus deletc thc cdgc
"test nrarket" a.s u,ell a,s all successor nodes a.rxl eg<iges (goirrg frorr left to riglrt) fi'om tite
tree. Solving the resulting decision tree to optimality gives a value of 120. The difft:rence
L41* 120 : 24 is thc va,lue of the tcst market. 'I'tris is thc murirnulrl (:osts rn'hich shorild be
spend for thc te-.st rna,rlict.

Value of perfect information

The tcst rnarket hc$s to reduce the risk about, krrowing if 'we rvill be successful on the rnarket.
T'hat is, a positive result increa,ses the success probabilitv frorn 55% to 85%. Hou,er.'er, tlte
test utarket doos uot elirniuate the risk at all. Thc qucstion ariscs alnut the raluc of pcrfcct
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infurmation. The perfect inforuratiorr noul<l rneau that the test, urarket tells us if .w,e will
be successful or not with a probal:ilit.v of 100%. With a perfect test rnarkct we could thus
retrieve the inforniatiou a,bout the outcorne of the chance node on the market success fir.st
and could then urake a <lecisiou to irrtroduce the product to the market afternards. This
sequeuce of chaucc rrodc and <lccision notle is givcrr in rhc <l<lcision trce dcpictetl in Figurc
1.39. Solvirrg this cler;ision trec, we obtain a raluc of of 165. Hencr-., the value of perfect,
informatiorr is 165 - 720 : 45. If there worrld lie a {irrn rvhith could provide the perfect
informatiott. the corrparry rvoulcl l:e willipg to pa,r, up to 45 for this.

Market launch
300

0.55 No launch

0.55.300+0.45-0
=165

-1 00
No success

045 No launch
0

Figure 1.39: Cahr.rlatirrg the value of the perfect inltxruation

1.5.5 Sensitivity Analysis

The expectcd valuc rvithout tcst market is 120 and nith tes[ ura.rket is 114. Hcrrce. a risk
neutra,l decision makcl u'otild not opt fol the test market. Hou'ever, we ca.n ask hou'high tlNr
nll(:(:ess protrability of a positive test ruarket slxxrkl 1r* s11<:h that the the test market \r,oukl
l:e chosen. Fbr this let us dcnote the success prol.rabilitv with p (so far p has becn 0.85).
If the clecision rna,ker is indifferent betra'een the test ma,rket ancl introducing the product
rvithout tcst uurket the lbllowing ha.s to hold:

(p. 300 + (1 -rr) . (-100)) .0.6 - 30 : 0.55. 300 -0.45. 100

<+ fur'300 + (1 - p) . (*100)) .0.6 - 30 : 120

<+ fur'300 + (1 - p) .(-100)) .0.6 : 150

<+ p. 300 + (1 - p) . (-100) : 250

<+ p'.100 : 350
350e p: 4(n: 0.87Ir

Heu:e. if the test market coul<l trring fbrth a srr(:cess probabilitv of 0.875 irr ca..ie of a positive
result, the decision maker c:an also choose the test rnarket rvithout sacrificing expected value.
For any success probabilitv larger than 0.875 the test ruarket sirr:uld be chosen in order to
rnaxiurize the expecte<l ralue.

0
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1.5.6 Decision Tree and Expected Utility

Solving the decision tree with the expu:ted utilitv a.pproach

1. All values (srrch a.s the costs of the test rna,rket) whidr are associated u'ith edges
emanating frorn decision or charr(:es rrodes are shifte<i to the outconle no<les. E.g., the
costs of the test rnarkets are added to the six outcome nodes (from top to bottorn)
ernanating from the test market <lecision.

2. Determine the utilit-v firnction u(r) of the decision maker ba.sr:d on the best outcorne
e+ antl the worst outc(xne e-.

3. Transibrrr all outcornes e into utilities u(e).

4. Calculate the expected utilit5, of the decisiorr tree using the roll back procedue.

Example

Itesult after step 1 see Figure 1..tr0.

Success

positive

0.60

0.40

Market launch

No market launch

Market launch

0.85

Failure
0.15

0.10

0.90

270

-1 30

-30

270

-1 30

-30

300

-100

Test markel

tesl market

0
0.55

Failure
0.45

No test market and no market launch
0

Figure 1.40: Decision tree of the pro<iur:t intro<irrctiou v"ith the test costs shifted to ttre
otrtcorne rrodes
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Result after step 2:

Basetl orl e* : 300 and e- : -130 a fea.sible utility function of a risk averse decision rnaker
is

u.(r)

Result after step 4 see Figure 1.41:

Success

Market launch

85 0.96+0.15.0
0.81 Failurepositive

0.15
0.60

No markel launch 0.48
0,48

Test market
Market launch 0.10

+0.6'0.81+0.4'0.48
=0.68

0.1

negative

0.40
No market

0.48
test market

0.55' 1 +0.45'0.26=0.66

Failure 0.26

test market and no markel launch
0.55

0.55

Figure 1.41: Calcrdation of the expecterl utilitv of the dttclsion tree

Observation: The risk averse decision uraker rvith tire utilitv function given above selects
the test market r,r.,hile the risk neutral decisiorr rnaker tra"s rxit selectecl the test market.

("i#o)"

0.85
0.96

0

0.96

0

0.48

0.90

0.55

0.45
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L.6 Multi-Criteria Decision Making: The Scoring
Model

Characterization of the decision situation:

r Deterministic

r &Iultiple criteria

o Single de<sion rnafter

r Static decision

Scoring Model

The scoring model (German: Nutzn'ertanalyse) is a simple approactr to consider multiple
criteria *'hich Ls prevalent in practice. There are more aclvance.d methods in the literature.
E.g., the analytic hierarchy process (AHP).

Iilea: The decision matrix is modified by introducing goals ztt. . ., a,, *'ith weighty'u,i instearl
of scenarios sl, ... . s,, with pr<rbability pr'.

Aliernatives:

o Q,lta2t.. . rdir... ran.

e The decision maker has to choose one alternaiive.

Goals (criteria, objectives) :

o ZL;22;....Zjr...,2n

o Goal ai hru a n'eight roy with 0 < tr5 < 1

r l, wj : L holds.

Outeomes:

o If the decision rnaker ch<xrses ai, he will obtain orrtcome e.i with resper:t to goal a;.

32

 

Decision rnatrix:
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(1.16)

'lI)1

Zt
u,j Utn

zn
O,1

Ai

";

^

Figure 1.42: Decision matrix for a multi-crtteria derision

Which alternative should the decision uraker selec:t if he wa"uts to maxiurize the outcorne for
the different criteria taking into account the criteria weights?

I-.6.I- Applying the Scoring Model
1. Determine the goals (as a rule of thumb the number of goals strorrld not exceed 7).

2. Deterrnine the weight of tire goals.

o Sirnple approach to obtain *'eights: Each g<lal is valued on a scale betx,een 1 and
5 with 5 for a very important goal, 4 for a r importarrt goal, 3 for a goal which has
a!-erage importirnoe,2 for a lass important goal and 1 f<n a goal u'hich ha"s orrly
marginal importance. Let gi ¤ {1,...,5} be the ttrus detenuined value of goal 3.

o Nounalized goal n'eights 0 1*i ( 1 are now derived by <al<xrlating

'tili: gj
Diei

3. Determine the outcornes e6;

4. lbi each goal j a value frrnction ,.10 is determined.

(a) Determine the best outcome ert and the worst outcome {.
(b) The best outcome ert ha^s a r.'alue of ui($): 1 and the worst'outcome { has a

r,'nlue of r1(e;) : 6.

(c) Determine the shape (linear, convex, concave) of the rnlue function g0.
For the ca.se of a linear l'alue function we obtain the folkrwirrg firnction:

e Slope: ,4: q\.
o g-intercept, 4: -ei .Ai.
r Vahre function:

t'i(e;) 
: ':2:_ 

_': _] _.e;.tej -ei ei -ei
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5. Calculating the score of each a,lternative:

,S(ai) : Iu,, .tri(ei,i) (1.17)
J

6. Select the alternative with the highest ,sc:ore.

Example: Scoring l\'Iodel

A company ha^s to choose one out of three pro<lucts for irrtroducing it to the market. The
goals are ;1 (low) costs and z2 (high) succcrss probability on the export rnarket.

probability on the export rnarket
low

good
very good

Step 2 of th.e Scori,ng Mod,eL

Costs are irnportant, the success on the export rna,r'ket is less important.

* 9t: 4,92:2

Step / ol the Scoring Model:

Goal 1:

(u) "I:20, ei :50
(c) Determination of a.linear value function t1(e1):

30 40 50

e1

34

Costsrrcta

a

1

2
3

20
30
50

r?L!2:3:0.gll0.67

(e1v1 I

1,00

0,90

0,80

q?0

060

0,50

0,10

0,30

0,20

0,10

0,00
?0

Figrrre 1.43: Linear value firnction tr1(e1) frrr goal 1
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+u1(e1):1,67-#.ut
+ tr1(20) : 1, tr(30) :0.67, u1(50) : g

Goal 2:

Verbal ( ) lraluation
very good

good
average
modest

low

5
4
3
2
1

(u) ui :5 (very good), ez : 1 (km')

(c) Determination of a linear ralue functior a2{e2):

+ u2{e2): -i + 1. u,

=+ tr2(1) :0, u2(4) :0.75, t2(5) : 1

Step 5:

1

0,c

0.8

0,7

0,6

!,5
0.{

03
0,2

fi,1

0

vr{e2}

a 4 5

Figrrre 1.44: Linear value function o2(e2) for goal 2

3
e2

I

Prodrret I
Product 2
Product 3

4.67 0
1 (Costs 2

1

0.67
0

) S(Product)
0.67
0.69
0.33

ai .33

0
0.75

1

35
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1.6.2 Sensitivity Analysis

Q Hou' does the score and thus the decision change if the r*'eight ur of the cost goal is
changed?

Let us epxress the score of ^9(ai) of the alternatives as a fuact'ion of the weight trrl of goal z1:

S(or) : tr,1 .1*(1 -',rrr) .0:&tl
S(rrr) : wt'0.67+(1 -tr:1)'0.75: u;1 ' (0.67 - 0.75) + 0.75 :0.75 - 0.08'ur
S(rr) : ur'0+(1 -rr)'1:1-ur

Graphical analysis:

S
Product 1

Product 2

Product 3
0 w1

0 .27 .5 .69

Figure 1.45: Sensitivity analS.sis of the Sc.oring model

For tr:r < 0.27 the decision maker should chose product 3, for 0.27 I w1 10.69 the decision
rnaker shorrld c.hoose product 2 an<lf<n u1 > 0.69 the decisitrn maker shoulti cho<rse protluct
1. For wt :0.27 the decision maker is indifferent between product 3 and 2 and for'a'1 : 0.69
the decision maker is indifferent between product 2 and 1.

1



Chapter 2

Linear Algebra

Literature: Strang [10]

2.L Matrix and Vector

A rnirtrix A is definecl a.s
&t,t
AZ,t

Atq

AZ,Z

At,n
0,2,nA_

(7rn,l Am,Z (Lnt.rr

c:onsistiug of rn. rovrs arud n c:oluruns. In rotal it has rn . n elemerrts. The eleruerrt irr row z

and cohumr j is denoted rvith a.r. A uratrix with rru : rl is called a squarc uratrlx.

A column vector b is defined as

': (:)

In what folkrrvs, whenever we speak of a l'ector we rrlearl a cohunn l,ector. Below r.l'e rvill
show that next to column l'ectors there rrre also row'",cctors. liotc that a tratrix A consists
of n colurnn r,'ectors. A uratrix with a sirrgle srlumn is a r,-ector.

2.2 Matrix Multiplication

A matrix A with rn r<)lvs and n coluurrm and a matrlx B with ?t rol\'n and o s>lumns cau
tre rrultiplied, derroted as A-E}. The resultiug uratrix C *-ill har,'e rn rows arrd o columns.

37
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Elernent {:;.y of Inatrix C is calcr.rlate<l a"s

Noce the following special cases of rnatrix rxrulcipiicatiorr: N{ultiplyirrg a rnatrix rvit}r a vcctor
rvill gir,"e a. vmtor, niultiplS,-ing a yector with a matrix u'ill gir.c a, matrix, multiplving a, low
vector rvith a coluuur vector u'ill gil'e a sirrgle urunber, c:alletl scalar.

2.3 Tlanspose of a Matrix
The transpose of rnatrix A is denotecl as A'. Element c[, of the transposecl ruatrlx is
calculate<i a:; follou's:

aj,i : ati.
A matrix A of size rn ro\l's arxl n c<ilumns has a tra,nspose At with n, rou.s and nz coltrmns.
The trauspose of a coluuur re<'tor b gires rorv rcctor br.

2.4 Standard Vector and Identity Matrix
The square uratrix

",, 
: i {1.i,1.b1,i.

l:r

0:
10
01

10 00
0

I- 0

is called identitv mertrix. It holds I.A : A and A'I : A.

Thevectors(1.0,...,0)'',(0,1,0....)'....,(0,...,0,1)r.whichformtheiderrtitl,-nratrixare
called staudartl,vectors.

2.5 Inverse of a Matrix
For uratrix A thc inverse is ckrnoted as A-1. It holcls A-A-1 : I. An iuvertiblc matrix is
also ca.lled rron-singula.r clr non-degcuerate. The irn'erse of a rnatrix can bc derrived with the
Gaufi-Jordan algorithrn.

0 1

0:
00
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2.6 Gau8-Jordan Algorithm for Matrix Inversion

\\ie start try corrcateuatirrg matrk A of dirnension ru x n and nratrix I of dime.rsion rl x rzl
to rnatrix A I I of dimension m x (n + rn)

0,t,t

az.t

0.1,n, 1

Q2,rt 0
0,t,2

0.2.1

0 ... 0

1

0AII:
0

0

0

1dttr,,I Arn,2 (Ln.tr,

\Vb select the first rorv i. for which art* 0. If i ) 1, rr rrlove rorr,- i to becorne the first rou'
anrl nr<n'e the rows 1,.. ., i - 1 to lrccorne rou,s 2. ....'i. If o.i.t:0 for all i. then tlte we cart
proceed with the second colurnn.

V\ie now asslrrre thift 41.1 * A. a,r,t is callecl pivot. !\ie dir,'ide <xxh elernent in rorv 1 by o,1,1

suclr ttrat we obtain (1r.1 : 1. Nert. u,'e replace n;; b1' Q,i.i-&i1'o17 ftrr all coluuuts j : \, . . . .rt
of rows i:2,...,n1. I)uc to this, rl'e obtain alJ:1and ajJ:0 for.l - 2,...,m. As a
result we ha,r,e tlre first column vector of the tra,nsformed rnatri.r A I I as

\Ve proce,ed with tlie sec:ond r:olumn in the same way as lrribh first column. \t'e select the
first row i. > l f.or' "which o,;.2 * 0 a,nd. if necessarl', rcarra.nge tlrc row nurnbers such that
rre lrave ot.z * t). o,2.2 is the set:ond pil'trt. W'e divitle the pir'<rt rou' 2 b-v n2,3 t<l obtain the
1tivcfi a2,2: 1. Next, rve transforrn thc non-pir.ot ro*s el : 1,3, 1,...,rn. br- replacing a;.i bv
&i,i - oi,2' a2.i for all colurnns ,i : 7,.. ..n. As result we have obtaine<i the seconcl coluntrt
witlr a2.2 : 1 arrd &i,2 :0 lbr i : 1,3, 4....'n,i.e. the first two columns of the matrix A l l
are

(::)

\Ve proceetl with row tlrree rurtil row m. After finishing the GarrlJ-Jordan algorithrrl. u¤
obtain I | 4-t rn'ith the inverse
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-1 -1ar,jt a*l.z

2.7 Solving A.x - b

WbcanxrlveA'x: bwithA<lf size'nxxrnandxanclbof sizernx1eitherbyx: A-1'bor
by directly apply'lng the Gau&Jordan algorithm. For this, we augment matrix A by vector
b to obtain matrix (A I b) of size m x (m * 1) and transform it to (I I E; wtricU gives the
solrrtion x: b.

^r: I :)

-1 -1a't,i ilt,i
-1 -1et,i ez,i

 

 



Chapter 3

Linear Programming

Literatrrre: Bra<ile1'et al. [3] Chapters 1 - 4.6

3.1 Linear Program and Graphical Solution

3.1.1 Introductory Example

In the ibllowing rvc) a.rel goirrg to trea[ linear programs (LPs) and ]row to sohe t]reur graphically
fcrr the special case whern there are only 1rno clecision variables (in short: variables). This will
la,,v the lburxlation f<rr cousidering LPs with n. variables, wliich u'ill lrc solved nuruericall-v.
Let us start with the following exa,mple:

A compa,ny is producing tvuo different beer gla^sses: Wheat beer glasses (WG) ancl Lager
glasses (LG). In orcler to producc oner units WG the productiou facilicies have to rul 6 horu's
while frrr one urrits LG, 5 hours are required. ln one x,'eek the facilitics ciln r-un for 60 horrs.
Note that a urrits tloe*i not relate to oue gla^ss txrt'a larger packing unit srtch as a lrallet.
Once produced. the gla.sses ha,r'e to L"re stored befrrre they are siripped to tire retailers. Thc
warehouse has a total caperitv of 75 units. One unit of \\iG requires 5 storage units while
one unit of LG requires 10 storage units. I'he r:orrtritrution nargirr (the price per unit nrimrs
the variablc costs) fbr \\.G is 5 ELIRO while thc coutributiou margin fbr LCI is 7 EURO.
I'he ma-xirnum clernand for \YG is 8 units per li,-rnk. 'llhe dcma,nd for LG is not lirnitcd. H.ou'
man.v rurits of \\,G arxl LG shall be produ:etl in or<ier to rnaxiurize the total coutritnrtion
rnargin?

3.1.2 Modeling and Linear Program

The problerrn vctball.v staterd above rvill now- be describe<l in terrns of a urathematical uroclerl.
The process of doing so is ca.lle<l "mocleling", the result is r:alled a "rratherratical pLograrn".
\{ore specifically, in our ca,se it is a "liuear prr)gram". A linear progra,m consists of varia}rles

,41,
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arrd rnrrltiple linear equations. One of the equatiorrs is the objective firnctiorr, the rernaining
equations a,re constraints.

We start with the va"riables. In the rerna,inder of this chapter rrye will get to know different
type of variables. Ttre variabltx. nhi<fi are needed in order to descritrc the decision to trc
ruarle are na,rned "decision variables". For oul problern we have tlre following two decision
variables:

Number of producerl SIG urrits
Nurnber of produced LG units

Objective ftinction:

I\{aximize the total <xxrtri}:ution urargin ; : lat*7nz

Prodrrction tapaciry constraint :

Whrehou.se capacity constraint :

N'Iarket capacitv constraint for wheat beer glasses:

^ 
Definition of tlre variables (non-negativity constraints)

Putting it all togetherr'we obtain the following linea.r'prograru

J,I

fr2:

^

8{l;1

Il.{aximize z : 5rr * 7:rg

subject to the constraints
6c1 * 5r2

5rr + 10rz
1r.r

TT,T2

(3.1)

s60 (3.2)
(3.3)
(3.1)
(3.5)
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3.1.3 Graphical Representation of the Linear Program

\l'e ivill uow soh'e the linea,r progranr bv first representing it graphicall.v and then using
basic linear algebra technique-s to <lerive the optirnal soluticin. This technique is restricted
to linear programs with not more than tu,o decision r,'ariables.

Let rrs fix;t tlepict tlre solution space, which is ciefinecl b"v the constra,ints. \,Vithout cousider-
iug aly constraints, the soltttion space is clcfined b), the two r,'ariables r.1 aild "t:2. \\"ith theser
trvo r,'ariables. the solution space is 2<limensional. If for thc rnotntut we rlo not consider the
norr-rregativitl.' constraints gir.'eu in (3.5), i.e. if \{re irsslllne J:r ¤ IR arxl 12 e IR, the solution
spacc is x ¤ R2. The "2" a,ttached to R. states that rr'e arc considering the 2-dimensional
space with two varia,bles, the lR. states that the values of thc variables a.re in the set of real
nurnbers. Hent:e, feasible x can be irr all four quarlrants of the <xror<linate syslslvl an<l thev
ca.u be arbitrarv f'ar frorn the origin. E.g., possitrle solutions are

": (3) ,-: (*,) '*: (-?3) .-''o-: (,;i,)
Norv, w'e are atlding the constraints. \\'e arc starting rvith the Production capacity constraint
(3.2). lt u'e replx:e "a" 1I.'r:'), tr1'11 6btai1the ecluation

6lc1 * ltr2 60

This equatiorr is a liue in the 2-<lirneusiorral spar:e. !tr'e can tlrau' this lirre eitirer rn'ith trvcr
points or with one point and the slope. Tlto points: Settitg ;t:2 : 0, ue olrtain rr : 10 and
thus the first point (10.0). Setting ir)1 : Q, u'e obtain r2: l) and thus the secorxl point
(0,12). Figure (3.1) gives the line de{inexl }ry these tu,o points. Point-Slope: \\ie unclertake:
the follor.ving tla,nsforrnation in or<ler to obtain the poirrt-slope representation:

6;r*5rz : 60

5:r2 : 60-6;ir:r
rz : l2-7.2r1

Definition 6 In n-dintensional space with a ¤ IR" ondx ¤ R", \,aiq: b rls a hy-
perplane. He.nte. in 2-d,irn.en,si.ona,l spz,ce. o,lryyteryl,a.n,e is a line. i.rr, 3-d'irnen,siorua,l space. o,

Ity'per"plune i,s u,'plan e..

Now. u'ith rcspect to thc Produc,rion capacitv corrstrairrt (3.2), all x ol the line and l-relorn'
the line arc feasible.

Definition 7 In n-di,m.ens,ional space we call the feasi.ble space. whi,ch, is de.fi.ned by
D']=ro,iri 1b orLi,a1q Zb o, halfspace.

-6r:
5
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X2

6x1+ 5x, = 56

14

B'igure 3.1: Line 6r, + 5r2 :69

Figure 3.2 shows the haHspace of the production capacity constraint' The term halfsprce
clearly describes the fact that we cut the entire Z-dimensional space into t*'o parts, the lower
part of it being the <xrn"sidered halfsparn.

6x,+ 5;, g 6O

xt
12 14

Figtre 3.2: Halfspace de,fined by the production capacity constraint

Each of the five constraints (production capacity'. warehouse capacit)', market capacity. non-
negativity of the two decjsion vreriables) defines an associated halfspace. The inte.rsection of
the five halfspaces is given in Figure 3.3.

10

8

6

4

2

^

^

X1

4

\2

10

8

o

4

2

4
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Definition 8 A polyhedron P is the: intersedi,on, of a finite. set of h,alfsptt"t:es. It can be

described as P :{x e IR I Ax < b}.

1

6xr+ 5;, - 6O

Xr=8

P3

5xr+ 1$x, = 75

P1 x1
12 14

X2

10

6

4

2

246

Figure 3.3: Polvhe{161 p6:presenting t}re feasible solution space of t}re beerr gltuss problern

Definition I Le:t P bet a polyh,e:.dron i.n, n.-rlim,en.sional .spo.ce. u;ritten, as P C R". L xector
xe P rlsanextremepoint olPxf th,erearenottntouectorsXr,X2 e P,bothdi.ffe.rentfronz
x, artrl, u, x:alar 0 < ) < l, su,t:h that x: )xl + (1 - ,\)x2.

In the polyhedron of Figure 3.3. the points P1 - PS are extreine points. Thc point represerrted
try the vector x": (4,0) is not arr extrerre point since y'e harre (*')": (0.0) e P, (x2)":
(0,8) ¤ P. arrtl ,\ : 0.5. Eac:h extreme point in Figure 3.3 is clelined b"v the intersecrtion of
two constraints. Some of the constraints harc the forrn :r3 : 0. 1.e., for points P2 ancl P5.
one of the <nrrstrairrts is n1 : fl aul 12:0, respecrtivell.-. For point P1, the two cormt,raints
&.rC f1 : 0 a1d JZ : 0.

In order to find the sohrtion with the largest objectir,e function value r.l'e have to consider
the Otrjecti'i'e function (3.1). i.e..

) : 5rr*7:tt
Note that z is a varia.ble which depcnds on the variables 11 and r:2. Hcnce. fcrr each feasiblc
x. $'e obtain an associa,ted objective fiurction z. Let u,s draw the objective fiurction lirre
witlr chc r.alue z : 5 -7 : 35. This objec:tivc function value is obtained bv the followilrg
tx,'o xr: (7, 0) and (0, 5). An objective function value of z : 70 is obtained by the two xr:
(14.0) arrcl (0,10). Figure 3.4 strows the pol,vhe<iron and the tu,o lines ra'ith z-ralues 35 arxl
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70 as well a.s a line with otrjective fimction value ,a :62.L4. \[ie observe t]rat as fiuther the
distance of the objective function from the origrn is, the larger is the objective function value
z. The objectir,'e frrnction, which is the farthest away frorn the origin and for whictr at lea"st
one point lies in the polyhedron, goes through the extreme point P3. It has the objective
functiou value a :62.L4.

X2

1

1

z=7O

X1

12 14

Figure 3.4: Objectire fiurction

Property L Art, oytti,rnal soluti,on of a tineur progr.art i,s aluays on et*tume poi.rut of the
polyhefuon

3.L.4 Solving the Linear Program Graphically

The extrenre point P3 is the intersectiorr <lf the two lines representing ttre border of ttre
halfspaces of the production constraint and the wa.rehouse constraint. We deterrnine p3
with the Gau$Jordan algorithm. For this, r*e write the tn-o constraints

611+ 5r2 : 60 (Production co,straiut)
5rr + 10e,2 : 75 (Inventorv constraint)

in matrix xltation as

(: ,x) (;;) : (?g)
Wb derive the solution with the Gau&Jordan algorithm applied to the augmented matrix
(A lb) (a b 160\\s rclzs)

I
P2

^ 6

4

2

P1
2

^



CHAPTER 3. LINEAR PROGRAJIflT{ING 47

Since 41,1 I 0, the piv<rt, is 41.1. \Me transform row 1 try dividiug it by 41,1 : 6, which gives

/10.83 110\\s 10 lru)
Ne,xt, u'e subtract crat:5 tirnes row 1 from row 2 to in order t'o obtain o,zJ :0'

(t o.ml10\
\o s.atlzs/

In order to obtain oyp :1, we divide row 2 by a2,2 - 5.83, which gives

/ t o.s3l 10 \\o r l+,zs)
Finall;', to obtain at.z:0 and thus A : I, we subtrar:t a!,2 :0.83 times row 2 frorn row 1,

whieh gives ( t olo.+s\
l. o rlazs )'

Tlre s<rlrrtion is tlnrs h : 6.42 anrl 12 : 4.29. We calculate the objective function value z
associated with x as

^

^

z : 5r, +7r2:5'6.42 +7' 4.29:62.14

Herrce, tlre solution to the beer glass pr<xluction plannirrg problern is to produce :fi:9.,{)
units of wheat beer glasses and *2 : 4.28 units of lager beer glasses. This gives a total
contribution rnargin of 62.14. Since P3 is at the intersection of the prcduction and the
warehouse coustraint, there will be no left-over production or inr,'entorv capacitv. However.
&s can bee seen from Figure 3.3, the market capacit3, is not fully e-rploited. The not used
utarket capar:ity is 8 - f,r : 8 -6.42: 1.58.
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3.1.5 Enumerating all Solutions

X2

1

6x1+ 5x, = $$

P1

48

P6

10

I

o

4

Xt=8

2

681

+ 10x, = /$

12 14

P8
X1

2

Figurcr 3.5: All intcrscctioru; of tu,o liuers

Figure 13.5 gives the 5 poiuts P1 - P5, which defirre the polyhedron of the beer glass prodrx:tiou
problern as u'ell as the points P6 -. P9. which arc - ¤LS the poirrts P1 - P5 - intersections of tu'o
lirres. If $re are in the rr-<linrensional space lve r:anrxlt draw the polyhedron artv rntire anrl
hence ure caunot find the extreme points of the poll.hetlrcln lry rrisual inspection. Instcad. ure

caJr (lnrlnlcrate a,ll possibl<l intelscr:tions of 2 of the 5 Iirxrs gir,-en by the 3 constra,ints a.nd the
trvo non-negativity corrstrairrts of the tlie r.ariables lil1 arld 13. The fornnila for the nuurber
of possibilities to sclect k elcments out of sct of q ) k: elemcnts is

/,t\ qt
It':\k) fr!(q - r)!

For k:2 and e:5 rve obtain 10possiblecornbinatious. 9of thern aredepicted b1,the
points Pl - Pg in Figure 3.5. Table 3.1 gir.'es all 10 points and the associated trvo lines.
From there we oarl see tltat poirrt P10 <loes not exist. beca.use the lines r:1 : 0 aud lfr : 8
are parallcl and thus have uo irrttrscc[ion. Ea<']r poiut could be chccked tbr feasibilit.l, with
resper:t to the corrstraints of the linear plograrn a,xl out of tlrc f<nsibkl points. the one with
tlte utruiimurn otrjective functiorr value <xirdtl be selectetl in order to obtain the optirual
solution. Horveru, thc effort for emrmerating all points increascs considerable r.vith tire
size of the lirrear prograrr nrerusured in the nurnber <>f decision r,'ariables an<l the rrunrber
of corrstraints. E.g., ibr a lincar prograrl with 10 decision variablcs and 10 constraints, nr
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t'oukl ** (?3) : 184,756 points to consider' Ileal-world problcm ltave more than tens of

thorwands r,'ariaLles and constraints. Hence. cmmreration of poiuts is no[ a ralid approac]r.

Point {r 12 Interser:tion of lines Feasible Note

40
84

56.8
rb
50

0
0

6.42
8
8
0
B

15
10

P1
P1
P3
P4
P5
P6
P7
P8
P9

P10

0
7.5

4.29
') a.

0
12

2.4
0
0
0

0
52.5

62.L4
56.8

J)1 : {)

:I:L:0
5rr*1012:i5
6,r, + 5t:2:69

ll:r:g
,?;f : 0
r;1:$
rz:0
tz:0
:r.'t : 0

;r2:$
5rrr + Llrr:75
6rr+5::2:69

.r1 -$
!I'2: Q

6;11 15r:2 : 66
5r,, + L{):r2:75
5r, + 10'12:'75
6:rr*5*2:69

jl:r :8

Optimal

Not cxisting

Yes
Yes
I'es
Yes
Yes
No
No
No
No
Itlo

Tablc 3.1: Listirig of poiuts

3.2 Simplex Algorithm

Literaturer: Jeuscn aud Bard [8] pp. 63.

'l'he Simplex algorithm rvas inr.'ented b3,6*ur*" B. Dantzig in 19-17. Ihe rna,irr <ilaractcristics
of the Siurplex are that it <ioes ordl' <nnsi<ler extrerne poirrts of tire polyhe<hun and it does
rtot enutrterate these but movcs fi'ou one extrcme point to one neighbor (so-callcd adiacent)
exttente point if the objectir,e ftmction lalue can be irnprovcd. It stops with an optimt-r,l
solution, if for the clrrrellt extrerre poirrt there is no a<ljacent extreme poirrt with a larger
ol-rjective fuuction valuc.

3.2.1 Standard Form

In order to applv the Sirnplex algorithm n'e have to transfonn the liuear program in a specific
forrn. which u'e call "stantlard frrrrf'. In the litera,ture. this forrn is also calle<l "<:alulni(:al
{brrn".

Definition lO Art, LP i.s i,n starrdard forur r/'

1. All, ua,riabl,es et:cr.pt z ole con,stra,inedto be non-negati.ue, i.r:., t:i) 0.

2. All constrahtts euce.pt the non-negatidty c:onstro,ints of the ru,rio.bles u,re stated os equal-
i,ti,es. T'lte terrn left, of tlr,e equ,o,l s,iqn i,s r:aLlul "l,eftJtanrl, s,id,e". th,e tt:r'nr, righ,t of the
equal sign, is co,lkd "rifitt-lmrttl s,ide".
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il. Eat:h rigltt-h,and-side rcffit:i,ent i,s n,on-negat'iue.

l. For eo,r:h, t:on,stra,in,t e*rc.qst th'e n'on-n,e4o,ti'r:i't11 r:on,stm,ins of the: oo,rialil,es th'ere i's e*a'ctly

on,e uar"i.able uti,th a cofficient of 1 i,n th'is constraint and a coeffir:i,en,t oJ 0 in all other
con stm,in,ts a.nd tlt e objentiue functi'ort'.

Definition lL Gi,uen a l,in,e:ar Ttrogra,m i.tt, stnn,dard fonn u:ith,rn e.qu'etl,'c.on.stro,ints anrln > m,

urn"ia,ltk:s, th,e rn, uar"io,bles, 'ah,i,th. rel,o,te to t:on,d,i,ti,on, I of the sto,rtdu'nl forrn, o,re at,ll,ed basic
variables. The n-nt retna'ininq uariables a,t'e ca,lled non-basic variables. Tlw .set of basi.c

uari,o,bles is called, basis.

Rrr the heer gla-ss problern lr'e can derir.e the standard form lry introdrx:irrg for each of t]re
Constraints (3.2) - (3.4) a so-called "slack variable", nhich takes the difference hetu,een the
lefb-hand-side and thc riglrt-hand-side. !\ie call tltese varia,bles r:3, z4, iIIId ,;s. r-espectivel)'.
This gives us

l,lax : - 5:tt * 7:r.2* 0n3 * O.za * []rs,

s.t.
6.:r:r * 5r, + 1r3 * 0rr * Ors

5rr+1012*0r3*1ra*0r5
1:rr * 0r2 * 0r3 * 0;r:a * 12,1

I\,'I2, I71, '?: 1,15

:60
: l;)
:8

(3.6)

(3 7)
(3 8)
(3.e)

(3.10)

Inspecting the linear plogram (3.6) - (3.10), 1r.'e sec that is in standard lbrm. As for condition
4, fcrr Constraint (3.7) rve have rariable 23, for Constraint (3.8) r'e have r.'a,riable ir:a. and
for Corrstraint (3.9) it is rariable cs,. These va.riables measure the capacity units. which are
rrot uscd up b)' 6fus production quantities 11 aud ,T2. The r.ariables 13, ra, arld :ui are ba"sic
viriables. a,ccxrrdingly {*3, ra, *5} is the basis, and r;1 and r:2 Rre non-basir: rariables.

Remark: If rve have a linear progranl s.ith an otrjective funt:tion, s.hich is rnaxirnized and
all constraints of the tvpe (. then the slack variables will be the basic r.ariables of the first
starxlard forrn. Hou,ever. in the s>urse of the Sinrplex algorithnr this t-vpically changes.

3.2.2 Tableau Notation

Next, we introduce the tzrbleau notation. The tableau is a. special wa1' to rvrite down ir linear
plugraln. For our linear prograrn in stanclar'd forrn rve obtain the start tatrleau giren iu Table
3.2.
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BV
:t:)
lt4
lll y,

it'ahle 3.2: Start tableau of the linear progra.tll

The tableau ha^s rz * 1 r<rq,s wtri<*r represent the m constraints phrs the objectir,'e furu:tiort
and n * 2 colurnrrs. rvhidr represent the ru variablcs of the stanclard I'orm plus trvo additional
columns. In r:ontra.st to the linear program? the otrjectir,'e function is in the iast irrsteacl of
the first rrnv. The rorv of a constra,int has in colurnns 3 to (ru + 2) the coefficients rif the
Icft-irand-side. ln other words, thc A-matrix of the LP in standard fbrm is given in rou,-s
1 - nz arul colunns 3 - (n + 2). In ttre seconrl cohrmn the r,alue of the right-harxl sirle is gir,-en.
'I'he first v61ry gives the inforrnation regarriing conclitiou 4 of thc standard form. i.e., which
variable is a.ssociated with the constraint. 8.g., for the production constraint in standard
form giveu in the first rrrw, the tablearr sta,tes in the first cohmrn that the base r,'ariable is 13
and in the second colurnn that the right-hald side is 60. The obiective ftmction in the last
row lra^s a, "-2" entry becarme we can rewrite the otljective function a-s follows:

z :5h*7*r+0rr*0ra*0:r5 l-;
0 - 5rr + 7*r+0r:3* 1rn+0r:;, - 1:

This rval,, ; is treated as a r,arial-rle aud thc obiectire liurction is trcated as a.u equation with
ri * 1 r.ariables (r:1 - r;, and :).
The coustraints of the liuear prograrn irr stantlard form can be writterr in rnatrix xrtation a^s

fcrllorvs:

')15il4:t:,;ll f T2

5
10

0
I

6
l1

1

5

0
0
I
0

0
1

0
0

1

0
r)

0

6
5
1

it
10
0

0
7

0

1

0
0

:(T)
ftt)

?)

This set of rn : 3 eqnations r,vith n : 5 I'ariables can be solved b.v setting n,-tn: 2 r,arial:Ies
to zero and deriving the ralues of the rernaining rn variables by Gaufiiau elimina,tion. If s,e
choose the n - rn non-basic rariables to l.re zero. the r,ulue of the rcmaining rn basic rariablcs
can then be read irnniediatelv without, appl1.-ing Gaufiian elimination becau-se the resulting
A-rnatrix rvill trc an iderrtitl,- nratrlx. For our example, the'i,ariable$ x;1 and T2 ?re uon tra*sir:
and hertce we set rr : 0 and :r2 : 0. This gir,'e,s

6
5
1

ir
10
0

1

0
0

0
0

:t3
ltqi)

0
1

0

Value
60
75

8
0
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Sirtce :r'1 : 0 arxl J2 : 0, the first trvo colurnns of the A-uratrix can be deleterl and rve <itrtain

) (ir) :(r)
From thi-s lve carl rea<l the solutiorr 13 : 60. rt : 75, arr<l ;r5 : 8. Herrce. the solution frrr
oul lirrcar proglaul iS t:1 : {1, t2 - 0, ru:} : 60, :r:a : 75, ancl /i. : U with objectir..e fglctiort
r,'a,lue e : 0. 'I'his infrrrmation cur also l>e rcad from the .lablcarr in ilhbb 3.2.

Note: Selrctiug the z - izi xrrr-basic rariatrles, rvhich are set t<> zer<t, relates to sele'cting
rL - Tn lwpcrplales, which uniquely define the extrerne point. ln our example. selecting 11

and .r:2 to l"re non-btusic r.ariables mcans choosing the trvo }ines e;r and rz. which define the
extrerne poirrt (0.0).

3.2.3 Choosing the Pivot Element

Starting nith the tableau representing the lirrcar progralr) iu starr<lar<l lbrrn, tire Sirnplex
checks if thcre is a adiacent solution, rvhicir has a larger obiectivc function r,alue.

Definitiort L2 Giren o, bo,s'is rl'ith, rn lnsi,r: rxw'io,bles artrJ rL - 1rt, n.on,-lnsit: r:or"i.a,bles. o,rt

adjacent basis (or neighbor basis) 'is o, bu.sis'ah,ere e:t;actl'g orrc'. forvn,er nort-bo,si.c wu'ia,blt:
becorn.e,s a ba,si.c t:o,ri,otfl.e and, one fonner hn,.s'it: ua,r'iattle he:t:om,es a n,ort-bo,.s'ic ta,tin.bl,e.

The Sin4rlex a,lgorithnr selects the non-ba"sic va,riable with the la.rgest positir,e coeffir:ient in
the objective fimctiorr. In our exarnplc this is 12 u:ith coefficient cz : 7. 'I'he coefficient ci in
the objective fun<:tion states the inc,rease of the oirjectii'e fiur<:tion if the non-ba*sic r,ariahle
r, is charrgcd Ii'orn 0 to 1. Heuce. this is a pcr-urrit inc'rr:ascr and uot al absohr[c irrcrcase.
ln older to <lctermine the vahxt of thc ncrv basir: r'a,r'iable 12. w¤ first look trt Figure 3.5.
If r.ve increo{i¤ rt2. there are tr.vo linex w}rich lirnit the iru:rease: Line 5:r1 * 10;2 : 75 and
Iine 6"r:1 * 5"r2 : 60. Associated r.vith thcse two lincs are ;r.:2-rr?l.lucs of 7.5 ald 12. Sincc thc
new r,alue of :r2 has to l-re feasitrle fbr the linear progralll it has to be in the pol-vhe<lron zurrl
hcnt'c the srnallcr valuc has to hold. Thus,.r'2 is iucrcascct'frorn 0 to 7.5. This N.ill lca,d to
the new solntiori representecl b;.' point P2. Point P2 is define'd b5.' the intersection of r;1 : 6
and 5r1 * 10;12 : 75. The latter equatiorr rrlrreserrts the lirre of the utarehouse c<lrrst,raint.
Settirrg :Lz : 7.5 will full-v use the warehorue capacitv r:f 75. Irr the Clonstrairrt (3.8) of
the lincal progranr in stanclard forrn this rrrerins that the sla,ck varialrle of this constra,int
.1.'a hir.s to he 0. 'I'his is exac,tl)' the trasi<: variable in the start tahleau, rvhich ber:orne a
rrou-ba"sic rariablc. Let us low ltse thc tableau in order to dctcrnrirrq: the basi<' rraliables.
'which berxrmes norr-basic. lirr each rorv of tht.. ta,bk..au relrrestuting a constla,int (i.c.. r"o.lvs
'i : 7,.. . , rrr.) ri¤ cal('ulate fr. rvlrcre .7 is tirc index of the rrorr-basic variable, rvlfch has
br:cu selectcd to becourc a basic rrariable. The tableau in Tablc 3.3 provides thc infbnuation
about thi.s fractiorr. 'Ilhe urnstraint ,l rvith the sruallest ii defines the neu, va,lue of tlie the
forurer non-btrsic rariable, rvhith r,r-ill ber'ome a basic; "orfrbl" anrl it de{ines the forrncr Jrzrsi<:

52

(i
0
0
1

0
1

t)
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rariable. rvliich will he<nrne rron-ba"sic. This is the basic lariable a"ssociatetl n-ith the selected
constraint. For our example, the selccted constraint is thc r.varchouse constraint (nunrbered
with (2) irr tlie tablea.u) an<l the a*ssociated ba.sic, rariat>le is r:a. [n t]re tableau u,'e dermte the
rrou-basic r.ariable, which rvill becoure basic x'ich f and the basic-varialrle, which rvill becorne
nou-basic with <-. The elermeut a;.; in the matrix. clelined lry these trvo choices is boxed. In
our exarnple this is a2::10. 'Ihis elemelt is called pir.ot elernertt.

:Lt (2 :f i| {ta .1,5

5
<_

;?,'3

ifl
al:5

10
(1)
(2)
(3)

6
5
1

5

1

0
0
0

0
1

0
0

0
0
1

0

60 - ro
o75 -am: ,..)

0
I (-1)

t
Table 3.3: Seler:tiou of the pir<rt elernerrt irr the start, tableau of the linear program

lYe surnmarize:

Definition L3 Th,e pivot element ('i, j) of a tableou i,s detertnined lty Jirst selectirtg th.e
rton-basi.c uatio,ble xi with largest 'posi,ti.ue cofficient ualu,e c:i and. sec:ond b,y sel.ecting th.e
c.on,stra'int i ru'itlt a;..; ) 0. for ultich * ,", srn,all,est.

3.2.4 Transformation of the Tableau

After u.e harre selectecl the pivot elerncnt, lve have to determine the new solution. \Ve first
do thi,s in natlix notatiorr

Silce the norr-basic variables Jr : 0 and "t.a : 0, the first and the fourth colurnn of A-matrlx
ca.n be delcted and w'e obtain

(;i) :(r)
Since the A-rnatrix is not an identit-v uratrix, we havc to transf'orur A into I using the
Gau8-Jordan algorithrn, which gives

(i') :(

(i rsii)
10\
s,(*

0
I2
iL3

0
:(T)

fi;i)
7.5

22.r)
8

\hlue
60
75

8
0
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Herrce. the rre.w solution is 11 : 0, it2 : 7.5, r71 : '22.5, Ira - [' an(l ]b : 8' T]re
corresponding objectire function valuc is z:5' 0 + 7'7.5+ 0'22'5 + 0'0 + 0'8:52'5'
\\ie n<nr shos' horr ttre transfr)rulatioll ca.n be done in the tableau. I'here. we have to
transforrn the veetor of ttre pivot coltrum irrto a starular<i ve(:t(x ll'ith the 1-entrl'- for the
pivot elernernt. He.nce, row (2) iu cire tableau of Table 3.3 ha.s to be divided b-v the pivot
element a2z :10. Thc rcsulting tableau is gir,'en in Table 3'4. lfote that we r'r'ill rrtrmber'
the r<nvs of the transforrnerl matrlx a"s (5) - (8) and hence row (2) in the start tableau is
transfonned to row (6) in the transfomred tableau.

I1 'x,1 35'X:t712

5
BV

<-
riJ
'il4

iI)5

-z

0

Trr,ble 3.4: T'ransfr>rmation of the pir.'ot rorv

0
7

6
.5
1

5

1

0
0
0

1

0
3
4

0
0.1

0
0

0
0
1

0

:(2):10

iLJ
'"t2

itb

:].5
0.5

I
1.5

Next, for each rorv d except the pivot row we subtract 42,, times the already trarrsforured
pivot, row from row i in orcler to obtain a 0 entry of row z in the pivot <nltrmn j. The resnlting
tableau is gil'en irr Table 3.5. Note, that the errtr,v of the ba^sic r.ariable in tire pivot rox, ha^s

bccn clranged from rs to 12.

:t:l :x4 iL5frgI2
0

BV

0
0

I -0.5 t)
00.1 0
00i
0 -0.7 0

(5):(1)-5.(6)
(6): (2) : 10
(7):(3)-0.(6)
(8) : (4) - 7. (6)

Ta,ble 3.5: Ti'ansforrnation of the retraining rows

Frorr the tablearr given in 'Iable 3.5 we see that a.n a<ljacent solution u'ith larger objective
fttnctimr txists be,cause the c:oefficient of non-basic variable 11 in thc objcc:tire fiurction
irrclicates a per unit incrtxlsti of the objer:til'e function of r:1 : 1.5. Ilor thc nr:u, pir,'ot column
Ir1 1vt: deterrnirre tire pii.,ot rrrw iu the tableau given in Table 1J.6.

\Vc transfbnn the second tablcau to obtain the tableau with the third solution gir.en in Table
3.7. Sinr:e none of the non-basic I'a,riables has a positive coefficient in the objective function
rorv. tltere is no adjacent sohrtion u'ith a }arger objer:ti'i'e functiorr laluc thau the current
soltttion and hence the Simplex algoritlun stops with the optimal solution.

Valrre
60

7.5
I
0

L

Value
22.5

7.5
8

-!:2.5

1



3.52',2.5

i.5
8

-52.5

CHAPTER 3. LIAILTAN PROGIL{T{T,{ING

at:1 fr3 I4

55

I.5'7:2

(-

BV
*1
fr2
illt

lt:l
I2
215

0.5
01-0.5 0
100.1 0
0001
0 0-0.7 0

?* :6.t2
I'5 : 15

?:s
(5)
(6)
(7)
(8)

1

Table 3.6: Selection of the pir.'ot elerncnt in the second tablcau

1.5

0 0.28
1 -0.140 -0.280 -0.42

-0.14 0
0.17 0
0.14 1

-0.48 n

Lrl !I',2 :I3 14 :I5

0
0
0

(e):(5):3.5
(ro;:(6) -0.5.(e)(11):(7)-1.(e)
(rz; : (8) - 1.5. (9)

ITL

'n ) rn,
n-rn
!i
b;
e.:i

'Ihble 3.7: Thild and optirnal ta,blea,ri

3.2.5 Formal Description of the Simplex Algorithm

\\'e now provide a formal description of the Simplex algorithm using the notation givr:n in
Table 3.8. With bi, ci, and ai,3 we denote thc parameters of the lineal plogram. With b,.
ci, and ai,.i we denote the parame,ters in the talileaus. \\,e use the different notation because
as \1t have seen iu Section 3.2.4 the r,alues of the elernents in the tableau chalgc frorn one
tableau to the next. For the start tatrleau u,e set b, : br, Ei : (:i. and D.;,i : oi,i.

Number of constraints exclwling non-negativitl.' constraints
Nuurber of variables
Number of non-basic r.'a,riables
\''arial:les (J : 1,. . .,n)
Itight-Irand side of constraint i (l: 1,...,nt)
Objective function coefficient of r,ariable ):i tj :1,. .. ,n')

at.i Coellicient of variable :ri (j : L, , n) in constrairrt i (i :1, . . . . rn)

Value
16.42

4'R
1.57

-tiz.t4

Table 3,8: ltlotation of the Simplex algoritlun

Sirnpkrx Algorithm

Prerequlsite: 'Iabltxur u'ith the LP r,r'ith max objective function in sta,ndard form

1. If ej ( 0 for J : 1, ...,fi., then stop with "optimal solution".
Corrtinue if d; > 0 exists lbr at lea^st one j : 7.. . . ,,tt,.
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2. Select the pivot column s

es : rngx {ci I e; > O}

If ac,, { 0 for zl - 1,. .., rn, stop; Special case: "Unbounded problem"
Continue only if 6r,* ) 0 holds for at lea.st one i,:1,... tm,.

3. Select the pir,nt row r:

"T" {* ta," , o}

4. Ileplace basic variable in row r by va,r'iable s (change of basic variable) and generate
standard form.

5. Gotol

Property 2 The Simpler algorithm stops after performi.ng a fini,te nwnber of piuot steps.
The rvsult i.s ei,ther

1. art, opti,rnal solution or

2. an 'unbou,nd,ei, prcblern. In th,is t:use th,e. polyhedxtrt. i,s not constrai;ned by a halfspace in
the di,rvction of the objectiae function.

For the spmial ca"se that one of the ba"sic \.ariables ha*s a value of 0, it is thsrretically possible
that the Siurplex does not stop. We will discuss this case in Section 3.8.4.

3.3 Deriving the Standard Form

In order to start the Sirnplex algorithm we need the LP in standard form. So far we trave
discussed how we can obtain the standa,r'd form for constrains of the Bpe "(". In *'hat
follows we show hou' we <nn transf<lrur all type of <xrnstraints into starxlard form.

3.3.L Less-Than-Or-Equal Constraints

Consider corutraint

40u*10rr*6rs S 55.

\1'e transform this c.onstraint into standard form by introducing the ne.w r.rariable rs ) 0.

40rt*1012*6t:t*xs: 55

b,
d,,,,
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The new variable r:5, takes the value of the tlifference betlveen the right-hand sitle 55 and the
fcrnner left-hand sidc 40:rr * 1012 * 6.13. Since z:r is defined ,rs ) 0, the lcft-hand sidc can
ner,-er be greater than the right-harxl si<ie.

Defirrition L4 A urtrio"hle i,n.trrxhtc.exl to trrrn,sfortn. o, "!"-rnrstruint i,n,to o, "-"-con,.stra,int
is called a slack variable.

Definition 15 A uariable deftned in, th,e linear program before 'it is c:oruserted. irfio standard
fo'rm is tenned a decision variable. Deci.siort uatiables'rc.qtresc:nt mana,qeri,a.l der:i,s'ion.s su,ch.

as th,e n,untber of ber:r glasses of difJerent types utr: 'wunt to prrxlu,t:e.

3.3.2 Greater-Than-Or-Equal Constraints

Corrsi<ler' <roustraint

\Ve introducc the new variable .r:a ) 0 and obtain

40rr * 10;rz * 613 - L:ua : 32

Definition LG A uati,able intrvfutced to trunsfonn a '2"-cort.strairtt 'into a ,:"-co?1stt"aint
i.s utll,ei, n, surplus variable.

Otrviousl-r,, Ji4 ca,nnot be the ba-sic 'i'iuiable associatecl to the constraint because it has a
coelficient of -1 and hence irs ralue rvouitl be 14 : -32, whi<'h is not fbasibh. In order to
ha.r,c a basic raria,ble for th<l constraint. u'e arl<l arxtther larialrkt ;r;5 ) S, u'hi<ir gir,'es

40r:r * 10rz * 6*; - 1ra { 1r5 32

Definition LT A uari.able'introdw:ed'in ":''-constr"ahtt'in. ord.et'to ha.ue abas,ic uariable for
th,i.s cortstraint. i.s r.trll,ed, a,n artificial variable.

In any fea-sible solution artificial r,aritrbles have to be non-ba-sic. \Ve u'ill acldress this problern
in the uext sectiorr. For the rnornent ne will assign an a,rtifir:ial lariable J.'j a, coef{i(:ieut
cj : - A4 in the objcctive ftrnctiorr, where ly' is a verv large nuruber. \\,'ith tiris. we indicate
that a solution where the a,rtificia,l variable has a r.nlue of zero u,ill ahva),'s be lrreferred to a
solution rvhcre the artilicial variable har,s a value greater than zero.
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3.3.3 Constraint with Negative Right-Hand-Side

Consider con-stra,int

\\tc can obtain a positive right-hand side b-v rnultiplving this constraint with -1. which gives

N<lw u'r: ciul procer-'cl as in the case of ")"-co[straints.

3.3.4 Equality Constraints

Again. ne have to introdur:e an artificial va,riahle. The follou,ing example illustrates this.
Giverr constraint

5rr *3r2 : 20,

we introduce the artilicial va,riable r1j ) 0 an<l obtain

5:rr*3*r+Lx3:29.

3.3.5 Non-Restricted Variables

Let us consider ther lbllowing constraint

r-LL

whcre the va,rial.rle r > 0 clenotes the procluced quantit_n*, the variable Al ¤ lR. is the <'ira.nge
in inveutor-l', and 50 is the clernand. If the pro<luced quantity is less tha,n the cleurand, then
AI < 0 arrcl lAIl units have to be taken out of the inventorl'. If the proclucexl quantity
is greater thrin the demand. then A.L > 0 units are put into inr,'entor-r.'. If the produced
qua,ntit,v erluals demand, then the cha,uge iu inrentory is AL : 0. E.8., for r : 30 u,e obtain
L,L : -20, lbr r : 80 rve olrtain r\L :30. a,nd for r :50 ue have AI : 0.

lrr the stauclar<l fonn rn'e onlrlr n]16r* variablcs ) 0 and hence w'e cannot use A.L. Instead, u'e
split, AL iu trvo r,aria,bles both defined to be ) 0: An iucrease in inventory Ar+ > 0 arrd a
decrease in inr,'entory AI- > 0. Obviously it has to hold AI: LL+ - A,L-. Using the tu,-o
rrariables in the ecluation atxrve we obtairr

r.-r\L*+LL- : 50

:50

ElK
J

AL
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Note that for obtaiuing the standard form for this equation lve have to adcl an artifidal
variable.

3.3.6 Example

We now- apply the techniques disc:usse<l atrove in order to transfonn an LP iuto standard
form. Let us consider the following LP:

(3.11)

^

^

il'Iin - lrr+ Lxz
subject to

2q * L*2
Lxt * 2*z
lh * trz

fr1

l2

(3.12)
(3.13)
(3.14)
(3.15)
(3.16)

¤IR

Objective function. We defined liuear programs to be of the type "m&x". In order to
obtain a ma:( objectil'e function we multiply the min objectil'e function given abor,'e with
-1 and obtain

Ir,Ia:< Lri - Lxz

Less-Than-Or-Equal Constraints. To transform Constraint (3.12) into standard form
we a<ld slack variable ra ) 0 and obtain

2*t+Lr:+ lca:16.

Greater-Than-Or-Equal Constraint. Constraint (3.13) is transforined by introducing
surplus variable fin and a.rtificial ra,riable 25, which gives

1rr + 2rz-L*u+ 1*5:3.

Equal Constraints

Constraint (3.14) is finst rnultiplied by -1 in order to obtain a positive rightJrancl side.

-1rr - lr2:$
Next, we add the artilicial variable 16:

-lxr - lxr+ 116 : 5
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Real-Valued Variables. Decision varial:le:ri ¤ IR is not r"estricted to be greater e<1ual tltan
zero. \\,'e substitute it b-v an increasc larial-rle Jri > 0 and a dccretr,sc r''ariable .r'r ) 0, each
defined to be nou-neEgative.

121 :17f-1r1

Lirrear program in standard form. Haviug perlbrrued the steps giren atrove we obtain

I\,{a-.r 1"r.f - L*, - 1:r2 * 0r:3 *\r:a - A,{rs - Ad:r:6

sutrjcct to

- 2r: * Ixz * 1.r3 * 0t:a * 0r5 * 0"r.6 :
- 1r, * 2x2 * 0r3 - lt:+ * 1r5 * 0"r.6 :
* l;ir, - h;2 * 0:r3 * 0;a * 0:r;, * 1:16 :

Note that the artificial variables have an objectire function coefficiett of - l{ indicacirig t}rat
in an;, feaqible solution u'e rrlant these rariatrles to tre set to zerc. In the following secrtions
ne will discruss tn'o method.s horv s'e can set iutificial va,riables to zero.

3.4 Deleting Artificial Variables

3.4.1 The Two-Phase Method

If we have a linetrr program in standa.rd fornr rvith artificial r,ariables, the la.tter will be
liasic r,'ariables al<l thus hale positirre values. However, for any I'ea"sible solution of the linear
program. all artificial variables hare to be non-basic a.nd thus zero. Consider the following
exa,rnple x,here tu'o products have to be produceci subjer:t to a r:apacity lirnit (first uiustraint)
and a sccond corrstraint, rvhich states. that the sum of all products producetl htus to bc at
least 3.

I\{ax 2r1 * lt:2
s.t.

,h:1*2r2 S

2"{
1:ri
1*i

10

.)

5

0

18

3

0
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lVe transf<rrm this linear prograrn into standard forrn b1, u.sing slack variable :t:8. surplus
variable ra. and artificial r,ariable 15.

Ma>r ui - 0:r:r * 0x2 * 0r3 * 0;r:a - l:ra
I\'Ia.x a - 2*r * 1r2* 0r3 * Ora * 0c5
s.t.

3rr+2r:z+1*r+0rr+Ors
1zr+2h+Ore-k:r+1rl

ti

l:t
*5

-u

:18
Ir,

Since the artificial rariable has to be zero for the original problem. we have added objective
function u, which miuimizes the artificial r.'ariable (maximizes the artificial variable multi-
plied by -1). We now apply the Sirnplex to solve the linear prograrn with objective function
7D.

 

^

(1)
(2)
(3)

:I;1 iD2 fr3 fi4 lf,5

321
120
000

0
I
1

0
1

0

This tahleau is n<rt in standard forrn because the hasic variable 15 has a coe..fficient ci : -1
in the objertive function row. \\ie transfbrrn the tableau in standard form by undertaking
the following transformation.

0 0 (4): (1)
1 1 (5):(2)
1" 0 (6) : (3)+ (2)

The tableau is n<rw in standard fcrnn. However. it Ls not optiural trecause the non-tra^si<:
r,'ariables ir1 and 12 have positive objectil,e function coefficients. Hence. rve select the pivot
element. see belor'.

BV
fi3
t5

-w

tr1 12 13 14 it5
2
2
2

3
I
1

1

0
0

BV
tr3
J;5

fr1 X2 13 14 J:b

2

2

100
0-1 1

0-1 0

(4) l8T
3

-9: 1.5+ 1

1

(5) ,)

-Ul

18
3
0

Value

3
3

18

Value

3
3

18
2

Ttansforming the tableau we obtain

(6)



Value
t5

1.5
0

1
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BV
fr:)

I2
-?Il

11 fr2 jD3 l:5;D4

2
0.5

0

0

0

11
0 -0.500

-1
0.5

-1

011
1 0 -0.5100

-0.5

0.33 1

0.33 0
*0.66 0

(7):(4)-2.(8)
(8):(5) :2
(e) : (6) - 2. (8)

\Ve have deterrniued the riptinral solution for the first pha.se. The sohrtiol] does not have all
artificial variable in the basis. \\ie now mo\,'e to the second phase b,v replacing the objective
function of the first phase by the objective function of the secrrnd phase and removirip5 the
artificial r,'aria.ble. The latter can be deletecl because it has a \alue of zero. For the sake of
clarit3,, rn'e first replace the objecti\,'e function r,'alue, which gives the tableau

I4 If,i,BV lLt :I)Z :I3
I3
I2

1.1

llr

2
0.5

2

t7)
(8)
(e)

011
1 0 -0.5100

-1
0.5

0

Now, rr-e delete the artificial variable s5, rvlfch givcs thc tableau

ir.4Itl3:t2X1

I:t
it2

2
0.5

2

(i)
(8)
(e).

Since the tableau is riot in stanclarcl form (the otrjectire fttnction coemcient of tlre basic
r.'aria.ble ir;2 is c'2 : 1), t'e tran-sfonn the tableau to

I1 ltz
:03

lLz
_L

2
0.5
1.5

0
1

0

;I)4

1

0.5

:I::)

1

0
0

(10) : (7)
(11) : (8)
(12):(e)-(8)

The tableau for pha-se 2 is now in standard ibrm. Sincc it is not optirral, \r,'e proceed rvith
the Simplex algorithm ancl after tu,o more transfcrrmations ur obtain the c4rtimal solution

tsV 11 fr2 13 14
0 -1.331 0.66
0 -0.33

(13)
(14)
(i5)

VaIue
15

1.5
0

\hlue
15

1.5
0

\'alue
15

1.5

- 1.5

Value
.)
L)

6

-12
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3.4.2 The Big M Method

In the big L.{ rnethod ue penalize all artificial variables u'ith objectir,'e ftlnction coefficieut
c: -A'I in tlie stiut tableau, where i./ is a l'ery large number. Iu order to nraxirnize the
objectire function ralue, tire Sirnplex algorithms seeks to drire all artificial r,'ariables to be
non-ba.sic. Let u-s consider the exarrple from the two-pha"se metho<l. The initial tabhau of
the big tr'l rnct]ro<l is

Isit4ir3t21fr
'.t:3

f5

32
t2

2+lvl L+2-lvl

3
1

2+ lv{

0
1

0

(1)
(2)
(3)

0
1

2
2
1

3
1

2

1

0
0 -1,1

:l:3

))5

Tlre ta.bleau is rxrt iu staruiard forrn l:ecause biusic rariable 15 ha.s the coeflicient cr : - A'{
in the objectir.'e function. Hencc. we transform to

*i,'14:I):lltz,{

100
0-1 1

0-M 0

4
5
6

(

(
(

Now the tableau is in standard fbrm but not op[iuial. Heirce, n'e apply the Sirnplex algorithrn.

:L5,,t4trilL2
,

:l:BV
:L3

+- ):s
1+ 2. l,t

100
0-1 1

a -lvl 0

: (3) + hr .(2)

(4) f :g(5) 3 : 1.s
(6)

t
I4Xg!l:2

0

0

BV i(,1

11
0 -0.50 0.5

ll:g

-1
0.5

-0.5 - rl,f

:T:'

xt2

2
0.5
1.5

(7) : (4) - 2. (8)
(8) :(5):2
(e) : (6) - (1 + 2i1.1). (8)

lrr the resulting tableau 15 is a non-bauic r.'ariable since rg : -0.5 - A,{ < 0 and hence 15
can be tleleted, ,,r'hictr gires tlie followiug tableau:

BV ;l:.1it1 ilZ fr:t
f3
:82

1

0
0

0
1

0

(7)
(8)
(e)

Value
i8
3
0

Value
18

3
LT3

V'alrre
18
3

h{3
2

Valut:
15

1.5

-1.5
1

Value
15

1.5

-1.5
0.5
1.5

1

0.5
0.5
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This is tlte sarne tatrleau we have reaclte<i in the secortd pha*se of the trvuphase rnetirotl' As
in the two^pha^se ntethocl, we havc to appl-v two ftrrther transforrnations of the tableau before

optirnality is reache<l.

3.5 Shadow Prices and Reduced Cost

3.5.1 Shadow Prices

Let u.s resurlle witir the l-reer glass proclu:tion planning probleur rvhere the objectil'e function
coefficient of decision varia.ble x;2 has been changed to c2 : 4.5' Bv introducing thc slack
variables :rr 2 0 (procluction capacity), na ) 0 (u'arelmu.se capacity') and r;, 2 0 (rrrarket
capacitv) rve obtairr thc fbllowing linear prograrrl in sta.ndard fbrur:

\,Ia-x z - S:trr * 4.512* 0:u3 * Ota * 0r;,
subje.ct tt>

6ar + \xz * 1-r:3 * 0r+ + Ors

5r,+1012*0r3*Lra*0r5
ir1 * 0;2 * 0r:;j * Ora * 1;u5

r,1

The associated tableau is;

Xg,

I4
xi5

Appl},i1g the Sirnplex algoritlun w'e obtain the follow'ing optimal ta,blea.tr

tsV :tl3

(3.17)

:60
.78
,o

a

.6)

(3.18)
(3.1e)
(3.20)
(3.21)

ill5IgJl:lil2[1BV
6
5
1

it

5
10
(l

.1.5

0
1

0
0

1

0
0
0

0
0
1

0

:r5'.L4I2iI:1

'f2
:L5

.L1

01
00
10
00

-0.1,1
-0.28

0.28

-0.78

a.t7 0
0.14 1

-0.14 0

-0.05 0

with tlre optirnal solution rz:1.28, re: L.57, rt:6.12, and z : 51.42.

Let us nor,r' look at the coefiicients in the olljective function row of the optimal tahleau.
B;r definition rre have for bhe basic variables c1 : 0, (D : 0, and cr : 0. Fclr the nou-ba^sic

Value
60
7lt

8
0

Value
4.28
1.1:7

6.42

-5L.42
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va,riables we have er : -0.78 and 12 : -0.05. If rve increa-se the crrrerrt rxru-ba"si<: variable 13
frour 0 to 1, the change in the objective ftrnction is -0.78. If n-e rvould sct 13 : -1 (n'hich is
rrot feasible sinr:e all variables ha.ve to be greater than or equal 0) the charrge in the objective
furrctiou ralue would be 0.78. Setting ;.;3 : -L is the same as increasing the capacitv of the
pro<luction frorn 60 to 61. Hcnce, the value of one additiotal unit of production capacitv is
0.78. This v"ahrer is called the sha.do*' price of the production constraint.

Definition I-8 For a, lirtea,r' prograrn, tfue shadow price of t, ennstrrilrut 'is th,e: ch,a,n,ge i,rt,

tlte opt'irnal aalue of the ob;jecti.ue function, pe.r' urilt'irr,creose. 'in the riglfi-hand s'ide, all otlrcr'
prohlem, data rem,ain.in.g u.n,ch,o,n.ged. Alternatiuc no,me.s for sh,adout pri,ces are dual variable
or opportunity cost.

According to this definition the shadorv price of the u'arehouse constraint, is 0.05 antl the
shadorv price of the market corrstraitt is 0. A shadow price of 0 for the rnarket constrairrt
reflects that if r,r'e increase the rnarket caparity by 1 unit to I (e.9.. by advertising) this u'ould
not increa.se the vahre of the objectirre flrrction because alrea<ly the currerrt rnarket d<unantl
of 8 is not fully exploited.

Rrr the beer glass production pla.nnirrg problern in non-starxlar<l forrn we lmve a, rntrx o1>
jec:tir.'e fuuction and (-con-straints. For this problern shadow prices are eitlter positivt: (pro-
duction ancl warehou,se constraints) or zero (market constraint). The cluestion arises on the
sigrr of the sha<low prices irr case of other cornbinations than a nrax objective function antl
(-constraints. ln order to obtain an arswef, Iet us cousidcr the follorving linear program.

(3.22)\,{axz:0.rr*1r2
subject to

15

10

0

(3.23)
(3.24)
(3.25)

VVe transfer ttre linear program in stanclarl by introdrrcing slack variable ril frsr Constraint
(3.23) as u'ell as surplus variable ra and arti{it:ial r,ariable 15 1'rrr Constrairrt (3.21). Solvirrg
the start tableau with the two-phase method or the big Nd rnethod gives the following optimal
tablea,u. x,here the a,rtificia,l varia,ble 15 ha"s been eliminate<i.

J.:3 fr4T,2))B\T
!I:2

i(t
-3

1

-1
-1

011
100
0 0-1

The optimal solution is straightforward. Due to Constraint (3.24) u,e han'e to set eir : 10.
\\ritlr 11 : 10, Constraint (3.23) limits 12 to 5. Norv. if u,e incrcasc the right-hand side of

Value
5

10

-5
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Ckrrr.strairrt (3.23) try one unit rve can increase t:2t,o 6, u'hkh increa^ses the otrjective functiorr
r.'aluc by 1. Hence, the shadow pri<'e of Coru;traint (3.23) is 1. Norv, if rve iucrerase the
right-hand sicle of Constraint (3.24) r'ith e'u'rrrything elsc urchanged, i.e., the right-hand side
of Constraint (3.23) eqrial 15, rl'e ha:r'e t<l increa.se :r1 to 11 antl txrnse<luently tlecrea^se jr2 to
4, which leads to a decrcausc of the objectir,e function ralue lry 1 and thus a sha.dow price
of -1. Hence. for a max problem a )-constraint ltas a shacknv price u'hich is either zero or
negative. The table below gircs the sign of the shadow price for each <'ornbiuation of the
direction of the objer:tive function and the tvpe of cor:,straint. \\ihat u,e harc not cliscu^ssed
is a :-corlstraint. Siuce a :-constraint can be expressed bv one S arrd one )-constraint it
follows that the sign of the shadorv price can be pr:sitivc or negative. A more depth discussion
on the sigrr of the shariow price will tre giverr in Section 3.6. in particular see 'fable 3.11.

Constraint Objective Furrction
\,Ia-x X.{in

'I'able 3.9: Sigrr of the sha<low price

As stated in Definition 18. the sliadow 1>rice is also called dual r,'a.rial>le or opportuuity
rnst. \\ie rvill provide a, discussion of clualitS, an<l dual r,'ariables in Section 3.6. Thc terrn
olrporturrit-v costs is t5,picall-r, ised for pro<irrction planning problenrs such a.s the beer gla*ss

productioir planning problem n'here we har.'e an objectirre function maxirnizing prnfit or
contribution rnargin subject to lirnited procluction capircitv.

3.5.2 Reduced Cost

In order to introdur:e rerluced cost lt* us consider the lxrer gla.ss production planning problern
arrd let urJ a^sslune tirat the cornpan-v has a thir<l prodtrct, a special wheat lleer glass (SG)
with t-r fancv design. The talrle below provides all data for t]rc beer glass productiot planning
probleru u'ith three types of beer gla"sses.

WG LC] SG Capacitv

+
+

Pr<xluction
\Varehouse
tr'Iarket
Contributiou rnargirr

65
510
10
5 4.5

8
5
0
6

60
75

8

\Ve ernpkry' the folkru'ing decision variables

units of rvheac trerer glasses (\4rG) to tre produc:ed,
units of lagel glasses (LG) to be pro<lrrced. and
units of desigu wheat beer gla-sses (SG) to be proclu:ecl

rr)0
rz)-0
a3)0
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The associated linear proBTarrl reads:

I\,{an .s - Ssr * 4.5x2 * 613

sutrject to
6rr+5rz+8re

5r':r+Lgsz*5cs
Lur*0ir:z+Ors

fr1, fr2, fr3

Tharr.sforming the linear program in standard form n'e obtain

I\'Iax z - 5sr * 4.5r.2* 613 * Ooa * Ozs *0*6
subject to

' 6r:r * 5rz + 8r3 * Lrn + 0.rs, * 0ro :
5rr * 10rB * 5ca * Orn + lrs *oco :

h *Axz * &r:3 *0ra * 0r5 * 116 :

The a-ssocia.ted tableau is

fr4
fi5
X6

Applying the Simplex algorithm yields the optimal tableau

BV.

67

(3.26)

(3.27)
(3.28)

t3.2e)
(3.30)

{3.31)

A

60

75

8

0

(3.32)
(3.33)
(3.34)

U :1,...,6) (3.35)

il6Ia,OgttttBV
6
5
1

l)

01
00
10
00

5
10
0

4.5

1

0
0
0

8
b
0
6

lu5

0
1

0
0

0
0
1

0

11 fr2 'I3 fi4 fi5 t6
fr2
lD6

:t1

-0.28
-L.57

1.57

-0.57

-0.14
-0.28

0.28

-0.78

0.17 0
0.1"4 1

-0.14 0

-0.05 0

The optimal solution is to produce 11 :6.42 units wheat beer glasses: rz :4.28 units lager
glasses and z3 : 0 units special wheat bcrer gla.sses. The market capacity for wheat beer
glass<x is not frrlly expbited *'ith ro : 1.57 units of non-catered demand.

The dmision va,r'iable *3 has a coefficient of d3 : -0.57 in the objective function row. This
intlicates that the optimal objective function value of z:51.42 woukl cler:rea^se try 0.57 if r:g
would be increased to 1. This value is called the rerluced cost.

Value
60
75

8
0

Value
4.28
r.57
6.42

-5L.42
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Definition 19 For fi rn,ar problern, tle reduced cost (RC) of o, non-bosic d,ec'isi.ott, r:o,rio'ble
is th,e c:offir:'ient i.n, tlte objecti.ue functton of tlrc opti,nrul tableau. The reducrd cost gi'ues the
ch,ange of th,e ohjedir;e fu,n,ction, uahte if the uahr,e of th,e non-bo,si.c rari,ohle i's i,n,crett.sed, from
0to 1.

Observation: For a max prot-rleiu thc reduced cost of a non-ba.sic r,'ariable arc negatirc and
the reduced cost of a ba"sic rariable are zero. In tirc special ca^se of urultiple optimal solutions,
sorne rxln-ba^sic'i,ariable have zero re<ltrced cost. \\.e t'ill dis<russ tlds case irr Section i1.8.5

3.5.3 Pricing Out

\'Ve nou'show that reduced cost can be calculated by using the shadow prices. Lct us denote
wittr y; the shadow price of constraint i. (i,:1,....nr). I'he equation for the reducr:d <:ost

of <lccision lariable j (j :1,...,n) is therr

ei : ,,j -i'i.j '!/i (3.36)
i:1,

Let us look at the extcnded bccr gla.rs exarnple. \\'e have thc shadow prices gr : 0.786,
?lz:A.057. a.n<l y;i:0 f<rr the pro<lu:tion <:apar:it1,. the q.a.reltouse capar:itv, and the tnarket
capacitv constraint. Note that the shadorv priccs hare a positive sign since we axe traving
a max problem arrcl (-constraints. Also note tirat forurccura,cy \\(l are using threre d<lcirnal
places irrsteatl of tlir as given in the tableau. Using the c;,7 coeflicients frorn the input da,ta
w-e obtain:

E1 : 5-6'0.786-5'0.057- 1'0:0
ez : 4.5 - 5'0.786- 10'0.057-0'0 : 0

ca : 6-8' 0.786-5'0.057-0'0 : -0.57
Using thc relationship between shadow prices and rcduced cost gircn in Equation (3.36) rve
fouud out tlrat it is not profitable to produce design wheat bear gla.sses. This result has beerr
ol-rtainql rvithout forrrulatirrg alrd solving the extended wireat bear glass probleur.

Definition 2O Calculut'ing the tuduced cost of a d,ecis,io,tt, ,uario,ble by usirug tlr,e ualue of tlte
slta,d,ou, Ttrices is tenn,ed pricing out.

3.6 Duality

3.6.1 Motivatron

Let u.s now look at the linear progra,m for a car prodrrr:tion pliurrring problern where we have
the three procluc[s "T]cnd", *C)ornfbrt" and "Sport". represented b.v decision variables ;r1.
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12, arlcl :r3. r¤sp¤cti1,6;|-v. The proclucts are prodrtcecl subject to trvo con"straitretl res<nrces:
"metal shop" (Clonstraint 3.38) and ''lvood shop" (C)onstraint 3.39). The linear program for
this problem rea<ls a-s follows:

(3.37)1.,1a:i ; : 6rr * 74r.2* 1313

sutrject to
0.5rr*2t:2*1:r:;1

121 *2t:2*4t:3
JI1, 1.U2, lI:3

The opciural tablcau for the linear program (3.37) - (3.a0) is

BV .li 
4 f5

(3.38)
(3.3e)
(3.40)

illBT,2?,1

!11

fr3
4

-1
-11

-1
0.5

-0.5

60
11
90

1

0
0

aml the optirrral solution is *1 - 36 rrrrits 'I]'end, 'it:2 - () rmits Cornfclrt, :;3 : 6 units Sport,
arrd ; : 294 units total eontributiorr rnargin. Tire shadow pric:cs Ibr the constrairtts are

;\1 : l\ for the meta,l shop ancl Uz : O.ls ftrr the woocl shop. The leduced <xrst for thtt
<lecision rrariables are

Treud
Comfort

Sport

C1 :
e,2 :
E3:

6 - (0.5. i1 + 1 .0.5) - 6 - 12. 0.5 : 0

14 - (2. 11 + 2. 0.5) : 14 - 23 : -0
13 - (1. 11+4.0.5) : 13- 13 : 0

Eaclr de<'isiou l'adablcr z, r'elates to a product j. {.i - 1.. . . ,3) ancl the recluced cost c; car)
be viewed tls the difference betu,een the contribution marpSin c; and the capacitv d<lmand
{.r.;; of the resour<:es z (i - 1....,m) ralued b), the shadow prices y;. Pruducts u'itit tr}ositive
production quantities relatc to dccision r,ariables in the l-rasis and for which it holds that
the ctintribution rnargin is greater than or e<1ual to the resorrce cost when value<i rvith the
shzulow priccs. Products rvith zero procluction quantitv rela[e to <lecision rariablcs not in
thc l,ra"sis aud fbr which it holds chat thc contliLrution margin is less tharr ther resource costs.

Nolr'. taliing the shadow prices rve can r.aluc the ar.ailable ca,pacitv. !\.'e obtain

111-24 + U? '60 : 11 . 24 + 0.5. 60 : 294

\\ie obsene that the capacitv r,-alued rvith thc. shadorv prices of the optirnal solution is idcrr-
tical to the optiural obiective function value.

Next, n'e want to tleterrnine the sha<lou' prices of the resour(:es rvithout solving the prodrrction
planning problem. Let us define decision rariables gr ) 0 (price of one capacitv unit of tire

Value
36

t)

294
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rnetal shop) arrd ?)z ) 0 (price of one capircitv unit of the t'<xrd shop). \t'e can state the
followirrg liuear prograrn for decerrniuing thc shadow prices of the rc,sources.

It'Iiu u : 24 .!1 * 60 . y2 (3.41)

subject tr>

o'5'g' + t '

2.y * ?-
L.'y * 4.

Ut'
The objective frurction (3.41) rrinirnizes the cost of the re$ollrce$ ralued rvith the shadou'
prices y. Constraints (3.42), (3..13) and (3.4a) state for products 1 (T!end). 2 (Conrfort) and
3 (Sport) that the cost of the used re$ources when viilue<i u'ith the shadow prices is greater
equal than the r:ontribution margin. Finally, Constraint (3.45) delines the shadorv prices to
ha,r.'e non-negative values.

Solving the linear program to optimality utl obtain Ul : 11, ,Vz : 0.5 and u : 29-1. \Ve
obsen'e that we otrtaiu the sanre otrjective fiructiorr value as u'he.n solving the production
planning problem to optirnalitv Furthertnore, the optirnal prices y equal the shadow prices
of tire capacitSr constraints of the production plaruring ptrhlem.

Problem (3.41) - (3.45) is the so-called "dual probleur" of Probleur (3.37) - (3.40). The
original problem (3.37) - (3..10) is i:allecl "primal problem".

Property 3 Erery prima,l probl,em h,a* an, associated d.ual problem,. T'he d,uol problern of a
&ral problert, i,s the yt'rirtal probl,em.

Now. let u,s look at the shadow prices of the tlual probleru, r,r,hich w'e denote u,ith 'rr. These
fl.ro u1 : 36 for Constrairrt (3.42), 'uz : 0 for Constraint (13.43), arrd u,3 : h f,rr Con.itraint
(3.44). \Ve obscrve that the shadow prices of the dual problern have the same ralues as the
optimal decision variables irr the prirnal trlrotrlern. \!e thus can state that by solving the dual
problern rve obtain the sa.me inforrnation as l:_v solvirrg the prtmal problern.

3.6.2 Rules for Obtaining the Dual Problem

Let us first state the LP of the prirnal trnd the dual problenl. 'I'he prinral LP reads:

(3.46)

6

L4

13

u

(3..42)

(3.13)
(3.44)
(3.45)

\4a-x Tj:1
Tj:t

Iici

s.t.

(i.:L,2....,rrt)

U : t.2,. ..,rt)

(3.47)

(3.48)
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The dual LP reads:

s.t,.
,n

i
i:L

7L

(3.4e)

(3.50)

(3.51)

9tbiuMin

At

ci (i :1,2, " ' ,rt)
0 (i : L.2,....nt)

A

i=l

Tatrle 3.10 gives the relatioruirip between the prirral and the dual LP.

Dual Variable Primal Variable
r2:-0 rs20;U1 )0 fi"r)0

Primal Constraint I\,{in r.r

h)a
t)z) 0

Un, >0

al,t.
(lz,t

O,r ,t

(lq,t
At,t
AZ,e

At,n
(12,n

4m.,1 Arn,i Ayn,il (L*t,n

b1

bz

b,o

Dual Constraint
il{ax e Ct C2 C3 cn

Table 3.10: Relationship between the primal and the duat LP

The rules for obtaining the dual of a prirnal LP are giren in Table 3.11. The rules can be
read in both directilrns. Going frorn the left to ttre right column, we start rn'ith a priural
maximization problern and obtain a dual. minirnizatir)n problem. AlternativelS,, going frorn
right to left *r start with a priulal minimization problem aud obtain a dual ma:<imization
problem.

trIax-problem trIin-problem
i-th constraint (
d_-th constraint 2.
i-th constraint :
7-th variable ) 0
j-ttr varia.hle < 0
j-th variable e IR.

i-th r.'ariable 2 0
z-th variable S 0
i*th variable e lR.

j-th constraint )
j-th <xrrrstraint (
j-th constraint :

Table 3.11: Rules for transforming the primal to the dual LP

a
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3.6.3 Example for Obtaining the Dual Problem

Consider the primal problem

72

l\'Iax - 1r, + Lr2-2r3
subject to

1rr+1zr+3.r:r
2h-3rz*lrs
\q+2lz2-Lr3
2*r+1rz+Lrt,

fl1

lt2

t[3
A

 

Since we have a prirnal problem n'ith ma:r otrjmtive frurction &'e go from left to right in Ta.ble
3.11 and thus obtain a dual rninimization problem.

Decision variables For er,'ery constraint in the primal probleur we obtain a decision
variable in the drral probleur. The dornain of the decision variable tleperrds on the t1'pe of
the prirnal constraint. In case of a primal max problem w'e hare the follouiing domains:

i-th constraint of the prirnal problem zl-th variable of the dual problem
Ur ¤ IR.

Ut)0
9:l(0
Ua>- 0

Objective function l['he coe,fficients of the dual objective function correspond to the
riglrt-hand sides of the primal constraints.

Riglrrhald side of constraint i of the Objective function coefficient of vari-
able d in the dual

7';V,
*15.y2

-3.A,,
... < 12 *12'Ya

Constraints For each decision varia.ble irr the primal proble.rn we obtain an associaterl
c:onstraint in the dual probleur. Ttrc type of constraiuts in the dual problern is derived from
the domain of the decision variable in the primal problem.

:7
<15
>-3
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j-th da:ision variable in the prirnal j-th corrstraint in the dual protrlem

,r e R
r:zS0
rr)0

The right-ha,nd side values of the dual prohlem correspond to the coefficients in the objective
function of the primal ploblern.

Objective function coefficient of the .l- Right-ha,ud sidc r.'alue of the .i-
th lariable iu the c<mstraint of the <hral

-1 . r,r
*L'12

-2'xe
For each coustraint of the dual prohlem w-e obtain bhe coefllcients of the variables (in the
columns) from the coefficients of the associated decision variable in the cotstraints (rows)
of the primal problern.

Coefficients of the .l-th varia,ble in the Coefficients of the rariables in the j-th
constraints of the blern c<xstraint of the dual blern

- _1

>-2

1'11 +...: 7
2.'rt-...S 15

1 -;r:1 * ... > -3
2'*r+...< 12

l.'yt
*2'a,

*7'ut
*2''Ya: -1

The follorving table surnma.rizes the prirnal a.nd the dual protrlem.

Priural Protrlern Dual Problern
tr'Iax

-L .'rt * 1- 12 - ). .r;t

s.t.
1.rr*L-*r+3.23: 7
2.11-ll.r:z*1'13S 15

1'rr+2.r2-1'132-3
2'*.t+1-x2*1.13( 12

;lr1 ¤ 1R

.rz(0
r:s20

I\{iu
7 - y, + 75. tt, - 3. t/, * 72. ya

s.t.

Ur¤R.
.U: ) 11

9:t(0
lh) 0
1''tt, + 2'u, + l.u:t +2.yt : -l
1't/t - 3 "ur+'2 "9r+ 1'an < 1

3' y, + 7',vr- 1' y, + L. y) -2
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3.6.4 Duality Properties

VYe assurnc a, primal ruuximization and thu"s a, dnal minirniza,tion probkur.

Property 4 Weak duality property. Let, u be th,e olriecti'r:e firu:tion uo,la'e of a feasihle
but not o'ptirnal soluti,ort, of the d,ual problent antl let e be tlte obje.ctiua. lurtction 'uol'ue of o
feasi.ble bu,t n,ot oltti,mal sol,ution, of th,e pfi'm,al problem,. th,en, t.t > z h,olds.

Note: If wc ha,re a primal problcm rvhich has only constraints of tvpe ( and thus the dual
problen ha"s onlv variables with clomain ), then \\re car a,lu,a")'s find a, feasihle soluti<ln for
thc dual probleur b_v assigrring large values to the dual variables .y.

Property 5 Strong duality property. For an optimal sol'u,t'ion, of the'prirnal and. dua.l
probl,ern. ute ltaue u : ?.

Property 6 Unboundness property. Fitr art un,bou,rtd,ed prinLa,l'prohlem, u:e lwt: o n,en-

f eo^sible du,ol yn'ohk:rn.

Property 7 Complementary slackness. For the j-tlt, uariuble. in th.e basis ol tlrc opt'irna,l
solrfiion of the trtrimal prohlem,, u;e h,a,tie the o*ssocJ,a,tr:"t1, constrai,nt in th,e d,u,ol, utith zc:ro slo,r:k.
Th,ot is, the slat:l:, uarialtk: is n,ot in, th,e has'is of th,e otrttim,al sohtt'iort. o{ t}x: dual problerrt..

In c:ase, the j -th uatiable is not 'in the bas'is of the optimal soluti.ort. of the primal prcblern,
ue haue a non-zero slacl;: in, th,e o,ssoc.'ia,tetl r:on,stra,int of the duo,l problern,. Th.o,t is, th.e :sl,ack
uari.able 'is in the bas'is of th,e opt'irrtal solut'ion of the d,uo,l problent.

3.7 Dual Simplex Algorithm

3.7.1 Motivation

Let, us cousi<ler the following prirnal lirrear program:

I\,{ax::-l.11-l-12
sutrject to

-2.rt-1'12
-2.rt * 4'12
-1 .rr * 3."r.2

ftt. tz

s,1

Trarrsforuring the linear proBTaril iuto its dual we obtain:
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\.{irr o : 4. lJr * 8. lt, - 7 . y:t

subject to

-2-yr-2'?tr-L'U,,
-1 ' .ur * 4'Yr * 3' g*

AtrAz,'!Jt

1

1

\\ie write the dual ut^s rna-x pr"oblern by nnrltiplyirrg the rnin otrjectir,'e frurction u'ith -1.
F'urthennore, ue ntultiply the two constraint t'ith -1 in order to obtain non-negative riglrt-
hand sides.

.r\'Iax - u : -4' gr *8 - yz* 7 . At
subject to

Belou'ue pror.ide the initial tablcaus for the prirnal problern on the left and the dual prol:lem
on thc riglrt.

-2

1

1

0

BV

1

:I:3

it4
i:5

-1
4
3

1
h Az 9s '9.t As

1+-1+-
-1

U,I

As

2 1

i -4 -:i 1
1

?: -,487-1 -1
l
lz

Ta.bleau of tire prirual Progran Tableau of the clual program

\tb otrserve the folhwing relationships betn'een the prirnal arxl tlle dual progrirrn, see also
the rules for otrtaining the dual in Sectiou 3.6.2:

o llhe entries in the riglrt-harrd side of the prirnal linear program gilrrr in the columrr
"\.Ialue" multitrrlied b"v -1 correspond to coeflicients in the objectire firnction of the
<lual lintxr,r prograrn.

o In the case of Ir, < 0 in the tableau of the primal LP we have primal infeasibility.
Primal iufea"sibilit3,- correspouds to ci ) 0 in the tableau of the dual LP. Hence, from
ther trroint of vir:w of the Sirnplex algolithm, the tablcau of t[rc, dual LP is not optimal.

o The coefficients in the objectire function row of the ta}leau r,rf the prima,l LP corresponcl
to the riglrt-harrd side of the tableau of the dual LP ruultiplied b"" -1. ei 1A irr the

Vrrlue
4

-8
0

-l

Value
1

1--- 
0

?
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tableau of the prirual LP (primal optimality) thus corresponds to llr ) 0 iu the
tableau of the dua.l LP (dual feasibility).

o Tlre coefficient rna,trix <lf the non-basic r.ariables Ut, !/2. iurd y3 in the tableau of the
dual LP correspond to the transposed matrix of the coefficient matrix of the non-l:asic
valiables s1 and 12 in the taLrleau of the primal LP nmltiplicd by -1.

Fbr our example u'e obserr,'e that the prirna,l LP is infeasible beicatrse of *a < 0 and r:5 ( 0.
The dual LP is clue to ez > tl anti q > 0 rrot optirnal. Since the drtal ha"s starulard lbrrn
and is feasible $'c can use the Siurplcx algorithm in order to perforrn one pir.'ot step on the
clual LP. T'he pivot c:olurnn an<l rorv as u'el1 as the pir.,ot element are gir.'en in ttre table.
The number next to thc a.r'row indicates the sequence in rvhich tr select the pivot cclluurrr
ancl the pixrt rou'. Since the prirnal a,nd the drral LP corresponcl to <la,c"h other *'e can also
select the pivot element in the infea.sible prirnal LP. Tltere, u'e select first the pi'i'ot, row atid
afterwar<is the pixrt <xrlunrn. After haviug selected the pivot eleutent rve establish ttre rrew
l:asic variable and transforrn the tableau into standard forrn.

'Az

As
ti

2
<_

:t:5

1

it:4ffgI,2I,1BV
15

2

1

.1

9t Uz Us Ut At

1
<_

!l):l

[1
I5

0.5

-1
3

0.5
2

-4

1

1

-71-3
-2
-4

-0.5
-0.5*0.5

11
lt

-72
1

tz
Prirnal programnr after first pivot step

Dual Program after first pir,"ot step

\Ve obscnc that the prirnal LP is still infeasible and that the dual LP is still not optirnal
Hence. lr'e undertahe another.pivot step an<l ohtain the tableaus belorv.

BV if.r)!11 Il ll;l A4 BV
Ut
Ut

L'

1
ih Az 'U:t 'Aa Ar,

:r:3

*t
lL4

-2
-1
-2
-1

2
I

-18

2
2
6

1

3

-7

1

1
1

Prirnai program alter second pivot step
Dual prograrn after secon<l pivot steJ)

Both. priural arxl <hral LP are norv fea.sible antl optimal. T'he optimal solutiou of the primal
LP is rg : 18, itt :7, and z4 : 6 nith otrjectir,'e firnction ralue z - -7. 'I'he optimal
solution of the dual LP is 'ue : 1 aud r-n : 4 with objectile i'rurction value u : -7. Ther
strong cluality prclpertv holds. i.e. z - r:. ALso, the complementary slar:kness property hoids:
For the rlecisiou variables of the prirnal LP whictr are in the basis (r1) the slack rariable
in the corresponding constraint of the dual LP is zero (ya:0). For the decision vzriable
of the primal LP rvhich is not in the tra"sis (r2 : 0) the slack variable in the corresponding
constraint of the dual LP is greater ze.ro {u5: 41.

Value

4

3
4

T2
V'alrre

0.5
3

-4

Value

7
6
I

18
Vahre

1

4
7
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3.7.2 Formal Presentation of the Dual Simplex Algorithm

In the exarnple above rn'e ha,v-e solved the primal problern gir,'en in the left part of the ta-
bles with the dual Sirnplex algorithm. As the prinral Sirnplex algorithm. the dual Sirnplex
algorithm requires specific conditions and follou's speci{ic rules. Before we gir,'e a formal
presentatiorr of the dual Simplex. Iet us nrotivate the steps rurdertaken and ttre clxrices rnarle
aLrove.

Corresponding to the primal Simplex applied to the dual problern (right siclc of the table)
selecting from the columus with c7 > 0 the one with the maximum Q > 0. ttre dual
Simplex applied to the primai problem (left side of the tauble) selects from the rou,'s with
b, < 0 the one with minirrtun, lli. For sclecting the pir,'ot column. rt have to consicler the
folkrwing: After the pivot step, the RHS-lalue of the selected rorv ha-s to becorne positive.
The new RHS-r.alue is obtaincd b-v *. Sirrce thc ralue of the RHS before the pir<rt sterp

is h < 0, r+.e can onl.v selert pil'ot cliimns *'ith ati 10. The next questions, is rvhich of
tlre r:crlumns, fcrr whic:h a,i,i 1ti lmlds. ha"s to he selecte<l. In order to expla,in the selectiorr
rule fcrr the pirot cohunn, let rm consider the folkrwing example (see Bra<11e,3, et al. [3] p. 179):

BV '.f,1 it2 rrig it4
J)3

t4
-1
-2
-3

-1
-3
-1

1 (1
(2
(3

1

First, the dual Simplex selects rorv (2). For the first and tlie second column d,z.j { 0 holcls
anrl hence we ne.exl a rule irr order to select the pivot cohunn. \[ie recall t]rat after perltrrrning
tlre dual pivot step the dual solution has to sta,r, feasible, i.e.: ai S 0 has to hold. Lct us
subtract row (2) mrrltiplied rvith rr > 0 frorn the otrjer:tive function (3). \ry'e then obtain

BV !I:t iI:Z :I)g :I4
q1_J _I

-2 -3 1)-a. (

For maintaiuing dual feasibility all objectire function coefticients hal.e to lte non-positire
and hence it ha.s to hold:

-3-(-2.a)So
-1 -(-3.a)(0

0-1.rr(0

VaIue

0

-1
-2

\hlue
0
2

Solving each equati<ln for o, trl,e obtain:
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2.a, 13 + rr

3'a(1=+a

Obviously, CI : * has to hold and u'e obtairi the nerv objective furrctiorr:

BV

78

3
2
1

3
a

The r2-colunrn has now the coefficient 0 which makes ;l;2 the r.'aliable sntering thc ba^sis

and the a^ssoi:iated <nlurnu the pivot colurnn. Hence, the dual Sirnplex has selecte.<l arrtortgst
tlre columns with a.;i 1 0 the one rvith nrinirnum _fr. Notc that since u,e are having dual
feasibility-, 11 S 0 holcls for all coluurn"s arxl hence fr > O holtls tbr all colurnns.

\,Ve norv can provide the fomral description of the dual Simplex algorithm:

Dual Sirnplex Algorithm

Prerequisite: 'I'he tableau is dual feasible (.:; < 0 for all y) a.nd primal infea*sible (b1 < 0 for
at least one ri)

1. If Il, )0frrli:1,...;rn and r:; { 0for j:l,...,rzthenstop: "Optimalsohrtion"
Contiuue if 6, < 0 for at least ouc i.

2. Select tire pir,<rt r01r,' ?':

A - rnin{Il;la,<O}

If A,..j > 0 for j - 1, . . . . n, stop; Special ca^se: "No feasible solution".
Continue only if u,,.j 10 for at lea*st one.i.

3. Sc:lect the pivot colurnn s:

*: "'i"{*la';'o}
4. Ileplace the basic variable in row r b;, r,auriablc s (change of basic variable) and gcnerate

standzrrd frxnr.

Value
z
2

5. Gotol
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Property 8 The dua,l Si.rn,plet: e:nds

(u) ui.th o. feo,si,ble and optirn.al solu,t'ion or

(b) b:U prnuing that no feas'ible solution, ensts

The dual Sirnplex is often eurploled u'hcn a new constrairrt is addcd to an alread;'cxisting
optirra,l ta,bleau. Fbr example in the cime of an optimall-v sohad production planning problem
rl.here a constraint is added for a rninirnurn nuruber of units pro<lw:e<l fbr one prodrrct. If the
nuurbcr of produced units of the product in the optirnal solution is less than the minimurn
rmrnber. the value of the surplus r,'aria.ble will be regatil,e. Let us consider the optimal
tableau of the car productiorr plarrning prol:lem. rvhich r'e ltave irrtroduced at the beginning
of chis Scction.

V iI)1 J)Z ;f :1 !t4 fr5

t1
:I3

16
0-1
0-9

160
0 -1 1

0-1 0
0-9 0

-1

04
1 -10 -11

-1
0

-11

-1
0.5

-0.5

-1
0.5

0

-0.5

4-1 0
10.50
001
1 -0.5 0

Tlre optirnal solution is .11 : 36, *3 : 6, atxl z :294. \\"e rxrrv want to protluce at ]east 5
units of Comfort (;r:2). Hence, we obtain the following additional constraint:

rz) 5'

Introducing surplus varia,ble 16, we obtain

12 - 16: $'

Adding ttris constraint to the optimal tablea,u. w'e obtain:
,^

iI:1 iLy ;I;3 fi4 l:i :tt$

lx1

.X3

:t6

0
0
1

0

The resulting tablearr fulfills the conclitions for the dual Sirnplex. \tr'e perforrn one iteration
of the duzr.l Siurplex b-v selecting the pivot, eleme.rrt.

:t1
fr3
'J:6

:t2
6

-1

t:lBV
1

0

0
0

X6{t5!(q'.1:3

1-9

0
1

0
0

,

Value
r]6

6

-294

Vrlue
36

6

-5
294

\ialue
36

6

-5
-294

1(-

(1)
(2)
(3)
t4)
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After one iteration of the dual Sirnplex we otrtain the optimal tableau:

'$4 fi6

80

'J)1 12 Sg fi5

I0
il1
fr3
I2

L

0
0
0

-101-1
100
0 0-11

0

-0.5

Iv'Iax .e : 5trr * 4.512
srrbject t<l

6rr + 5rz
6cr + 5:rz

5rr + 10rz
f1

,?f1' 12

6 (5) : (r) + 6.(3)
1 (6) : (2) - (3)
1 (7) : -1 .(3)
e (8)-{-e.(3)

^

^

3.8 Special Cases

3.8.1 No Fbasible Solution

Let us consider the beer gla^*s pr<xluction planning problem, for which n'e add the additional
constraint 6*, + 5r2 ) 80. The constraiut forces the use of at least 80 capacity units. The
resulting LP reads:

(3.52)

(3.53)
(3.54)
(3.55)
(3.56)
(3.57)

Obviously the first a.ud the second corutraint contraclict each other and there is no feasible
solution. F'igure 3.6 illtr"strates the enrpty solution space.

Value
6

11

5

-249
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12
=80

10
6xr+ 5y, =

x, xr=0

Figure 3.6: Special ca"se: No feasible solution

In ortler to solve the exterxlecl beer glass production plarinirrg problern. we have to intro<lx:e
an artifieial variable for Constraint (3.5a). We then apply the big L,{-rnethod in order to
obtaiu a basic feasible solution without artificial variable. Hou,evel, the optimal solution of
the big lr.{-method is a solutiou rvhere the arbificial va,riable is still in the basis. This indicates
that the problem ha-s no feasible solution. trtrihen applying the TlvoPhase rnethod, we obtain
an optimal solution for the first objectit'e function ur with artificial I'ariables in the basis.

a 3.8.2 Unbounded Solution

Let us again use the beer glass productiori plamring problem where we convert all "("- to
")"-constraints.

6

4

2

xr=0 2

L,'Iax e:5rr *4.512
suhject to

6r:r + 5:u:

5rr + 1o:r:
*1

.fL' 12

(3.58)

(3.5e)
(3.60)
(3.61)
(3.62)

Figrue 3.7 shows the solution space which is unbouncled becau-se the objtN:tive function line
car lnove in northeast dircction rvithout treing stopped by a constraint.
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6x1+ 5x, = 69

=75

X1 Xz=0
14

Figure 3.7: Special cas'e: Unbounde<lsolution space

When solving the LP with ttre priulal Simplex algorithur, a pivot cohmrn j is selected where
a;i S 0 holds for all rows i.:1,....Tr1. Thus, there is no lirnit in increasing thc ralue of
variable r:3 (see Step 2 of the priura,l Simplex atgorithm).

3.8.3 Redundant Constraints

We ernpkry ttre beer gla.ss production plarrning problem a.n<l add the new c<instraint
10;ur * 12121120, which vields the follorvirrg LP:

X2

10

6

4

2

xr=0 2

Il'laxe:lrt*4.5:rz
subject t<>

6..rr * 5rp
5zr + 10rs

:t1

10r:t * 72rz
fl, /2

(3.63)

(3.64)
(3.65)
(3.66)
(3.67)
(3.68)

Figure 3.8 provides the solution space. The nerry consiraint is depicted in bold
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X2

12

10
6x1+ 51, = 69

lOxr+ 1211r- 129

xt=8

sxi+ 10x2 = 75

X1 XZ=O

xr=0 2 4 12 14

Figrre 3.8: Special case: Rechmdant constraint

Obviously, the new- constra.int does not alter the solution space. We say that the new-
constraint is "retlunda.ut" as it arlds no new infornution. When s<llving the probleru with
the Simplex, at the end of each iteration the slack va,riable associated with a redundant
constraint Ls larger tha,n zero. Hence, the slack r,'ariable is alwayrs in the ba^sis.

3.8.4 Primal Degeneracy

Let tu consider the following LP:

o

4

2

^

IIa:c .? : 0zr * 1r2 * Lr3
subject to

(3.6e)

(3.70)
(3.71)

Figule 3.9 shorus the solution ,space a.nd the unique optimal solutiou rr : 0, ,z : 0, and
JEB : .1 rvith objective firnction I'alue z : 4. Note that the solution spadn is &dimensiorral
ald that the optimal solution is delined by three planes in this &dime.nsional space (where
u.e describe each plane as an equation): 1rr + 0rr + Oca : 0, 0r1 * Lr2 * 0:r3 : 0, and
lrr+Arz+1r3=4.
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X3

4

Constraint t1)\"

4

X1

Figurc 3.9: Solution spa.ce of LP (3.69) - (3.71)

Now, we add constraint 1u2 * Lrs ( 4 and obtain the LP

.i\{a^:r z : 0rr * Lr2* Liu3

subject to
1ri*0;rz*l*s
o*, + l*z* Lra

t1,I2riX3

84

X2

^

(3.72)

(3.73)
(3.71)
(3.75)

Figure 3.10 shorvs the solution space and the optimal solution. Adding C)oustraint (3.7a) has
altere.d the sohrtion space and hence this constraint is not rexhrndant. The solution space
is still 3-dirnensional but the optirnal solution is nos' de.finsl b5, the intersection of the four
planes
1r, +0rz +0a3:0,0rr *Lx2 *0r3:0, 1r1 *Ar2 * k:3:4, and 0r, + Lxt+ 1::u3: {.
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"r2 +.r3 { 4

Jr1 +.Yr 
" 

4*"t
*rt

S1

Figure 13.10: Special ca*se: Priural degeneracl'

\\ie write down the sta,rt tableart of the LP rvith Coustrairrts (3'73) and (3'74). Ftrr the first
pirrot, step u'e have to ch<lose "r,';1 il*s pixrt coltunn. Rlr the piwlt row \'1'e carl either thoose
row 1 (where .r;+ will leave the liasis) or row 2 (where 15 u'i[ leave the basis).

Option 1-: ;r;a leaves the basis.

BV
'll t
t,5

Choosing option 1, r'e obtain the following optirnal tableau u'ith brmic variables r:l :4 and
rrE : Q. If a ba*sic variable has a ralue of 0, rve call the solution to tre primal degenerated.

lu3

lLyt

X1 ltZ ltS il4 .frr,

BV

Option 2: rs leaves the basis

0
1

0

0
1

0

1

0
0

1

1

t)
1

1

1

0
0

{1 ltZ :tS :t4 Jr,
1

1

1

1

0
0

0
1

1

1

1

1

\,'alue
14

4
0

\ralue
4
0
4
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BV
'X.4

I5

Clhoosing option 2. we ol>ta.in the folbu,ing optirral tablearr wtih ba^sic \'iliables l,;3 - '{ irtr,1
xa:0. In this casc, ba.sic variable lra : 0 aild hcrce $'c ha\c again priulal dergenerac)'. Sincc
non-basic r.'a,riable z1 has a coefficieut of r-:1 : 0 in thc optimal objectivc function. u'e alscr
have soralled dual degenerac.'- (see Section 3.8.5).

jl1 r i(,2 ;U5

jD1 12 iD3 ;X4 15
0
1

1

1

0
0

1

1

0
1

0

1

0
0

:L4ltt
:t:a

if:l
1 -101
0-2

1

0
0

0
1

0

1

1

1

SummaS,: lf al extrernc point is overdetelrmined (it is de{ined by 6ns more constraint than
necessary) r'e have prinral degenerar:v. \Ve can detect plimal degeur:racv by a trasic vaiued
u.ith 0. In the case of prinral degenerac,v. theoretically the Sirnplex can get stuck in srrch an
extrerne point n'ithout rcaching the optimal solution. This is termcd "c-vcling". However.
tliis case is very rare in practice. Furthernrore, cycling ca,n be effectii,'e15, a,voided by specific
rules for choosirrg the pivot elerrent (see Jensen and Bard [8] p. 83) .

3.8.5 Dual Degeneracy

We cou.sitier the beer glass production planuirrg pnrblern u'here u'e set the olljective firnc-
tion coefficient of the rvheat bear glasses to 5..1, which l,-ields the following linear progran
where the y1, y2. and u3 tlenote the dutrl r,-ariables of Corr,straint (3.77), (9.78). arrcl (3.7g),
rcspcctirclv:

l,'Iax : : 5.4:r:r * 4.5t:2
subiec'r to

6irr + 5zz

5r:r * 10rz
lt1

it1; it2

(vr)
(ar)
(.vr)

(3.76)

(3.77)
(3.78)
(3.7e)
(3.80)

Note that tlxi Objectivc firnction (3.77) is parallel to Constraint (8.77). Soh-ing thc lhrear
prugraln, u'e obtairr the optirnal tableau

VaIue
4
4
0

1

Value
0
4
4



CHAPTER 3. LI}TEAR PROGIiATI'IMING 87

BV
:tz
ir.l
;11t

The rron-ba.sic variable r.5 has a, coefficient of 0 iu the objective funr:tion rofir. Helrce) we (la,Il

introduce 75 to the ba"sis without decreasing the obiective function lalue. Perforuing one
pir'ot step yiekls:

I3 I4 r1t

/5I4f:lI,zitl 1

0
0
1

0

1

0
0
0

0.2
-2

0

-0.9

0
0.5

0
0

1.2
7
1

0

xl2;L1BV
!(z
,;Ir
t1

01
00
10
00

-0.143
-0.286

0.286

-0.9

0.171 0
0.0143 1

-0.0143 0
00

The variables 11 and 12 remain in the basis but har,'e different \ralues. 'Lhe former non-
ba"sic rariable :rs has enterecl the basis and the forrner basic variatrle ra left the trasis. 'I'he
objectir,'e hlnction ralue does not change. \['e tlrus have found a sccoild optimal solution.
l:irrthermore. all points which are or1 the line connecting the tluo optimal solutions are also
optilnal. Herx:e. we ha\e rnultiple optirrral solutions.

Flonr tlre two optimal tablcaus we can read the value of the dual r.'ariables tus Ur : 90, 312 : g,

a.nri y3 : 0. In the first optimal tableau, dual r.ariable y3 ha*s ralue zero altlrcrrgh Corrstraint
(3.79) defines the extreme point. In the second optimal tableau, clual variable y2 has r.ahre
zero although Constraint (3.78) defines the extreme point. Hence, in each of the tw'o optimal
solutiorm. one clual lariable of a binding constraint is zero. Six:e a dual varia]:le of a birxlirrg
constraint should ha.re a positive value. this is called dual degeneracy. From the primal
Jroint of view. a norr-ba*sic r,ariable ha*s an objective firnction value of zero.

Value
2.4
11

8

-5.t

Value
4.286
1.571
6.429
-54
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\2

1

6xr+ 5x, = 69
10

Xr=8

6

4

2

246

Sxr+ 1gx, = 7U

12 14
X1

Figure 3.11: Spccial case: \'Iultiple optiural solutions

3.9 Sensitivity Analysis

Until nou' u'e have assuured that all data required is knowu precisely'. \\ic tcrm cliis as a
deterministic approach u'here ue solve a deterministic problem. Hower.'er. oftt:n data is not
<leternrinistic but stochastic. That is, r'e don't kxnv precisely tire value of the data txrt
rather a rangc of possible values. Scnsitivitv anai-vsis is al:out determining the irnpact a
change of one pararneter of the linear progranl has on the optiural stilution wlrerr all other
pararrlctclrs are kcpc at thcir original values. Onlv changing one palarrc-.ter at a [iure u'hile not
<hanging the other pararnerters is termcd "r:eteris paritrus" rvhich is the la,tin saying ftrr "all
else being equal" . Parameters of a liuear progranl are the coeffit:ients in the objectir.e lirnt:tion
function, the right-hand sides. and the coefficient matrix. In this manuscript, u'e only present
the sensitivity anal),sis for the coefficielts of the obiectiye function of the linear prograin.
Cornmercial prograrns ftir solving linear prograrrs can undertake a sensitivit-v analysis. E.g..
LII{DO can undertake a sensitivitl' analysis for all c:oefficients in the objective function
ancl all rigirt-hand sicle r,'alues. Fbr each decision r,aria,ble j rvith deternrinistic coefficient
r;i itr the objectir.e function. rrye rvixrt to deterrnine the range of coeflit:ients [c]I'i",4"*] with
.,;rt" < c.i { ¤* such that for eac}r lalue iu the rangc there is no change of t}re optimal
solution.
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3.9.1 Change in the Objective F\rnction Coefficient of a Non-Basic
Variable

Let us consider the extended beer glass production pleuuring problem gir"en in Section 3.5.2.
T'he re<luced costs of the non-ba-sic viuiatrle x;3 &1'e -0'57. Reducing the objectir"e firru:tiort
coeilicient by some value Aca > 0 leads to reduced costs of -0.57 - Ac3 a,nd ltcnce leaves
the rariable out, of the basis. Due to this, neithtlr the optimal solution rxx thc optirnal
objectir,-e function r.alue a,re chtrnged. Incretrsing the objectir.'e function value coefficient of
:r3 by Ac3 > 0 increases the reduced costs. Ftx'Ar::r ) 0.57 the re<lucetl costs becorne positive
and thus 13 has to be selected as a llew- basic variable. This rvould change the ba^sis and
increase the oJrtimal obiectir.e firnction '"alue. Putting ttre trvo observirtions together. the
objective fuuctiott coeflicient ca of variabler :u3 <'an rary in thc rauger

-m S ce -{6.57

without changing the optimal objectir.'e ftinction valuc nor the optirnal basis.

\\b ca,u also derive this inforrnation more formally. Assuming that there is an unknou'rt
change of c3 by Aca e R we obtain the follou'ing inicial tablcau:

89

:T6lL5,l:T3t2:I1BV {
1

0
0
0

X4
f;i,
fC

65
510
10
5 ,1.5 6+

0 1 -0.280 0 -1.571 0 1.57
0 0 -0.57*Ac3

8
5
0

,\r:1j

0
1

0
0

0
0
1

0

Since the stcps of tire Simplcx inst add and subtract nurnber to the objcctivc function
coe.fficient of r.aria,ble i?i3, \tr'e obtain the folkrwilrg optirnal tablea,u:

BV iI;2x:l X3 ali4 l:i lI:6

I2
"t,6

J)1

-z

-0.14
-0.28

0.28

-0.78

0.17 0
'0.14 1

-0.14 0

-0.05 0

For this tableau, 13 is not in the basis trs long as

holds. Ile-arrangiug this ecluation, w-e otrtain

Ac3 ( 0.57.

For the coefllt:ient r:3 tiris irnplies that

-rc(c:(6.57.

\,hlue
60
75

8
0

\ialue
4.28
1.57
6.42

-51.42
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3.9.2 Change of the Objective Function Coefficient of a Basic Vari-
able

Let us consider ba-sic variable 11 in the optirnal tableau of the extended beer glass production
plarrning problenr. The objettive function coefficient of r:1 : 5 is changecl l,ry' adding Ac1 e R
rvhich gives the initial ta.bleau

tsv t1 12 J3 iD4 J,', ;l:6
'"44

it5
X6

and thu"s the folkru.ing optimal tableau

ff2
lf,o

:l-1

-t

65
510
10

* Ar:r 4.5

1 -0.280 -1.570 1.57
0 -0.57

:t4

-0.14
-0.28

0.28

-0.78

,,t5 It6

8100
50i0
0001
60005

(1)
(2)
(3)
(4)

:I3lrzItB\T

0 1 -0.28
0 ' 0 -1.571 0 l.rt7
0 0 -0.57-1.57Ac:1

0.17 0
0.1.4 1

-0.14 0

-0.05 0

-0.14
-0.28

0.28

-0.78 - 0.28Acr

0.17 0
0.14 1

-0.14 0

-0.05 * 0.14Ar:1 0

0
0
1

Ac,

In order to obtain tlie tableau in sta,ndard fornr with all basic r.ariables having a coefficient
of zero irr the ol-rjc-.ctir,'e function ro\{: 1\,'e lta\.e [o perlbrrn the elerncttif,v row calculation

(5) : (a) - Ac1 .(3).

which r.ielcls

f.:) ilAltzI1BV
itz
!I:6

I1

(1)
(2)
(3)
(4,,

This tablea.u is optinral if for all variables $,e lia\e an objective fhnt:tion coefiir:ient less than
equal zero. Ttrat is. it ha.s to lxrld:

For tx>lurnu :r:3 : -0.57 - 1.574r:r
Itrr column :ra : -0.78 - 0.28Ar:r
For colurtrr ;u-5 : -0.05 * 0.14Acr

\alue
60
75

8
0

Value
,1.28

1.57
6.42

-51.42

VaIue
4.28
1.57
6.42

-5L.12 - 6.424,r:t

and
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Rearranging the equatioru rve <lbtain

which ytelds the following fea.sible range for Ac1

: -0.369 ( Ar:1 < 0.35.

^ 
The objective functiorr coefficient c1 ot the basic r,ariahle can thrr"s I'ary in the range

4.631 Sr:iS5.35

without a cha.nge in the optimal basis. Note that by altering Ac1 and thus changing c1 the
vahre of the optimal obja:tive firnction will change. This can be immediately $ean in ftow
(5) of the optimal tableau.
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Chapter 4

Integer and Mixed-Integer
Programming

Litera,ture: Bradle-v et al. [3] C]uryter 9.

A general nrixed-integer prograilr (lvIIP) reads as follou's:

t7

h.{a:i;:It:i.r,i
j:1

subject to
1l't at.,j

(4.1)

(4.2)

(4.3)
j:1

;t:

.J:

T

j > 0 i:1.2.....n
i ¤ Z fbrsolne j:1,2....,rt, (4.4)

\{Lxe<l-irrteger prograrm }rave corrtinuous rariables (r > 0) and iuteger variatrles @ e Z{).
A program whcre all variables are integer is terrned an integer proglam (lP). Programs with
integer variables, rvhith can only take the values 0 and 1 are calletl hiniry prograrns.

4.L Examples

4.L.L Production Planning Problem

A production planrring problcm with iuteger productiou quarrtities is an exarnple for an
integer progra,m.
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L'Iaxz-5:r:r*8:r2
subject to

T,1, T2 ¤

93

(1.5)

6

45

uo

(1.6)
(4 7)
(4 8)

4.L.2 'Warehouse Location Problem

The warehouse location problem is an cxample for a mixed-intcger prograrn. The prol:lem
t:a.n trc desrilrc<l as f<rlkru's:

o 'lllrere are ?7r l<lcation f<rr rvarehrnses. Running a, warehotne at location 'i. : 7.2,. . . .rn.
iucurs amnul cost of .fr.

r fhere are n, a,rea.s with clerrarr<I. Area .i:7.2....,n has a <iemarxl of r{.

r Delivering one unit fiorn warelxluse in location r to area 3 irrcrrs tra,nsportation tnst
of. ci.i per unit. Thc transportation costs are tenned "rariable costs" a^s tlrt\ are a
function of the nurnber of units tra.nsported.

o Bbr eiN:h warehouse it has to be deci<lecl if the u'alehouse shorrkl be nrn and for cach
demand a.r'ea, it hrus to tre deciricd how rnan-y units are r-ect.'ir.'ecl frorn tlte opettcd u'art:-
hortses sru:h tha,t the rlernald is frrllilled. The objective is to miuimize the total costs
which ale made up by the costs I'or running the wal'ehouscs and the tra,n-sportation
cost.

\\ie model the problern b), defiuing the binary variable y. ¤ {0, 1} whic*r is f . if t}re s'arc}rouse
in locatiol i is operated. Furthermore, r*'e cmplov the corrtirruous variablc r1,7 ) 0 lbr
i.:1,2,...,n2 ancl j -1,2,...,n stating lxrw ma,ny rmits arc tra,n^sported frorn rvarehoustt
rl to denrand area j. Using these l'arial>les we can calcrilate the frrllos,irrg tuo <:osts:

Tlre costs for nrnnirrg the wareholrses are i fo.r,i:1

Tlre r:osts for tra,rrsporting goods frorn the warehou^ses to dernancl arcas aJe D I t'.i4-).:;.i
i'= I -i: I

I'lre transportatiol frorn rva.rehouse / to <lemand axea J &re ci..i ' ra..i. 'I'hese costs (lepend orl
ri,7 the rrunrbcr of units transportcd. lf no units are trarrsported bctt'een i and j th<'n the
costs are zero. Such costs urc r:alhld "r.ariable costs" a"s tho'y arc a rariable of the numbel
of rutits ttanslxrrte<1. 81' contra^st. the costs lbr nuuring a warelouse <lo not <ieperr<l on the
number of units transported. 'I'hese costs are called "fixed costs". Once we have decided to
open a wa,relx.iuse, the costs for running it are fixed and do not clepend ou the nurnber of
units rvhich arc shipped li'<lrrr that wzuchousc to an.v d<lrnand zrrea.
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\Ve rrou' carr rnodel the rvar.ehouse location problerr a*s the follou,ing nrixed-iutr.,ger program:

IIL 7t rll,

i:7
N,Iirr z : I Lr,r,r. :r:i,j + f, fo. U,

,:1 j:l
subject to

D*0,-,- r, La,

f
i:l

*lj

?1,

J:L "l= 1

Jdj

0
n

i.:1,...)'IrL

i 1Tt

(1.e)

(.4.10)

(4.11)

.n (4.12)
(4.13)

J,i,.i

At

0

{0,1}
i, : 7,.
i.:1,.

,rn; j :1,
.fil

'I'hc Objer;tive firnction (a.9) rninimizes total costs. i.cr., thc surn of r.ariable transpoltation
costs and lixed costs for runuing the opeued q'a,r'ehousas. Constraint (4.10) enforce f<rr eaclr
area J that the number of units transported to the a.re aquals thc demand. Constraint (1.11)
a$sures for each warelxxrse r ttrat units ca,n onl3, be shipped frorr the warehouse (*;,r. > 0
) if it is opcned (g, : 1). Constraints (4.12) and (4.13) de{ine the continuous and binary
va,riables. respectir,'ely

4.L.3 Capital Budgeting Problem

The capitt-r,l budgcting problem is a,n cxample for a binarv program. The problcm can l.le
describerl ius folkru,s:

o lhere are j : 7.2,..., n. ir1estntertt alterruttives arxl d : 1,2,. . . ,?71 resolll'(:es. Re-
sorucc rl htus a capacit,v of 6i. Proicct j generates a r,alue of r:; and requires capacitv
a;.i from rcsource J.

o Which inr.estrnett altcrnatives should be selected such that the selccted irn'estment
alternatives do rxrt require more capa(:itv of the resources thau arailable ancl tlNl total
raluc <lf the selecte<l inrestrnerrt altcrnatires is rnaxirnized.

\\ic incroduce the trinary r.'alial-rle ri ¤ {0. 1} which is 1, if investrnent alternative r is selectcd
zrucl 0 otherrvise. \\'e can now forrnulate the r:apita,l buclgeting prohlem a.s follows:
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n
Ir{ax z: I t:i.:Di

j=L
subject to

'n

Du','*'j:r
fri

,ffi

¤ {0, 1} j :1,2,. . . ,n

21

(4.14)

(4.15)

(1.16)

(.4.17)

^

If investmertt alternatives are interpreted at projects, the problem is also called project
portfolkr planning problern because a portfolio of projects hn"s to be detennined. Ftrrther
applications of the capital budgeting probleru are:

o Selection of research and development projects.

r Selection of investment alternatives.

r Selection of equiprnent to take on a hikiug tour (knapsack problern). In this ca,se, the
tq.'o resourees a,re weiglrt and l'olume.

r Selection of freight for airline eargo companies. The value is the contribution rnargin,
the resources are weiglrt arxl volurne.

4.2 Properties of Integer Programs

Let us ernpkry t'he integer production planning problern irrtroduced in Section 4.1.L.

\.Iaxe:Sf,r*8r2
subject to

6

45

bo

(1.18)
(4.1e)
(4.20)
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6 Xt+ xz= 6

X2=$, 2={[

x1=?.25, xr=3.75, z=41.25

5xr+ 9Yr= 45
5x1+ 8x?= 41.25

x1

96

5

4

a

,'

1

123 56 I

Figure 4.1: Solution spare of the continuous and the integer optimization probleur

Definition 2L The LP-relaxation (LPR) of an i,ntqer or a mi*ed,-integer pnognrnx'i,s ob-
tai,ned by relad.rr.g the. integral'ity mnstraints of tlrc inte4er uuri,ahlu. The LP-rela,ro,t'i.on can
be solaed'with the S'irnpl* method.

F<rr tlre integer program (4.17) - (4.20) we obtain:

Optirnurn LP Roundiug up Rounding dolrn Optinnrrn IP

 
Jr1 2.25
12 3.75
z 41.25

32
43
Not feasible 34

0
l)
40

For this problerr. we cail make the lbllowing obserlations:

o The optimal solution of the linear progra,m (column "Optimum LP") is not integer.

r Rounding up the basic variables of the LP solution (column "Rounding up") is creating
an infea"sible integer solution.

o Rorurding down the basic variables of the LP solutiorr (colurnn "Rounding down") is
creating a feasitrle but rrot optirnal irrteger solution.

o The objective frurction value of the optiurum LP relaxation is 6peater than the objectivc
firnction lalue of the optirmrm integer prograrn.

In general we cafl state the following:
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Property 9 For n xrraximization problem, tlx: oyttintal objer:tiue fu,nct'ion ua,hte: oJ th,e

LP-rr:lu;utiort. 'is al'rua,ys ytreatcr t,hun or equo,l the optirnal ob;jectiue funt:t'iort ualae o.f th.e

i,n,teger prograrn (IP). T'h.a,t 'i,s. z. (LP) > :. (IP) holds. T'he ohjer:ti,r:e frLn,ction, udu,e of th,e

opt'irnril LP-sol'ution 'is thus on upper bound o.f the. obju:t'itte .f'uncti.orr. uo,lue o.f tlrc optirna,l
lP-solutirtrt,.

l'or a minimization problent th.r: optilnll. objer:tiur: fu,nction, ralu.e of the LP-rel.u:ration is
o,lru:o,'ys less tluut oI'{:glal th,e oqttima,l ohjectite func:ti,on uu,l'u,e o{ th,e integer progra,rn (IP).
Tlr,ot is, :. (LP) < z- (1P) hokls. The objec:tiue: funct'ion 'ualue ctf the optirnal LP-solu,t'ion. 'is
th,u,s o lower bound of th,e objectfue .l\Ln,c.tion, uahte of th.r: optirn.a,l lP-soltt,ti,on.

4.3 Branch-and-Bound

Braru:h and Bourxl is a nretltotl for sol'r.'ing integer, rnlxe<l-irrteger pro¤rams anrl binarl.'
prograrns. Thc rnain idea is to divide thc orr:ral} problerl into srrb-probleurs. For eac;h sul>
problcrn li,c solr.'e a r<llaxation of ttre integer problcm, rvlfch often but not ncc<lssalilv is an
LP relaxa,tion. The relaxation rcnders the dillicrrlt integer probltrnr into a problenrsi,hicfi is
easier to solve. Har.ing obtained thc optiual solution of the rclaxed ploblcrn, we distinguish
between the follou.ing four oases:

1: l he solutiorr is fea"sible for tlxl integer problern. I hen n'e are done rn'ith this sul>
prclblcrn.

2: Tire s<ilution is rrot leasible lbr the integer 1>roblern an<l <loes not har;e arr objectire
fttrrction valuc rvhich is better (larger in case of a rnaximizaticstt problcru and srualler in
the <:a"se of a, minirnization problern) than the one of the best integer solution u,e har.'e
obtained so f'ar'. \\,''e call the l,rc:st fcasible solu[ion, rvhit;]r we harc ibuud so f'al', t]rc
"in<rrrntrcttt solution". Du: to Propt:rtr, 9 u'<t know that any intcgcr solution erma,n:rting
frour the subltroltlern at hantl caunr>t,hare a better objectir,'e functiorr ralue than the
sub-prcrlllcrn. Hcncc. u,r don't have to search for an integer solution ernanatirrg lrom
this subprohlern arxl rve are done u'ith the sup-prol>lern.

3: There is rxr feasible solution for tlNr lelaxed probkrrn irncl htuce therc <:an be no frrasibkt
solution for the irrteger problern. Heu:e. \{e are dorrc rvith t}ris subprotileur.

4: l'he solution i.q not I'easible frrr the irrteger problenr arxl does har.e an otrjer:tive fiurcti<>u
rahrt: whic'h is bcttel tharr the inc'umllerrt solu[iorr. Iu tliis case. there is t]rc charrcc t]rnt
ttrcrc is a,n integcr solutiorr r:uranzrting frorn <tur protrlcm .with a,n improvcrl objt:r:tive
firlction r.;rlue for the overall problern.

R>r case 4 ne sultstitrlte the prol>lern at han<l u-ith tu.t-r nerv sut>pr<ibleurs srxfi that the
union of the tr,r,o sub-prol-rlenn has the serrne solution rjpace as the problexr rrt hand but that
the non-integer solution is exclurled.
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Startiug rvith the integer probleru, branch-'a.nd-bound scmtinizes problenm according to the
four cascs abovc. For cases 1 - 3 the problem does not harre to be considered an.v rnore. For
case 4, two new suhproblenls are <:reate<l. T'he set of all problerrs whicir still have to trc
scmtinizcrd is rnanaged u'ith a candidate list K.

4.3.L Solving the Relaxation with the Simplex Algorithm

Let us consider the irrteger prograrn (4.17) (4.20) which is the startiug problerr a.ud state<i
as Po. At the beginning, thc candidate list consists of this problem orrll'. i.e., 1( : (Po].

Problem P11: \\e derive the optimal solution of the LP-relaxatiorr of P6 b,v soh'ing it rvith
tlre Sinrplex algori[]rm. \t'e obtair] c1 : 2.21s, vr: 3.75 a,rrcl : : 4L.25. Tiris is clearly tire
upper lround and hence ne hal'e 1:4L.25. \trie derivc a lower bound z kx Pt) trv rounding
down all frar:tional variables of the LP-solution. 'I'his gives 11 :2, r2:3 with z:3.4 and
tltus we have ; : 34. This gir.'es the incurrbent xrlution. An ea^sy (but n<rrse) lower bountl
can be derir,'ed b.v setting all r,ariables to 0, i.e., 11 : 0 and :r:2 : 0; nhich gir,es z : 0.

\{,b rxrw have to der:i<ie what to <1o wittr the problern .R) a.ccor{iilg to the f<xrr cases stated
al-ror,-e. For the LP relaxation of P6 we have Clase 4 since z > z, \Ve [hus har.e to substitute
P11 into trvo supbrobkrms. \te do this b3, creatilg the follot'ing trrc sut>problems

o Ps and constraint "r2.{ 3" + sul>problem P1

o P6 and constraiut "it2 ) 4" + sub-problern P2

Note that lbr ttre integer problems it hokls Po: Pt U Pz a^s carr be seen in Figure 4.2.

In general, ne procecd rus fbllorn's:

Creating.of sub-problems: Ha,r'ing a problern P;. ftir which Case 4 applies and trranching
ou an irrtcger variable r, for which wr have obtailed the non-integcr optirnal value ;u* u,'e
generate a, "Ieft" problcm Pr*r b)' a<ldirrg the constlaint ":r S L**1" to protrlein Pi and a
"rig'ht" protrlern Pi-zlty a<ldirrg the constraint "r 2 [r-1" to probleru Pi. In ca^se of serveral
integer variablcs with ton-integer valucs there hzus to be a rule. which of the r.'ariablcs is
selected frrr bra.nching. Irr oru example we hirl'e selecte<l .;2. One possible rrrle is to bra.n<*r
on tlte fra<'tional lariablc, rvhich has the srnallest <listalce to an intergcr is la.rgest, i.e., the zi

for rvlrich the term rnin (fril - *i,t:l - L"Xl) is largest.
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X2

Xr+ Xz= 6

xz= 4

xz= 3

5x.,+ gxr- 45
5x,+ 8;r= 41 .25

X1

8

99

6

5

4

3

2

1

123 56

Figrre 4.2: Subploblerns cu)matiug fi'oru Pn

Due t<l brarrchirrg ard creatirrg the two rle$r problems P1 and P: we tlorr't ha:ire t<l consider
problern Po an_v more. \\'e thus dclctc f|1 frorn thc candidate list and add the tn'o new
ploblelns Pr and &, i.e., the ca,ndidate list is tlpdatcd eus fbllorvs h : (Po] J -I{: \Pr,Pr1.
Sinr:e the original problem -ft1 has l>een repla<:e<i by the trno problems P1 and P:1, the upper
bourrd of the objcctive func[ion caruro[ be largcr t]ran max{:r1,(Pl), :rc(Pz)} : 41. \Ve
update 2 accoldingl.v. In general, thc upper tround is the maximurn of the objtctive fimction
of the LP-relaxatious of all sub-prohlerns iu tlie t:a,ndidate list, i.r-... a : nlax{:rp(fl) I , e
,H)i.

\Ve proceecl by ss1*,,aing one problem out of the candidate list. l.here are different mles
when scler:ting a prol-rlem I}om the <'andi<late lisc:

r Last-in-first-out (LIFO): The last prrrblern, ri,hich had been added to the t:anciidate list
is sclerred. In our exaurpk:. tlnr la.si two pr'oblerrns adcle<l lvcrc P1 and P2. In this ca.\e
u'e need a second rule. a so-czrlled tiebrezrker. \\b define the second rule to select the
pnrblern with the larger nurnber. n'hich is in our ca^se P2. \\,'herr applf ing the LIFO-
rule, the brarrch-a,nd-bound trec is devcloped r..ertically. Hence, apply*ing this rule is
also r:alled "depth-first" search.

o \{axirnum-uppcr-bound (\{Uts): Fbr a maxirnization problcrn we select t}re problern
from the canclida,te list 'vuith the largest objective furxrtiorr virlue for the optimal solu-
tiou of thc relaxatiou. Whcrr applvirrg che \4UB-rulc. thc l-rranch-and-bound tree is
der,'eloped horizontzrlly. Herrce, trpplving this ruie is also termed brearltli-first search.

Let us ruc the LIFO-rule fcrr solviug our exaurpl6: problcm. Hr-'rrcc we serlcct problcrn P2
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Probletr P2: Solvirrg the LP relaxation we obtain rr : 1.8. :I|2: { and ; : 41. \Ve obsen'e
that, the optirrum objectir,'e function ralue of problcrn P2 is less than the optimal objective
function of problern ft,. In general, the follorving holds:

Property L0 -Por o, m,a*imi.zo,ti,on, trtrohlem. th,e opti.rn,a,l obiec.tiue fim,ctiort uo,lu,e of a stilt'
prublem i.s a,lwa'.qtrs less th,a;n or equ,ol to the o'ptinr,al objectiue funct'iort' ualue of tlte parertt
problem,.

Property 10 holds txrcause we derir.r a sub-problern by arlding a cotxtraint to the superorcli-
uate problern. If the rreq,' constrairrt is l:indirrg. then the optirnal objer:tir,'e furrction r,'alue of
the subproblem is smaller. If thc new constraint is not binding. then the optimal objective
funcrtion of the subprcblern is equal to the one of the superordinate problern. Propertl,' 10
can be clearly secrn iu the branch-a.rrd*bound rree pror,,idcd in Figure 4.5.

Since the optimal solution of the relaxation of problem Pr is not intcger and has an objtrtir<l
fux:tion rralue greater than the lou,er bouul z we have Case 4. Thus, we have to divitle
problem P2 into tw-o subproblerns. Since only I'a.r'iable .11 is non-integer rv'e create the tu'o
subproblems by arl<ling <xrnstraints regarrling ir1 a*s folk>ws:

o:r;1 (1+subproblemP3

o 11 ) 2 =+ sul>prcblein &

!tr'e add the trvo nerv prol:leum to the candidate list and rerrrove probleru P2 frorn the <:andidate
list which gires (Pa, Pr, &1. Notc that the problems in the Iist are sorted according to the
LIFO-rule and tlre tiebreaker rule (largest problern nurnber first). Figure 4.3 gir.es the
solution space. The upper br.rund is updated to 2: miu<{-.40.56,39}:40.56. Thc eutry
"-" derlot(:s that the LP-r'ela-xation of protrl<rn P,1 does not have a feasible solution.
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X2

X1 Xz= 6

P+=0 xz= 4

xz= 3

5x1+ gxr- 45
5x.,+ 8xr= 41,rt

xl
7 I

y.r= 1 x;2

Figrrre 4.3: Sub-problents Pt, Ps arld P4

Problem Pa: \\ie select Pa zrs the first problenr in the candidate list. 'I'he LP-relaxation
(arxl thus Pa) is not I'ensible arxl u'e rau eliudnate the problen by Ca^se ll. The up<iated
candidate list is (P3.Pr]. Since we hal,e not added a ncw sub-proi.rlcu tr: tlic list. there is no
update of the upper trounrl.

Problem P3: \{ie serlcct P3 fi'oru t}re candidate list. The optirnal solution of the LP*
relaxation is:r:1 : 1, T2:4.45 and z:40-1s6. \'Ve thrr-s haye Casg 4 ancl har.'e to cleate new
sul>ploblerns:

o x:2{4+subproblernP5
o t:2) 5+sltrproblemP6

Aririing the new prcblerns to the caruliclate list and rerxrving problern P3 frorn the list gir.'es

\Pa,Ps,&l with the new-upper liound r: rnax{40,37,39} :40. Figrue 4.4 s}rows the
solution spa,cc.

Problem P1;: The next problern is P6. The optirnal LP relaxation is 11 : 0, i,rz : 5 anrl
z : 40. This solution is integer and hence rve have Case 1. Since : : 40 is greater than the
l<ln'er txrund we have f<run<l a rrew irr<tunrberrt an<l c<lnsequentlv u'e uJldate the kiu,er b<xurd
to z :40. Finalll.. rve rcrno\,'c prol,rlcrr P6 lroru rire candidate list wirich vielcls (&, fr]. fne
best objective function \r¤ can achieve il'ith these two sub-problerns is 5 : max{40,39} : 49.
Sirrce the incunrbent solution ha.s a.n objectil'e function ralue of : : 40, *'e r:aunot lind a
better solution. Hence rlc har,e found an optimal solution and can stop the branch-and-bound

6

5

4

3

2

1
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algcrritlrrn. Formally, we stop the lrra.uch-and-bourxl algorithur f<>r z - 2. The solution {burxl
is the incumbent, rvhich is 11 : 0, :r;2 : 5 with objectir,'e ftiirction z :40.
Table 4.1 and Figure 4.5 surnrnarize the applicatiorr of the bran<*r'-and-bound pr<icedure
for the exarnple probleur. 'Ihe nuurber given irr parenthe$es on the riglrt side the problenr
nuruber in Figure 4.5 provide the inibrmatiou orr the sequence in which the probiems are
selected from the candidate list. 8.g., "Pe(5)" states that prohlem Pl; is the fifth ploblern
whidr is picke<i frorn the list. Figure 4.6 shows the solutiorrs space of the LP-relaxatiorr if of
P6 as the grey area. The inte.ger solutions are all intersections of a horizontal and a rcrtical
line withirr the grey area. Ftutherulore, the LP rela-xatious of all sub-problems are provided.
Nobe that in total the branch-and-bound procedure has scrutinized file problerns. i.e.. Ps.
Pz, Pt, Pa, ancl P1;, which is consiclerably less than enunerating all 25 integer solutions. In
column 8 rif Table 4.1, A denotes the solution ga.p; u,hich is calculated as folkru's:

,. _ l:(best bound) - :(incurnbent)l
- - plirrnurrt errt)l

The solution gap is calculated fbr arry state of the bran<h-arxl-bound alg>rithrn. It measures
the difference of the objective function values betweeu the best possible solution and the
incumbent solution as a percenta.ge of the obja:tive function valne of the incumbent solution.
Exarnple: After har.ing sohe<l problem P6, n¤ obtain a solution gap of L: 2L.32%,. This
inclicates that, ba-sed on the existing incurnbc'nt rn'ith obiectiv-e funr:tion 34 rve can at most
irnprore lry 27.32% to arr otrje.<:tive frurction of 41.25. The best boun<l is the best solutiorr.
which is stiil possible. In case of a maxirnization problem. the objective function of the

xz= 6

Xz= 5

xz= 4

X2= 3

5x1+ 9;r= 45
5x1+ 8xa= 41,25

3
xr= I x1= 2

X2

6

5

4

3

2

5

Figure 4.4: Subpr<lbleurs Pr, Ps urd &

x1
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incurnl:errt solution is z and the objective furrctiorr of the best txrurrcl is 5. In ca,i;e of a
rninirnization problern, thc objective f'unction of thc incunbcnt soltttion is E and thc objcctive
functiou of the best bound is z. When the solution gap turns zero. the optitnal solution ha^s

been fcrturd.

K Brrurch
(Pol

\Pr, h. Ptl

(P". P,1

lP,t, Pr1

, P5,

Opt. Sol.

rr:z<3-+Pr
t:224-+ P2

"r1 (1-+P3
11))1Pn

*214)Ps
.l;,r25-+Po

'I'able .1.1: Protocol of the Branch-and-Bound: LIFO and first branching on r:2

X2<=3 Case

X1(= Case X.=>21

Case Case 3

Case 1

Irrcurnbent
lP sol. Casen.

SoI. LP-rerlax.
11 :I2 3 zzA

&) 2.25 3.75 41.25 41.25 34 21.32% rl1 :t
.t2-,)

4)

P2 1.8 4 4t 41 34 20.b9% 4)

Pa .10.56 34 79.29% 3)
Ps 7 4.44 40.56 40.56 34 79.29% 4)

P6 0540 40 40 }':rt, '.1:1 : $
frz:5

1)

0540

Poi 1

xr=2.25
xz=3.74
z=41.25

P'{ )
xr=3
Xz=3
z=39

xr=1 .8
x2=4
241

Ps(4)
x.=1
x2=4-45
z=40.56 solution

Pcl
xt=1
xz=4
z=37

Xr=0
xa=5
z=40

Figure.4.5: Branch-and-Bound tree rvhen using LIFO and first l.rrtrnching on :r2
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X2

P5 (x1=0, xz=S, z-40)
P3 {x1=t X2=4.45, z=40.56)

P5{x1=1 x24,*371
P2(x1=1.8. xr4,z41)

atF F4 (not feasible)
(xr=2.25, X2=3.74, Z=41 .25)

P1(x1=3, x2=3, z=39)

Figue 4.6: Solutiorrs visited b;, the Branch-and-Bound procedure with LIFO and branching
Ofi fr2

The flor*'chart given in Figure 4.7 provides the details of the branch-and-bound procedure
for solving a maximization problem. The notation is given in Table 4.2.

5

4

3

2

1

^

^

x1

1
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fia

Figure 4.7: Florvchart of the bra,nch-and-botmd procedurc

Pi : (Sub-)Problem i (i :0,1,.. .)
(] : Candiclate list
{ : Feasible solution lbr the integer problern P6
{i; : Optimal solution of the relaxation of t}re starting problem Pll
4 : Optinial solution of the relaxati<ln of (sub-)problern P, {i : 0,2,. ..)
e(r) : Objcctive function ralue of solution r
i : Lower bound of the objectir.'e function ralue of the (starting) problern f,0
Z : Upper irourrd of the otrjectir.,e firrrction value of the (startirrg) prriblern P1y

105

no

&rt
Betennineteaeibh *t.,tm?*Fo + lorarer bound 3=2fi!,

Oeterminaopt solulion Id' fpr he rebr of Po * upparbound?=4U?

Btop
;r ia opt. sol,

a orjt
Batrmiao*tElF-,

yc6

tx) &t
feasible?

no

yet

laeS

no

ye3
rkxit

E z(&']
fmF? et&'l > &?

Csee 3

ye8
r{x'} s *?Case tr

Ca*e4
Greete et.&grobbms
ard inserttlpm il*o

Table 4.2: Notation for the Branch-and-Bormd flowr:hart

Table 4.3 gives the protocol rvhen solving the problem u'ith Bra,nr:h-and-Bouncl u.here sut>
pnrblems are seler:ted with LFIO and the first brant:hing is on 11.



n.
Sol. LP-relax

!A1 fr2 Z =iA
Best
IP sol Case

Ps 2.2!: 3.75 41.25 4L.25 34 2L.32% :Lt:2
'J)2: t

4)

1)P2 3339 41.11 39 5.41%
.4)Pt 2 3.88 41.11 41.11 39 5.47%

P4 1.8 4 4t 41 39 5.13% 4)

P6 40.56 39 4.A0% 3)
P-" t 4.4 40.56 40.56 39 4.00% 1)

P8 0540 40 ,10 0% rt :0
fiz:5

1)

0540

K
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Branclr
h124Pt
nZ3-+Pz

J2( l, -s P,
:.z)5+I'a

.lg
:1,2

I1
X1

3
4

P3
Pa
Irs
P6

-+
-+
-+
-+

1

2
PsPo, Ps

Pi,,

(Pa. Pi,

Opt. Sol.

Ta.ble 4.3: Prototril of the Branch-and-Bound: LIFO and first branchirrpl on 11

4.3.2 Tluncated Branch-and-Bound

In the cir"se of truncated branch--and-b<xrrrd u,e don't stop the pr<rce<lure rurtil there are no
urore candidate Jx'obleurs iu thc list but as sooil as s,'e have foturd a,solution with a solution
gap. rvhich is less than or erlual to a, maxirnal solution gap I. E.g. for A : 20%, the
truncated lrranch-anrl*bound pror:ecltue rn'orrlcl have stopped rn'ith the incumberrt solution
it1 : t,:r2 : 3, arxl .s : 24 ouce the list I{ : (Pt, P3, Prl u'ith upper bound I : 40.56 had
been generated because A : 19.?9 < A : 20.

Figure 4.8 gives the flolvr:ha,rt for the truncated brarrch-and-bounti procedure.
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y65

a no

n0

no

Figure 4.8: Fkrwcheut of ttre truncat<xl branch-and--hound procedrtre

4.8.3 Solving the Relaxation without the Simplex Algorithm

Re{'erence: Winston [1t] pp. 467 -- 468 a"nd 516 - 519.

Let lm consider the following eapital budgeting problern with an a.r,nilable budget of 14:

Project ff) V'alue (c.i) Required Budget (ai) Value per required budget unit ( 9i )

gErt

Der¤rmine roasio* *,ro"n fi"l?] .* blyer bound r:281, s¤r ii
Mermine opt" Bdution &, for the relan of P5 :r upper bound i=20b.)

Stop
XIie opt. col.

Stop
is l-sol.

a out

Ddob frorn K
Detbrmine &r of Pr

yes

no s
fsasiHe? ns:i ?

F
f;o&',for P;? zl8'r>*

Ca*3

l,ef z&\s*

Cas6 4

Case 2

Create subpr&larns
and insed lhem ints K

5
I

4
3

16
22
L2
8

1

2
3
,4

3.20
3.14
11.00

2.67

Table 4.4: Capital budgeting example
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Selectiugalllburprojects.wouldrequirealxrclgetofS*T+4+3:lgrvhichobviousl_vis
not feasible. Hence u'e har,r to select tr, subsct of thc fr:rur projects which does rrot requirc a
budget of nrore than 14 an<l u,hich rnaxirnizes the surn of the ralues. N,lodeling the protrlenr
as binarv problcm r.r'e obtain:

IIax ; : 16;rr * 22x2* 1213 * Sra

subject to
5r, + 7t:21 4r:t * 3a:,r ! 14

rj ¤ {1.0} (t : t,2,3.4)

(4.21)

(1,22)
(,1.23)

Let us first deterrnine a.lou'er ancl an upper bouncl for the problem.

Upper Bound. Fbr this we relax prohlern (4.21) - (,X.23) b.v defining the binary variables
;u3 to be continuous in tire inten'al 0 S r; ( 1. i[']rat is we can seler:t frorn each project a
con[iuuous arnonrrt betw-een 0 arrd 100%. Norv lo<lking at the ralue per lequired buclget unit
fr of the plojects u,c make a decisiot on thei relaxed :r! such that the s(rarce txrlget is used
to create the tniuiinrum r.'alue. Clearly we select first the project 'with the lrighest ! rrhi<:li is
proiect 1. From this proiect wer realize as ruuch as possil,rle u'hich is lr1 : 1. B-v ttlis we hare
crcatcd a vahre of 16 and thc rernainirrg budgrt is 14 - 5 : 9. Now u'e ask ottrse,'h'es u'hich
of the projects still arailal.rle (projects 2, li arxl 4) rnakes the largest c:ontribution per bu<lget,
unit. This is project 2. We try to rcalizc a.s rnuch as possible of this proiect i,vhich is :t'z : 1.

T'his increases the r.'alue of the seler:tecl projects to 38 and the renrainirrg budget is decreased
to 9 - 7 :2. The rrext project ro be sclcrted is project 3 and the largest arnouut rvhich can
be realizecl is 13 : 0.5 since projcct 3 requires a, bu<lget of "t txrt only 2 buclget unit ale left.
B), selecting Jir] : 0.5 ttre ralue is increasetl to ll8 * 0.5 ' 12 : 44 antl the rernairring llxlget
is decrcased to 2 - 0.5 . 4 : 0. The solntion o'btaincd is the optirnal solution of the lincar
problem (.4.21) (4.22) u.ith 0 ( ;i S I and tlus r.r,e have an upper bound 2 : 4.,1. Note
that have obtairrecl this borurcl without solving the prcilrlcrn rvith the Simplex iilgoriclrru.

Lower Bound. Ftrl the lou,cr bouud we take cire sohrtion obtaiued a,ncl rouud dorvn tlte
fractional r.aria.bks which givt:s ir1 : 1, rz : 1, r:l : 0 a,1d ;?:4 : {) rvith : : 38 ancl thus
; : 38. Furthermore \\'e rrow have A: # :11t.79Yc.

For Lruilding qr the branch-and-bound tree rvc proceed as follows:

Branching. Whenever $.e errcounter Czrse 4 we trranch on the non-integer r,aria.ble ir.i. Note
that rvheu Clasc 4 applies to [he capital budgeciug probk:ur wc ]rar.c exactly orre rrou-integcr
va,riable ancl ht..nce rt'e don't have to rnakc a rlecision on the uon-integt:r r,'ariable usocl for
branching. \\e erreate trlu ]rrarrthes rvhere the lefr lrranch is settiug the variable to t) while
thc right lrranch is sctting the varia]-rle to 1. The sul>problcm created bv setting rr : 0 is
gi'i'en the sntaller arul the sub-problern created by setting r:y : 1 is given the higher nunrber.

Selecting a problem from the candidate list. \\ie sclcct thc problem u,'ith the uraxirnuur
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upper tr<xrnd (rnaximurn upper tround rrrle, \,{UB). Frir this u,e have to calculate fr>r ea,r:h
ncw sub-problem its upper bound.

'Iable 4.5 and F igure 4.9 provicle the details"whcn applving the l>r.a,rrch-a,nd-bouncl proceciur-e
to the capital }:udgeting prol-rlem. Due to using the l,ItlB-mle N,e har.e the inlbrrnation on
the upper bound of a subproblern whenevcr it enters the candidate list,. Thus we can in
each iteration update the upper bound Z by 16].irr* the rnaxirnum upper bound vahres of
all problcnu in rire carrdidate list. For exarnple, ibr che ca.rrdidatcr list (&, Pr] ivc, har,c the
lrpper bounds 43.33 for P1 and 43.71 for P2 and thus i : 13.71. 'Ihe upper bound -14 of
probleur P6 is rtot rralirl zurr* rnore since the tq,o subproblerns P1 arxl P2 hare replaced Ps
and thus ,r : 0.5 is not feasible. In the case of updating : w-e can stop u'ith the optimal
solution after having selected P5. In the case of not updating 5 wc uottld har,c to procecd.
Thble 4.5 an<i Figure 4.9 provide the infornration for the ca*se of rmt up<iating.

xs=0

&=0 Xz=0 Case xz=1

Case 1 Xa=g Case 1 xr ={

Case 1 X1
Case 1 Case 3

Case 1 Gase 3

Figure 4.9: Bra,rrch*and-bouu<l trec for the capital bu<igcting problcm

a!!,
*38

z
1
A =15.79

Xa=1

1
3Xz=1

=0;xr=0.6

=0 No feas- solxr=0'8

feas.
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(Pt, Pl

(P,r' &,

(Pr, Ps,
Pl, Po

, Ps, Pz,
Pr, Pa)
(Py1, P5. P7,
P3, Ps, P6

, Pz. P:, Prr,
Pg, P6.
\Pi, Pt, Pu,
Pr.l, Pa, Prz]
(P3, Plr, Pe.
P6,

, Pg,
Pri,
(P{,'P6,

110

Brauclr UBK
Po J:3:$-1 P,

:I:3: I I P,
rz-0-4P.t
tz: | 1 P,t

'rt :0 J P;
J:1 :]-1 P.
rt:$1P,
ta:l)Px
r': :0 J Pg
J)2:f-+Pro
rt:0-+Prr
tt:7 -+ Prz

43.33
43.7r

42
n.feas.

36
43.6

38
42.86
24
42.8
30
n.feas.

(&;,&zl

Opt. solttion
*) : Case for eliminating the problern P;-

Table ,1.5: Proto<:ol of the Braru:h--an<i-Bourxl pr<rcedure when solvirlg the capital lxrdgeting
probleur

Pi
Stiutiou of the relaxation

,Dl fi2 ;Ii3 :l:4 ; A *)
P0 r I 0.50 44 44

38
t5.79% 4)

P2 1 0.71 I 0 43.71 43.71 t5.030/a
38

4)

Pa 0.6 I 1 0 43.6 t4.74%43.6
38

1)

P1 1 1 0 0.6743.33 43.33 14.03o/a

3B

4)

Pg 1 0.860 1 42.86 42.86 t2.79%
38

,4)

Pro 0.8 1 0 1 42.8 12.63o/a42.8
38

4)

P5 0i1142 42
42

a% 1)

1)P7 110038
Ps 101136 1)

Ptt 010130 1)

Ps 1)100124

P6 n.fcas. 3)

Ptz n.frxrs. 3)

011142



Chapter 5

Network Flow Problems

 
Literature:

o Bertsekas [2] Chapter 1.

o Domschke et d. [a] Chapter 3.

o Wiustou [11] Chapter 8.

o Jen^sen arxl Bard [8] Chapters 5 arrd 6.

Network flow proble..m.s can be modeled and solved as linear progran$. Also, there are algo-
rithrns available. which solve specilic uetwork flow probleurs more efficieutly than applying
the Simplex to a linear program forrnulation.

^ 5.1 Basics and Definitions

Definition 22 A dftected graph (digraph) G: (\',4) i,s made of a set of nod,es V and
a set of arcs A. An, o,rc (i, j) e A is defin,ed by a start nwle i e V and a finish nod,e j e V .

An art (i, j) may haae a wei.qht (or cost) 
"n,j. 

A direc.te.d yaph with arc wei.ghts is d,enoted
asG:{V,A,c).

Definition 23 An undirected graph G : [V,A] is mwle of a set, of nodesV and a set of
e.dges A. An ed,ge [a, j] zs defined, by the two nodes'i and j. An und,ircrtul graph ulr,ere ed,ges

haue costs is d,en,oteil, as G: [V,A,c].

An un<lirected graph ca,n be depicted try a directed graph by substituting each edge [i, j] by
tlte arc (i, j) a,nd the reverse arc U,z). Figures 5.1 shows from left to right a diretrted graph,
a directed graph with arc weights, and an undirected graph.

111
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Figure 5.1: Directe<l graph (left), directed weigirted graph (mi<kile) and undirecterl graph
(right)

Definition 24 A path irL a d,i,gra.plLG : tV,A) i,s a $eq,ueruce ol k > 2 notl.es |n1.n2,....rt*)
a.nd the associo,ted k - I an:s ((n1,n2). (nz, ns), ....{n.pa,n.7,)).

Exantple: The path fronr node 1 r,ia node 2 to uo<le 5 in the left part of Figure 5.1 is defined
by the node sequeuce (1,2.5) and the a"ssociated arr:s ((1,2),(2,5)).

5.2 Minimum Cost Flow Problems

\tr'e <:onsider tlte directed graph 6 : (1i.,1. c, ), rc) u'ith node set V, ar<: set A, arc costs
c:i.i e lR, minimum arc florvs );; ) 0. and rna:iimurn arc flows t;i,i ) A. lbr each node
i. e V we have a, net flow /i e R. The net flow is tlie difference bets'een the florv out
of notle zl and the flow into node l, i.e.. net flox, : outflou' - inflorv. A uet flow of .f, > 0
indicates that noclc r. has tr net supply and a net flow of /, < 0 inclicates that nocle 'l has a net
<lenrarxl. Accor<lingl3r, we call these xl<les "suppl1.'node$" au<l "<lenrald nodes". respectirrel-v.
Examples for sq>plv nr:des are production facilities, which producc a ccrtain nurnlrer of r"urits
per period. An exanrple for a, rlernzrud rto<ie is a. reta.iler, whi<*r sells a certain ruunber of units
to crrstorners. Nodcs for N'hich fi : 0 holds arc calleri "transshiprnent nodes". Exautplcs
fcrr tra,nsshiprnent nrxles are wa,r'ehouses. On average, a warehouse has the sarne rturnber of
units eutering a.rrd leaving the node.

Clonsider the exaruple gir.en in F'igurc 5.2 r,ith node set !' : {1,2,3.,1,5}. arc set A :
{(1,3),(1,4), (:2;1),(3,5).(4,5)}. net flou.-s f : (4,1,-2.0,-3), a.n(l cosrs c.1.3: (:2,4:3,
ct.d: cl,s : c:4,5 : 2. Arc (4,11) has a minitnutrt flow of ,\l.s : 2 and a uraximum flow
of ri4.., : 3. f'he flons of all other arcs a,re unrestrictecl, i.e., le,i : 0 and Fi;,j : cc fbr
(i,j)¤A\{(4,5)i.
The linear progra,m lbnuula,tion of the rniuimurn srst flow problern is given in (5.1) - (5.5).

4
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4 -2
3

f;
(:i,i

1 r r&,r
3 ,2]

Figrrre 5.2: Exarnple of the min cct flow problem

I\{a:< ; : T
(i,i)¤A

s.t.

T *lrj t fi (tev)
(ij)¤A (h,0¤.4

\j ((;, j) e A)
na,i ((i, j) e A)
0 ((i, j) e A)

2

113

(5.1)

(5.2)

Ii-3

VTJ *',J

^ trh,i

X;j
&trt

&7.)

(5.3)
(5.4)
(5.5)

The decision riartable ai.r. defined in constraint (5.5) gives the flow for each arc (i, j) e A.
The objectirc function (5.1) minirnizes the total cost. which is the product of the cost per
unit of florv r:i; multiplied with the flow r;; srunmed up ove.r all ar<s. C-onstraint (5.2) gives
for eac:h rrode a the associated flow balance constraints, which states that the sum of flows
out of node i minus the sum of the flon's into node i equals the net flow of node i. The
constraint (5.3) defines for eadr arc (f. j) the minirnum flow and the constraint (5.4) de.fines
for each arc (i, j) the rna,:cimum flow. Note that for a feasible solutiou. Ir.rfii :0 has to
hold. i.e., the total supply has to be alrral to the total demantl.

The linear program of the miniurum cost flow problem for the example given in Figure 5.2
is as follou's: "

I{ax 3*1.3 * 2t1.a * 3*2,a * 2rs,s * 2xa,5

s.t.
't:Ls * fir,a

.Dt t
f,s,s - sr3

IA,S-frt,a-*Z,l
-3.3,r - fir,s

t*,5
fra,S

'l L,g r'i L,4 r'.t 2,4 r'.L g,g, I 4,9

:4
:1

_t
:0

_a

Table 5.1 presents this line.ar program in a variant of the tableau representatiou introduced
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in Cha,pter 3. The tlift'ereuce to the representation rrsetl in Ctha,pter 3 is that the Lp is not,
required to be in standard form. there is rro colurnn, wlfch gives the l:ase r,ariablc for eaclr
constraint. arxl that the ralue of the right-hand side is gir,en in the rightnrost c<ilunrn. \\.Ie
onl-v provide nonzero entries in the tableau. lf there is no entry, then the coellicierrrt is 0.

:[t.:t ;r:1,.{ XZ..t :[:1,5 :I4,b IIHS
Objectii,'efunction: 3 ? 3 2 2

Flow tralance coustrairrt norle 1: 1

FIow Lralancc constraint nodc 2:
Flow balarrce constraint rrocle 3: -1
Flow balarrce conrtraint node 4:
I lou' balanr:e constrair* node 5:

Ilin flow coustraint arc (4,5):
Max flou' constraint arc (4,5):

I'able 5.1: LP of the exa.mple of the minimurn cost flow problern in tableau notatior

I.he inforrnation on the graph is represelted iu the florv ltalance constraints of Tableau 5.1.
Let us first look at the columns of thbleau 5.1. Each cxrlumns represents the flow rarialile
r,i,i of. onrr arc (r. j). Going down ther rorvs of the colurnn, rve have for the starting nocle of
the arc a 1 entr5, ancl for the entliug rro<le of the arc a - 1 errtr1.. All other entries are 0. E.g..
for the colurnn of variable ;rl.s we have a 1 entry in the flou: balance constraint of node 1 and
a -1 entry in the flow bala,nce constraints of node 3. Let us rrow look at the rows. Ear:h row
of the flou, balance constraiuts re.presents oue node r. Reading the rorv of the florv biLlanr:c
cortstraint for node i i,l.e have a -1 cntry for all r:olumns;r:p,i. for which the a,rc (ft,r) leacls
int<i node r. arxi a 1eutr1.- for all <:oluuurs r:i.i, Ibr rvhich the arc (i,i) Iearis out of rxr<ie e.

E.g., for the flow bala.nce constraint relating to node.{, we harrc the eutries -t for the flow
varia.bles r;1,q and r:2.4 ilssociated with the arcs (1,4) rnid (2.4) leadirig intti rrode 4 a.tttl u,e
have the entries 1 for the flou, r,ariable r4.;, associa,ted with the arc (4,5) leacliug out of rroder

4

Solvirrg the exaurple problern gives the solution depicted iu Figure 5.ll with total crost of 20.
Notc that the solution is integer although we have solvcd an LP. This is due to the special
structure of the nrinimum crost flox' problenr. Horvever, olx,iouslt' it holds oull,' for the ciue
of integer net flor.vs fi.

5.2.L The Transportation Problem

The tra,usporta,tion problenr is a s1>et.:ial nrininrurn cost flow problem u'here there ate onh'
supplv nodes and dcurand nr:des but no transshipment nodes. There axe no a,rcs bcttren
any pair of suppil, nocles arxl between ar\}. pair of denrand no<les. Arr:s are only leading from
supplv nodes bo clernand nodes. An arc fi'om a suppl.v node z to a, <lcurand nodc.f rcprcseuts
a transportation link bertrvec.l the two uodes. If there cxist no arc bc[u'ccn supplv nodc I

1

1

1

1

1

4
1

2
0

-3
2
3

1

1

- 1 -1
-1
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t

Figure 5.3: Olrtimal solution of the exa,tnple of the the minitnum cost flow prol-rlem

and dernand node j. no flow can exist frorn node i tr: node j. Figure 5.4 gives an exaurplc
of a tr"ansportation problern for rn'hich 'Ilabte 5.2 provides the tatrleau of the lirtear prograrn.
Note that the cost rnatrix c given in Figure 5.4 provides only entries fetr arcs given irr the
graph.

*s

*s f.J{ J;
12 f;x

*8

!'igure 5.4: Example of the transportation problem

iI Ir4
$,1 S

inH

(r1

Fkr*' balarrce constraint n<xle 1:
FIow balance constraint node 2:
Florv tralance q>nstraint no<le 3:
Flow balalce constraint node 4:
F low balarrce <xrnstra.int node 5:

111 7
12

-6
-5
-8

111
1 -1

-1 -1
-1 -1

Table 5.2: LP of the exarnple of the transportatiorr problent in tableatr notation

A special application of the transportation problem is the a*s*qigrrrnent of outgoing stuclent tt>
interlational universities. The supplv uodes depict a sct of students. whicli have applkld fbr
an interna.tional semester at a partner univemity. Each stuclent (and thus supply node) has
a uet florv of 1. Next, ue have a set of demand nodes where each rlemand node tlepicts a,n

international partner university. 'I'he net florv of the unirersi$ is the nunrher of incoming
strxlents. the uril'ersitv likes to u'elcorne for one semester". I'he c<lst r:;,5 depicts the preference
of studcu[ f for urrir,'ersity j. Note t]rat the costs ]rar.e to be negatirc since t]re objective
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fuuction of the tninitnuur t:ost flo'w p'oblern tnitrimizes the total crrst. The la,rger the absohtte
value of ci.i. the higher the prcfercnce of student 'i for unir''ersity i is'

Figrue 5.5 gives an exa.rtple of the stuient a^ssignrnent prtblern, 'Ihble 5.6 gir,'es the a"iisociated

LP in tableau notation. anti Figure 5.6 gives ttre optirnal soltrtion.

Students Universities
*R *?

*I$
_ 1{)*5 *5

*1

I

l

I 0
0
0
0

lt li
I

I

J} c:

F'igure 5.5: Exarnple of the protrlem of zussigning students to universities

OF: -8 -2 0 -10 0 -10 {) -5 -5 0
FBCiI: I
FBC2:
FBC3:
FBC] 4 :

L:BC 5 : -1
FBC6:
FBC 7:

11 1

1

1

1

1

2
1

1

11
11

-1
1

1

-1

1

-1
-1 -1

-1 -1 -1
Table 5.3: LP r.lf the student assignrnent problem in tableau notation

Students Universities

I _I
f, fi:I

1

1

1

Figure 5.6: Optirnal solution of the prohlem of assiguirrg students to rniversitirs
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5.2.2 The Assignment Problem

'l'he assignnient problem is a special trarxportatiot and thus minimum cost flow problern
q'here the rrurnber of supply no<les is e-qual to the number of dernaxl nodes. each supplv node
has a net flow of 1, and each demand node a net flon'of -1. An arc (e,3) depicts if supplv
node rl can be assigned to <lemanrl no<le 7. A solution of the assigunent problem connects
each supplv noder d n ith a flow of 1 to exactl;i one detrand nocle ancl vice versa. 'I'he arcs,
for u'hich l:i.,j : t holcls u.ill form pairs between one suppl.v nodc and one clernand nocle.
The optirnal soluticlrr provitles the set of pairs of no<les rvith rninitnal mst. An exantple of
the a,ssignment problem is the a.ssignrnent of jobs to n'orkers. The supply nodc depict the
workers arxl the demand no<les depict the jobs. The cost e.i > 0 on aro (r., j) gir.es the time
worker r. rreeds to undertake job f . Thc assignrnelt problem [hc.n assigns eac]r u,orker to one
jo}: such that the total tirne to rurdertake all iobs is ufnirnizcd.

5.2.3 Shortest Path Problems

Often ll'e are interested in the shortest path from one start node s ¤ 1,' to a terminal node
t e V. The term "shorte.fit" refers to the sum of the costs q1 <tf the arcs we axe traversing
rvhen rnoving trorn s to f . This might refer to distance, cost or trarel time. \\'e can rnodel
the shortest path problenr as a special minimum cost flow problem by defining nocle s as
single supply node with net flow _f" : 1 and node t as single dernarrd node with nct flow
fi : -1. All other rtodes 'i e V \ {r, r} are defined a.s transshiprnent nodes ivith fi : 0. For
all a.r'cs (i,;) e A ne have .trr, :0 and K;,i : x
Rrr the shortest path frorr .s : 1 to t : 5 in the graph gir,-en in Figure 5.2, u,e obtain the
LP in ta.bleau notatiou gir.cn in Table 5.4.

:Lt,:l Dt,q fr2.,t Xit,t Ja,5 RHS
Objcctivcfunction: 3 2 3 2 2

F'Iow balancc constraint node 1:
Flow halance constraint node 2:
Flow balance constraint rrclde 3:
Flow l-ralance constraint node 4:
Florv balance constraint, node 5:

11

1

1

1

0
0
0
1

1

-1 1

-1 -1
-1

Table 5.4: LP of the exarnple of the slxrrtest patli problern in tableau notation

If u'e x.ant to deterrnine the shoftest path from a node s ¤ [,' to all rcmaining nodes ]'\ { r},
then n'e ha.ve to a"ssilrg a, net flow of /, : ll,'l * 1 to the no<le s nnd a net florv of f, : -1 to
all nodes j e V \{r}. Table 5.5 providcs thc LP in rab}eau notarion fbr t}ris case applied to
the example givtn in Figure 5.2.
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ll:t.ll if:,a, ;I?,+ fi.,i, lI.*.S I:lI'lS
Ohiectivofunttiou: :l 2 3 ! 2

Flow balnnct:
]:i'lo'n' lra,ialnr.e
FI*u'balilnc'e
li'Ir:u, balance
I;'l<>n, Jrala.nc<:

const,raint node
tnnstrilint node
rr.rustraittt. node
cr-nrstra,int node
<:<iristra.int n<lrle

t:
2:
,).
t).

4:
ir:

1

*1

1

i

-1 -1
I

A,
1

1

1

I

1

1-1
'Ia.ble ir.l=r: 'lhblean uotntiou of tire LI) firr tire exiurple for dcdving tiie slxrrtest pa,ths fi'on]
ncxlc 1 to all othcr uotles

The Dijkstra Algorithm

lllh*r Dijkstra algorithrn c;ilculat<is tho sholt{}st pr*hs from a singlc stalt node s ro all *thcl
uo<les r ¤ 1,'' rif the grrqrh irrcludirr.q s withorrt. lrsiug an LP. A prerequisil;e for the algr;rithrn
is a graph q,ith non ur:gative arc ueight;s r.:,;., ) $ tbr all (i,-rj ¤ ,'1. Tire Dijksrla algorithrn
rrses tlrc tv;<> r.'er:tr>Ls rl a,nd p lrf size rr where n (Iel]ores tlte tuutbt:r r:f nt.rties rlf tl)e gralrh.
i.t,.. rr: ll,'1.

o dJL,...,nj,thered[r] givest,]rer ierrgt]rof t]re$h{r$e.'it.;ralhtromtrotle,:i,ouexlei.

o 1.r[1,....?].1, rvhere pii, gives ilte itnrne<liate preclecessor riride of rxitkr ';. plil is t]:e last
nr-rde visitcrl bctblc rr.rachinH uo<le i orl lhe shcrrtcst palh li'uu rtode.s to nr-ttlt:'i.

firrthenn*r'e, ttre Dijkstra algorit,hru uses a srtbset of no<les tr{ c 1,'. A norle ;l is adde<l t,<r

i1..1 r-rucr we havc determincrl a Iirst path fimn s to a. Nodt' i is rcmr:ved li'orn l/ oltce $rc

lintrw tlrirr, n'e hir:i'e fouud the slxrt't<*t path front s to i.

I;'igrre 5.7: !-xaurplci prrhlcnr tirr tIrc Dijl;stra algolitlrrr:

Exaruple: Consider t,he srrtrgr;rtrrh <xrnsisl;ing of rxrdes 1,' : {1.2.3} aud arc's .,{ -
i(1,2),(1,3),i3,2)) of tix: tlilected grapir gir,'en in l|igtuc 5"7 q,htre u,e ha,l.e caiculaterl
the -"lrortest <listi:.nces firrui norle s : I to ;JI uther nrxles a.rd thr: result is r1 : ({}.7,3) arid

o

s 1

s4
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p : (1,3. 1). Firrur d we cau see tirat the slxrrtest <listance from norle I to no<le 2 is rl[2]:7.
Thc sirortest path with tiris lcrrgth cal bc deterrnilcd as {bllorvs. From p[2] : 3 rve kuow
that the last rxr<le u.(] Ilal,e to visit bcfore ue reirch rurrle 2 is nrxk: 3. ln otlxlr rvords. r,r'e rvill
use arc (3,2) in or<ler to reach no<le 2. Norv tr'e (:an l<lok up ttre imure<liate pre<lecessor rxrde
of rrocle 3. This is p[3] : 1. That is. rve will use arc (1.3) in order to reach notle 3. Since
the sta.rt no<le of this alc is rrode 1, u,e har.'e founcl the start of the shortest path fxxrr nocle
1 to uode 2. Thc arc sequcucc of the shortcst path is ((1,3), (3,2)) and rhe noder sequerrcc
is (1,3.2).

Tire gerreral itlea of the Dijkstra algorithrr is as fblkrws. In each iteration. the uo<le i e h{
with the surallest d[z]-r.aJuc is se]ected. Bv this n'e have found the s]rortest path frorn s to zl.

Node i is then rernoved frorn ,[/ and cach direct successor j of i (i.e., eac]r node for rv]rich
an arc lea,<is frorn i to y) is a.d<ie<i to I.1 if the <iistarrc:e via el. i.e., dfi,l* ci.r. is srnallel tharr
thc currerrt distance d[i] aud i is not alrcad-v iri ,1,1. At the beginning of t]re algorit]rm. lbr
all no<les i exccpt the stalt no<le s thc distance is initia,lized to rlftl : oo. The pseudocodo
of the Dijkstra algorithru is gir,en irr Figure 5.8.

Dijkstra Algorithm
Initialization

t, -t1,1 : {s}
z: rl[s] --0, d[i.]: cc {irr all z e V'\ {r}
':, p[s] : s, p[r]] is emptv for all I e I'' \ {s}

Iteration
d: if r1.1 is rtot cmpt1.' then
ir: C-'lxrose txrde h ¤ ,i1.1 rvith srnallest d[A]
6: Dcletc fu from ,l,l
7: for all rxrcles i with (ii, z) e A do
8: it dLil > ,llhl1a:6.; thene: ,r[r] : dlhl + c1,.i1o: pvl: h.

11: if t is rxit iu ,1,1 then
L2 lnsert z into ,rl,{

13: end if
14: end if
15: end for
16: end if

Figure 5.8: Pseudr><x><1e of the Diikstra algorithrn

Let us apply thc Diikstra algoritlirn to thc rveigirte<i digraph gir.en in Figue 5.7 rvith s : 1

Thc irritializatiorr gil,es

Initialization
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Iteration 1: In the first iteration, node 1is selected (ft,:1) and:r,fterwards deletetl frorn
set ,11 (lines 4 - tj of the pseutlomde). The selected rrode is rnarked witir a lxrx in the table.
Afterwards, we check for each node, 'i for which an arc leads frorn nodc ft, : L to rl if rve can
reduce the currerrt distax:e dfr] if \\,e use the arc (i, z,) to reach node r.. f'his is frrr rxrdes
2.3. arid 4 the case and accordingl.r'. rhcir discance d and their iurnediate predecessol F, are
updatecl. F\trtheirnor<1, sitrce noml of the n<xles 2.3, :rnd 4 i-s in ,1,1. these nodes are a.dded to
;1,1. The state of the algorithm after the lirst iteration is thrrs as follows:

0
1

A,I - 42,3,

Iteration 2: Since ,1,1 is not ernpty'. the node i u'ith the srnallest d[z] is selected. This is
ru<ie 3 and hence we harre h: 3. We now knox' that u'e have fountl the shortest path lrorn
nodc s : L to node 3 and accordingll'. wc delete node 3 from :11. l'rom node 3 arcs lcad to
nodes 2, 4. iurd 5. Herrce, we have to check for each of these rrotles i. ¤ {2,4,5} if we oar}
reduce the crurent clistauce d[r] bV choosing a path, rvhere the last arc is (fu, i.). \!-c start
witlrrxrdei:2.T'hecurentdistanceisd[2] :gbutwhenusingapathr.ianodeh:3
ule obtain a distance of rJ[3] : 3 plus (3,2 :4, ruhich is 7 and t]rus slxrrter than the <:urrerrt
distance. Hence. rl'e update dl21 : 7 a.nd pl21 : 3. The update of p[2] : 3 states that u,g
will use the arc (3.2) as last arc on the pa,th frorn node s : 1 to nodc 2. \\'e now turn to
nocle i : 4. 'fhe distance for this node can alsr: tre up<lated to d[a] : 7 and the new la^st
a.rc is (3,4), which states that node 3 is the la,st no<le [raversed on t]re pat]r belbrc n'e rcach
nodc 4. Irinallr,, nodc 5 is updated from d[5] : oo to d[5] : 5. Since node 5 has not been in
;1,1 it is ad<ied t<t A,[. T]re folknvirrg table gives the state of t]re algorithm alter t]re secorxi
iteration:

dli,)
p[i.l

Iteration 3: .,tf is not cmpty and we select, node 5" n'irich h:us tire smallest d[r.]-value. Node
5 is rernuvetl after*'ar<ls. \\ie check if we carr re<luce the rlistarrc:e for no<le 2, because arc
(5.2) leads into node 2. The dista.nce for node 2 can be further redtrced and we update
d[zJ : 6 arxi pl21 :5. Node 2 is alrea,dy irr ,1,I and stal's there. The state of the algorithrn
af[c-.r iteratiorr 3 is:

1

{1}

5.t32
oo Do oo oo0

Iptrl
t{

.)
d2 5

CC

4
8
1

3
1

I
1

54
7
J

0
1

4,{2,

5
3

7
3

3
1

NI )5

1

3t2
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?,

d, '1,

pl'i)
L{ : {2.4,}

Iteration 4: lvl is 16[ gmpty and wc select rroder 2, w]ric]r has the smallest d[z]-ralue. Node
2 is removed afterrvards. Node 2 ha^s no orrtgoing an:s and hence we cannot check for a"uy

redu*ions of ttre distarrce. The state of the algorithm aller iteration 4 is:

d, 6

06375
15133

7
3

3
1

0637 5
15111 3

543
'L 0

1

X,I : {a}

5
35

Iteration 5: :11 is not ernpt-v and we sclect node 4, which has the sruallest d[i]-r,aiue. Node 4
is remor.'ed a.fterr+'arcls. Node.4 has an outgoing ruc to nocle 5. Hou,ever, the r:urrcnt distance
r/[5] caurmt be reduced. The state of ttre algorit]rur after iteration 5 is:

i 5
,tli,)

lI-

Siuce i'11 is enrptl,. the Dijkstra algoriclun stops rvith ther optirnal solution gir,-en iu the state
of the algoritlrrn after iteration 5. 'I'he shorttst distanr:e f<rr node s : 1 to node 2 is d[2] : 5
and the a"ssociated path is deterrnined ra:ursi'i'ely- :l"s iblbws: The inrurediate predecessor
node of node 2 is p[2] : 5. T]re iurrnediate predecessor node of node 5 is 7i[5] : 3. T]re
imrnetliate pre<lecessor no<le of no<le 3 is p[:3] : 1,. Hence, tire optirral nrxle sequeru:e from
nodc 1 to node 2 is (1.3,5,2) and the associatcd axc sequcrce is ((i.3), (3,5), (5,2)).

Note that the Dijstra tr,lgorithm selcets and cleletes exactlv one node frorn ,i1,1 in each iteration
arrcl stops ox:e ,i1,1 is ernpty. Hence. the nuurlnr of iteratklns equals the rnunber <lf rxitles of
thc graph. If we a,r'e not intcrested in the shortcst distance flom nodc s to all nodes in thc
graph V but to a subset of nodes !". rr'e can stop the algoritirn as soon a,s er.ery node of
V'ha"s been selectecl a.nd rernove<l from iff. For exarnple. for !": {1,3,rr}, we can strip the
Diikstra algorithrn after iteration 3.

Observation: Let r:(z) be the node lem<n'cd in iteration i. : 1,. . .,lvl. It holds d[r:(e)] S
dlr;(i. + 1)] fori : L,... ,lL'l - 1, i.e.. the distance of the picked arxl rernovetl nodes is non-
decreasing in thc ordcr of the selection. For our example r.r.e harr dlll :0 < d[3] - 3 <
d[5] : 5 < d[2)- 6 < d,la] : 7.

51234

21

,1123
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The Floyd-Warshall Algorithm

The Flo;'d-\t'arshall algorithm (see Ahuja et aI. [1] pp. 147) calculates shortest distances
between all node pairs of the graph. In contrast to the Dijlcstra algorithrn there are no
prerequisites for applyirrg the algorithrn, i.e., arc weights <un be negative and the graph can
have c:vcles. The Floyd-\la,rshall algorithm uses the following notation:

r Distance matrix d q'here d[r, j] contains tlre shortest distance frorn node i e. V to node
j ev.

o Predecassor matrix p where p[i, j] den<rtes the imrnediate predecessor node of nocle
j ¤V on the shortest path from uode a e Y to node j e V.

Note that the uratrices d and p are straight forward extension of the vectors d a,nd p of the
Diikstra algorithm. F'igure 5.9 provides the pseudocode of the l'lovd-Wa.rshall algorithm.

Floyd-Warshall Algorithm
Initialization

1: for all nodes i e Y do
2: Set dr.; :0 an{ P,i,t :'i
rl: for all node*; j e V \ {i} do
4: it (i, j) ¤ A then
5: Set r11; - ri; and P4.i : i,

6: else
7: Set d;.i : oo and Pi,i :' - '
8: end if
9: end for

10: end for

Iteration
11: for all nocles tr ¤ Y do
12: for all nodes i e Y do
13: for aII nodesj ¤ Y do
14: if di..i ) tli," * d,,i thLen
L5: Set r{,; : d.i.,o 'Y d,rj
16: Set pa; : Pn.i
17: end if
18: end for
19: end for
20: end for

Figure 5.9: Pseudocode of the Flo"vd-ldarshall algorithm
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\1'e appl-v the Fhyd-\trrarshall algorithrn for the w-eighted digraph gi'i,err in Figure 5.7. Table
5.6 givcs thc state of the Floyd-\\,arshall algoritlun after the initialization. In row i and
cohunn j ttre table provides the r.alues of d[ri.7] and p[i. j] sepa.rated b.v* a sernicolon.

1.2345
1

2
3
1
5

0;1
oo; -
oo; -
oc,;-
oo;-

9;1
U;2
4;3

oc; -
1;5

3,1
CC; _
0;3

cc; -
cc; -

8;1
oo: -
4;3
0;4

oo; -

oo; -
oo; -
2;3
5;4
0;5

Table 5.6: Flovd-\\rarshall algorithrn: d- nnd p-rnatrix aftcr the inicialization

Initialization: After the initializa,tion w'e obtain the distarrr:e rnatrix d antl the predecessor
ruatrix p gir,'eu iu Table 5.6. \\'e can obserre three different tlpes of entries in the matrix.
li'irst, in tire dia.gonals, we have the entries dli,i,1:0 and trtfi.,i,J : r, for r, - 1,. . . ,5. Ser:ond.
f<rr each arc (i,j) ¤-,{ we have an entry- d[i.j] : cr.j itrfld pli, j):i. Irr our exarnplex'e have
l,4l :8 arcs and thus 8 of these entries. Third, for all other entries n'e harc d[i. j] : oo and
p[i. j) -- -. This ixlicates that there is no direct arc connection betneen no<le i and node j.
We norv consider tire iteratious. The {irst for-loop in line 11 of the algorithrn s}rc.rus tliat u,e
ha,i,e l}"l iterations. In each iteration one node will be seltxrted. The nodes can be pi<'ked in
an;, order. lbr our example. we select the nodcs in the or<ler of <lcscencling ttutnbers, i.e.. 5"
4. :J, 2. and 1. Har.'ing selected a notle r it is therr checked if for all tnrnbinatiotts of the otirer
nodes a path via r can shorten the distance betwecn the nodes. This is done in the lines 12
- 19. In the ftrlbwirrg we structure the preserrtation along the xrde iteration on the trighest
lcvel gir,eu b-v line 11.

Iteration L : Node 5 is seler:ted, i.e.. tr:5. In Figure 5.10 w'e pror.ide the folbwing
inforrnation: Orr the left the state of tire p- aul d-rnatrlx at the start of the iteratit)rr are
given. Gre"v highlightcd are the row and the colurnn of the activitv t,. rhich has been selected
in this iteration. in the nriddle of the figure, a graph is given. which depicts all curreutly
existing distances d[i, u] < ,co into rrode t and dista.nces d[u, j] < * out of rrodcr t:. On t]re
right of the figure, a ttrble gives al1 cornbinations of a node r. of this graph kading into tr
ancl frorn nocle t, into a rotle j of ttre graph. Each cornbination is giverr in one row. In the
second coluruu the tllstarrce lrc.tu'een i arxl j at the begirrrring of the iteration is giverr arxl in
the third column thc distance is gir,en. rvhich can be obtained by travcrsing tluough node
r,;. In cilse. trar.ersing through rur<le t,' shortens the distan<:e between z and j up<iating takes
trllace . F<lr iteratiou 1, the update<l d- arrd 3r.nratrices are giren in T:eble 5.7 whcrrc thc cclls
[i. j] with changecl d- and pentries are hig'hlighted in gre-v.



0;1
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9;1
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3;i
oc; *
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4;3
0;4
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Figure 5.1[]: Iteration 1 of tlre Fltiyd-Warshall algorit]rm N'ith r.; : 5

+
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6

12345
1,
3
4
5

0;1
co; *
,JC; -
cc; -
oo;-

5
oo;-
oa;--
2;3

0;1

*;*
oo: -
DA; *

9;1
0;2
,di., 1;ii

$i'&;;::

3;1
oa;*
0;3

oo: -
oo; -

8;1
cc; -
4;3
0;4

oc; -

oo;-
DO; -
2;3
5;,.1

0;51;5

Thble 5.7: [']o1,d-\!'eirsirall algorithm: d,- und p-matrlx after iteration 1

Iteration 2: Ffode 4 is selec:ted, i.e., il : 4. l]pdating of distances is done for the path fruur
node 1 to node 5. T'able 5.8 gir.'es the d- and lrmatrlx r:r,fter the updating. 'Ihe predccessor'
irrfirrruatiorr is updatetl a"s fblkms: trfL,5j - pi_4,5] : *.

321
(i., j) itli, jl d[r, 5] + d[5, j]

^

1

2
3

(1,2)
(1,5)
(3.2)
(3,5)

I
oo
3
2

8+6:14
8-i-5:L3
4*6.=10
4+5:9

5 0;5

Figure 5.11.: Iteratiorr 2 of tim Flo.vri-\liars]rall rrJgorit]un wit,h t' : ,{

1.23"1it
1

2
il
4
5

9;1 3;1 8;1
0;2 0o: - oCI; -
i3; 5 0; lt 4;3
6;5 oo; - 0;4
l;5 o*;* cc;-

cc; -
2;i3
5;4
0;5

r d.{'i, i

0;1 9;1 3;1
.cc,; -- A;2 oCI;-
oc; - 3;5 0;3

an;- 1;5 cct-

Table 5.8: Flor,d--1d,'a,rsh&ll algorithur: d- und p-uratrk.after iteration 2
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Iteration 3: Node 3 is selecte<l, i.e. u : 3. lipdating of tlistarrce.s is done for the paths
frorn noder 1 to notie 2, from notie 1 to node 4, nnd frour nocle 1 to node 5. Table 5.0 gives
the rJ- aud lrruatdx after the upclating. 'I'he predecessor infrrrutaiiort a.re updated as follorn's:
piL,?]: p[3, 27: 5, p[1,4] : p[l],41 : ll, a.rrcl pfi.,5l : pi3, 5] : 3.

21 45

4)
5)

(1
(1
(1

I
2

4
o

1

2
3
4
5

8;1
oo; -

13;4
Da; - 3

3;1
o0; -
0;3

oo; -
o0; *

ti.j) ,t[i,,j] dF,5l + d[5,j1
,2) I

I
1:3

3+3--S
3+.1:7
4+?:50;4

ocl -
5;4
0;5

0;1
ca; *
cc; -
sci -
oc; *

0;2
3;5
6;tt
1;5

oc;-
4;3
0;.1

oc;*

co; -
2;3
5:4
0;5

Ii'igure 5.1"2: Iteratir:n 3 of tlre Flc},d.\ttushall a,lgorithni with r:3

12:345

Table 5.9: Fkrxl-ldiarshall rilgorithrrr: rJ^ urxl3r-ruatrix al'ter iteratiorr il

Iteration 4: Norle 2 is sels:ted. i.e. il :2. Since there is nr* node. which can be rear:herl
frorr. node 2, no uprlatiug takes plnre. Figurir 5.13 gi.'"es the eussocialed infcrrmaciorr of the d-
and tr>matrix. 

1 :1 45
1 llr I 7;3 5;3

3
4
5

0;3
oo;*
oo; -

4;il 2;3
0;4 5;4

ool - 0;5

Irigure 5.13: Iterntion 4 of the likr,vd \tr'arshall algorithm with r:2

Iteration S: Node L is seiected" i.e. u : 1. Since there is not node which can reach nr;de 1,
no updati.ng takes plar:e and the firral solutiou is obtained. It is givet in the d- ancl tr>nratrlx
of Figure 5.14.

0;1
oo;*

9;1
0:2

rc; - 6;5
.cc; - 1;5

oc
cc; -
cc; *
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33{5
,2

,t
,{
r:U

{l:
9.,J.

t):
1;

? )c,i *
5 0;3
ir mi-
5 ixi--

o(t'; *
4..1.{. J

0:4
ro; -"

,x); -
?;3
ir; '1
(); I>

fiigut'e 5.1^t: It<x'rrtitin i; i.rf t]n li'io]'<i \trin'shail ;r]gtrithrrr rvith u: 1

5.3 The Minimum Spanning Tree Problem

'.[]hrr miniuurm spa,nningt.rc(, prerlilcm cnipl.o-r's a,n irrxiiltr:ted glaph u'ir]r tr]g<l t'tligitts C":
i1,,,4,rj. \Ve rr-a,ttt 1;o fiud a subgr:rph of C)'<if C] s'hidr <x)rtl,irirts ;lll no<les I,' llrt, whtre trlte

sct of tdgr:,s is t'g -4. ;1'hirs io bc suc;h thal, ali nodcs are directl.l'ol intlirt'cl"l-1'tourtccteri
to eadi other. rvltit:h iruplies tha,t tmne of the rx.rdes i-'t isoliLted. T'lLe ob.iettive is to find A'
au<l t.hus 6;" : lli ,4'. cl such thttt lhc sutu of tho txlge rvt:ights is trriuitnizcd' \\'t r;r-rtrsi<1er'

tlic f<illcru.iug e-xarnple (sec L)r:urschk,t et al. ia] pp. !i5):

li'i,qult 5.15: Cral.rir ftrl cakuiarirg a rninitrunt spantring trcc

Ot>rrirlrrsl-v. ail .norltrs arr:r tlirtrtl), or irr<lircttly r-r-uucx;1;r,rd 1;rl r:rach ot,hr.,r arxl thtrrr,r rlrc I1o
isolated tNig<ls. I{ot'r,x,rrr. np tlun't ntxd all of t}rc 10 txlges rvith a total rost of I1i,i,,_.r.,r,.i :
-l(1. Fur (trxiluttr)le. $.e (:iln rlclei,r: txige i?,:r] arrd thns retlur'e thet'tst, lw {:2.;,: ll t,u lJ? u,irhoitt,
having il disronncctcrl r:o<le. \\ic s'ill nr-rw introriuc:e flrt Kmskal algolithrn for r;trtainirlg tilc
nlirtiniurn s1:autting tret), tlr;'rt is ir unrlire<:ted gr*pli n'here thol'e ilre nu tlisrumrect<xl rxlde-*
aurl n itt)tc lhe suru of lhc u-r,lt r.rf ilrt edges is luiuirrrurn. ]-igurcr 5.16 providt}ir t lxr pscutl<.,code
of tlrr: Iirrrskal algorilhrn.

In ti*r initi;iliza,tiol) $r{r sort rlxr edges [i,l] e .l il<rrlding t(] r1(]1] drrr:trasir:g <:ost-q r:;,.i. i.e..
the etlge ri,ith l,lre louest, trisi. first,. rvith the ser'orrd ios'est se<l.ru<l ett.r. Iri rilse of edges u.il.h
identical cost, r,ve sort iillii; nr:cr-rrding tr.r'r, zuxl ihcn to y rvith ihe surallest nurnher alwrws
first. Applf iug tlie Knrskal a,lgoritlirri tr: tlre exanrple siveu irr li'igure 5.11'r s'e obtairr the list
t : {[1,31, {2,5i. i3,5], :1,I. [2.3i. i+,::ll, iS. ti:, 11,,.1!, ii],6i, i.l, ti]]. Ati,crrvards, nc prrfonn t]re

3

4

4

{

2 43
1

4



CHAPTER 5. NE"I,l,oRhi V'LOW PROBLEA'IS 127

Kru,sktrl Algorittrrn
Initialization

1: Sort the edges li, jl e ,{ according to non-der:r*ming costs c;.i
2: The sorted eclges are put irrto list I : (]
3: Set A' ::0

Iteration
4: while L l0 do
ir: Select the next edge [], j] frorn the list I
C: if graph G' : lV, A' U [i.j]] does not contain cycles then
7: Set A' :: A'U L'i, jl8: end if
9: Delete eclge [f . j] frorn the list ,L

l0: end while

Figure 5.16: Pseudocode of the Kruskal algorithrn

scven iterations gil'en in Table 5.10 and Figure 5.17 until we have a spa.rrrring tree t'here all
nodes are connected. Thr: rema,ining three iterations u.oulcl fl.hvarl,s; create a cycle irr Step 2
arrd thus there are no frrther edges irrserted.

Iteration L,J A Ir,,. C;,;i1¤A'
Irritialization 0

2
5
6
I
8
L2
16

1

2
')

4
lt
6
I

[1,3]
[2,5]
[3,5]
[1,2]
[2,3]
[4,3]
[5,6]

{[1,3]]
{[1.3], [2,5]]
{[1,3], [2,5], [3,5]]
{ [1,3], [2,5], [3,5]]
{[1,3], [2" s]. [3,5]]
{[1, 3], [2,5], [3,5], [4, 3]]
{ [1, 3] , [2, 5] , [3, 5], [4, 3], [5, 6] ]

'Iable 5.10: Protocol of tlie Kru,skal algoritlrrn

Ittrote rfiat a ninirnuur sparurilg tree lbr a graph with n : l]rl nodcrs ]ras n- 1edges.
Hettce, as soon as the n-th edge has becn insefted to graph G' : [L, A'."1, the algorithrn
ciut be terrurinated. The Knrskal algorithrn belorrgs to the cla"ss of "greed-y algorithrus"
because the next, edge rvhich is e.r,aluated for being added to the graph has altavs the
rnirrinmrn cost of all rxlt 1et crrnsidere<l e<lges. For the minimurn spanning tree protrlem, the
Kruskal algoritlrrn viclds the optimal solution. Hor,rver, fclr rnanx- other problerns such a*s

the Trareling Salesrnan Problon greecly algoritlrrns don't ha.r'e an optirn:rlit-v guararrtce.
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Fig-ure 5.17: Graphical representation of the Kmskal algorithrmr

5.4 The Murimum Flow Problem

Example: An oil cornpan)' rvants to ship the ma-xirnrm anxruttt of oil from node 1 to node
5. Ii'igrrre 5.18 shoq's the pipeline netu'ork G : l\,-,,4. r) u.hexl rlrcs denote pipes and the
rveiglrt of the arcs l; dermte the capacity of the pipe.

4 1

2

lnitialization It.4 3
4,

2

It. 1

2

It.5
'-.4 3

2

Ir.2

2

It.6 3

2

Ir.3 3

2

It. 7

2

['igure 5.18: Pipeliue netrvolk
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The problern can be modeled as line;ar prograilr by using the following variable:

*ij: flow between node i and node j

We add an a,rc from node 1 to 5 with capacity ri1.5 : m to graph G: (V,A,n) (see Frgure
5.1e).

Figure 5.19: Pipeliue network rnodeled a.s maxirnum flow proble.m

\Ve now maximize the flow in arc (5,1) by taking into account the flow balance constraints
for each node as well as the capacities of the arcs. The flow balance constraint of a node
states that the inflou.'into the node has to be equal to the outflorv of the node.

The resulting linear prograrr reads as follows:

JS,t - Jft.2 - tt,g :
r,1,2-;t.2$- r,2,4

Ur.S * fr2.3 - fr1),5 :
xz,4 - rq,b :

:t\o * ,tle,s - ,fra.r :

14
2

^

^
Max s : f;s,l

subject to

:023 s

2

3

3

4

2

1

0

0

0
0

0

0
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The lirst six constraints give the capacit_v constra,int for each of the six an:s. The 1bllowing
fir'e constraints are the florv balance constraint for each node. 'I'he final constraint defines
the contirurorrs clecisit>n variables. Soving this linear progranl to optirnzrlit)' i'ields : : 3,
.11,2 : 2, .t,r,s : l, !1t2,:J: 1, :U.:.r : 1, rr3.5 :2.'l.4,s: 1 an<l .t:s,t :3. Tiris soltttiol is giycn
in Figure 5.20 u,here lbr each arc the magnitucle of the flow is represented tr;.' the thickness
of the a,rc. Itrr each arc i,,,j,Kt.j denotes tlie flow and the capacity of the arc.

1 14 1

2,2 Xi'j'E,j

Figure 5.20: Optimal solution of the rnaxinrurn flow problem

General LP-formulation. For a general LP forntulation of the ma,xinrum flow problenr
rve cl<rrrotc thc graph G : (V,4. ), n) with minimurn flow );.j and tnaximunr flou, tr,i,7 for
ear:h arc (1.7). The node set tr/ contairts all nodes. inclrrrling olle one soltrc,e q and one sink
s. \\'e u'ant to tleterrniue the maxirnunr flolr, liorn the sour(,e 17 to the sirrk s (q, s ¤ I,''). The
graph is amerrtied by arc (s, q) with minimutn florv ).,,, : -c(, a,nd maxirnutn flolr' ),.., : oo.
f'he LP reacls as follou's:

N'Iax z : ))s$

subiect to

I Lh,j f ,r.*
(h,j\es, (r.A,)e .n

(5 6)

0 fiir alle j e 1,'' (5.7)

(5.8)
(5.e)

\1 tiir alle (i,i) e A
*;,;.j fi.ir alle (i, j) e A

The Ford-F\rlkerson Algorithrn

'I'he Ford-Fulkerson algorithrn solves the ma:xirmun flor,r'prr-rbleur without tsing the Sin4rlex.
\\,'e irrtrodurc the algolithm rvith thr: exarnple given in li'igrue 5.21. 'fhe notation [\,.i,nu3]
given for each arc denotes the nrinirnunr flow of the arc );; ancl the mitximum florv of the arc
n;.;. Furtherlnore, q denotes thc start nocle and s the final node. i.e., nt want to maximize
the florv from node q to rrode s. We also call the start rode as "source" t-lnd the final node
as t'sinktt.
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10,81

[0,81 [0,11

Figure 5.21: Example for the Ford-F'ulkerson algorithu

Initialization The algorithm starts with a feasible solution. For the exarnple problenr u'e
can derir.e a feasible solution b1.- setting the flow z of each arc to zero. Figure 5.22 provides
tlre fl<rw for ear:h arc using the notaticm [);;, x,i.i7ru. 'Iatrle 5.11 provides inforrnation orr
the start solution. Each rorv of Table 5.11 c:ouiairr.s infbrrnation 1'or orre node. Irr the second
column, for the flow received frorn other nodes is given. In the last but one rorr the increase
in the flow frotn q to s is given. The la.st row contains the total florv from 17 to s.

t0,810
t0,210

[0,8]0 [0,1] 0

Figrrre 5.22: Fea-sitrle start solution

Node
Sta.rt
solutiorr
tr n\

,0)
,0)
,0)

A !'low 0

f Fkru's 0
Thble 5.11: Feasible start solution

Iteration L Startirrg rvith a fea"sible solution, ttre algoritlun seeks to improv-e the existing
solution by adding a flow. This is done b;, sealching for a path from g to s *'here the
additional flow can be accommodated. Sea^rching for the additional flow it, is a,lu,rrys started
at the $ollr:e g. The aurount li.ldch is arrailable at, q is iufinite u'hich is indica,tetl lry the entr.v
(+, 

"o) in the g-ro&. of Table 5.12. Starting at q r.e search fcrr an arc where \r'e call ship an
additiona,l flow in the direction of the sinh s. Let us select ilc (q, 1). Taking into account the
current flon, of zero we can add 2 more flou' units to this arc. Tliis is stated by entry (q* ,2)

q
1

2
,s

q*
(l'
1+

(1*,0)
(2*,0)

[0,1] 0
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in the rolg of node 1 in Table 5.12. N{ore precisely. the entry states that 2 atltlition;il flow
units arc transported from source (q) in the direction of the arc (+). !'rom node 1 rle can
slriprc1.2-!tt,z:1a<l<litirxralunitstorxrde2.Fromnode2westripK2,s-!I)2.s:l-0:1
additional units to the sink. For each node on the pach it has to hokl that the adclitiorral
flow out of the nocle has to be srnaller than or equal to the a<lditional flow into the node.
Once rve have reaclied the final node, the additional flow on tlie entire path is set to the
atlditioual flow on the arc leacliug into s. After the first itera,tion. \r'e obtain al arlditir:nal
flowof 1.'I-able5.l2showsthedetailsofiterationland!'igure5.23gir,'estheresultingflorv.

Start Iteratiorr
1Node solution

q
1

2
s

(+, o)
(g-, o)
(q=,0), (1+.o)
(1+,0), (2+,0)

(+, cc)
(q*,2)
(1*, I )
(2+,1)

A Flow 0

! Fkrws 0
1

1

lo,2l g 1

'Iabh 5.12: Solution after lteration 1

+1 [0,8] 0

[0,8] 0 [0,1] it+ 1

Figure 5.23: Sohrtiorr after ltnration 1

Iteration 2 The result of Iteration 2 is given in Tabler 5.13 anrl F.igure 5.24.

Node
Start
solution

Iteration
21

q
1

2
s

(+, o;
(,1*,0)
(q*, {)), (1*,0)

(+, m)
{q*,2)
(1+,1)
(2*,1)

(+, oc)
(q*,1)

(1+, 0), (2+,0) (1*,1)
FlorvA

! F.lows 0
I 1

1 2

0

1

+1

10,1191

Table 5.I.3: Sohrtion aft,er Iteration 2
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+1
+

lo,21g / 2

[0,8]o

Node
Start
solution 1

(+, o)
(q*,0)
(g+,0), (t*,0)
(1-,0), (2*, 0)

133

[0,s]g 1

[0,1] dt

li'igurc 5.2-1: Sohrtion zrftr:r lteration 2

Iteration 3 \\ie try to increa.se the flou' further. Startiug at q r,,e can shitrr 8 atlditional
flow units to node 2 which is depicted by entry (g*,8) in the row of node 2. F.rom node 2 w'e

cannot seud any rnore flows clir"ectll.- tcl the sink s since the trtaxinrurt ca,pacit.v (2, s) is used.
Holyever. \rr can ship additional floli' in the oppnsite direction of an arc (i, i) it ri.i ) Xi.i
lrolds. 'I'he ma-xirnum additional flow which can be shipped in the opposite direction of the
arc (i.j) is:ri.i -,\;;. R>r arc (1,2) rl'e have:r:r.z - )r,z: 1- 0: 1. Irr the table rve depict,
a flow against the direction of the arc (1,2) a-s (2-.1) in thc row of node 1. The "-" itt
the superscrript of 2 iudicates that the adciitiona,l flou.- is irr the opposite direction of the arc.
After we ha,ve shipped an adtlitiorral flow iuto node 1 \ve call ship one aclditional flow unit
on alc (1,s) irrto siuk .s. This is rierroted b.v the 6:11f,q: (1t,1) in the rorv of node s. Tablc
5,14 arrd Figure 5.25 provide tlie result of the third iteration u,hich -vielcls a tota.l florv of 3.

Iteration
23

q
1

2
s

(+, o.,)

kt*,2)
(1*,1)
(2*,1)

(+, *)
(g=,1)

(+, *)
(2-,1)
(g-,8)
(1*,1)(1*,1)

A l'low 0

I Flows 0
1 1 1

2 31

.Lable 5.14: Solution after Iteration ii

+1
10,81gf 2

to,21g / 2

[0,8]/1 [0,1]

1

[0,1].d1

S
lo,11g1o

2

F igure 5.25: Solution adtcr ltcration 3

It
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Iteration 4 \\'e trv to further improve the flot" Afer sending 7 atldtional florv uuits into
node 2 rve caunot ship anv adciitional floli' units out of node 2' Neither in the direction
of the arc (2,.s) nor in the op;xisite direction of arc: (1,2)' As soon as rlre cannot firrther
iucrease the flon,. the algorithm stops. thl-rk l-r.15 gives the pro[oc]ol of the last iteration'
'l'he solution ol:tained is optirnal. In orcler to prove this rrye have to introdu(:e the clelinition
of a, cut.

Norlc
Start
solutiort 1 2 4

Iteratiou
3

)

)
)

q
1

2
,!

(+, o)
(.1*' o
(.1*,0
(1*,0

(+, *)
(q*,2)
(1*,1)
(2*,1)

(+, rc;
(g+,1)

(*, rc) (+,*)
(2-.1)
(q*,8) (q*,7)(1*,0)

(2*,0) (1*,1) (1+,1)
A F lorn' 0

f Flon's 0
i
1

1

2
1

J

Table 5.15: Stop of the algorithm in Iteratiot 4

Definition 25 Acut sr-:ytaratesth.en,od,e setV in,two di,sjoi,nt node sef,sVq andV". Vq h.a,s

to utrttai,nth,e sou,rr:eq o,n,dV* h,a,s to utrfiai,nf,h,e sin,k.s. Tltei.ntersecti,on, of Vu o,n.r[\'''" h.o,s

to be errrytys (i.e.. Vq l^l I,'" : t) and the un,i.ort, of V't andV' ltas to bt:V ('i.e.. V't Ul;r :1" ).

Definition 26 Th,e capacity K of a cut is the su,rn, of the: E;,i of th,e u,rcs (i., j) witlt, i ¤ V'L
and j ¤ l"'', i.e. the at'cs lead'ing from setl,'q into setl,;" wfinus the surn of th.e A;,i of the
o,rc:s(i,j)utith,i,e \;" artdie V',,i.e.,the.arr:sleo,di,ngfrrtrn,th,esetli-" i,ntoth.esetl';'1.

!'igure 5.26 shou.s all possible cuts and the capaciy of the mrts frrr the example ploblein. The
ru><les in I,"l are encrircletl.

'I'he problern to find a cut of the graph rvith minmal capacity is the dual of the maximum
flow problenr. Due to the t}ralit;- properties tlre following hokJs:

o The objectivc funr:tion r.n,lue of a feasible but not optimal solution of the maximunr
florv prrrblem is strictll.' smaller than the objective function value of a feilsible but not
optimal solution of the rninimum cut ploblern. This follou's irnmediatelv from thc weak
dualitl' property given in Propert_r, .1 of Sectitin 3.6.4.

o Tlre objectir.'e function r,a,lue of the optinral solution of the maximurn flow problem
equa,ls the obieccive liurction'ialue of che optiural solution of thc rniniurum cut proLrlcm.
This follows inunediatelr. frorr the strong cluality propertv gir,'en in Propert5, f, 6f
Section i3.6.4.

To illustrate the x,eak dualit,v properl,.v let rrs consider tlre sohrtion of the maximum florv
probleur which ha-s been olitained after the first iteration. Ohviously, this sohrtiou is f'ea"sible
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t0,81 10,81

t0,81 [0,1] t0,81

Gapacity (cut)=2+8=10 CapacitY (cut)=$+ { +$= 1 7

[0,81 I0.81

t0,1l t0,81

Capacity (cut)=!-Q+1=3 (Minimum !) Capacity (cut)=8+1=$

Figure 5.26: AII cuts of thc cxarnple probleilr

+1 [0,8]0
w,21i 1

t0

10,11

t0,11

[0,8] 0 [0,1] dt
1+

Figure 5.27: Solution of the maximnm flou, problern after the first iteration

but rrot optinral. The otrjective function ralue is 1 while the objective frrrrction values of the
solutions of thc rninirnum cut problem are 9, 3, 17 and 10.

In order to illustrate thc strong duality propert.v n'e consider thc optimal solutions of the
nuuxiurum flow and the minimum cut problern. Tlre objectir,'e function r.'alue of ttre optirnal
solution of the ma.ximum flow problem is 3 and the smallest objective function value of all
solutions of the rrdnimum rrrt problern is also 3.

\tr'e rrow sliorv that when stopliirrg the Ford-Fulkersorr algorithrn has forurd an optirnal solu-
tion. Rernember that tire Bbrd-Fulkerson algorithrn stops rvhen he fails to increa.se the flow
frorn 17 to .s. Let all nodes rvhic{r har.'e beeu r,'isited wheu increasing the florv be in set 1,'q aurl
lct all other nodes be irr I/". Itiow lre can obsencr the follorving:

+1

[0,1]/1

o For each arc (i, j) rvhich lcads frorn a rrode i, e \,r't to a node j e Vr it holds that
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fri,i : rc;; because othenvise we could have increased t'he flow'

o For eru:h arr: (i, j) which leads from a node i, ¤. V'to a node i e Vq it holds that
rrj : );; because otherwise we could have generated an additional flow iu the opposite
direction of the arc.

If w'e cut all a.rcs (i, j) with i e Vq ancl I ¤ V" then the capacity of the cut equals the flow
which has treen obtained in the last srrc<xxr,sfrrl iteration before the Ford-Fulkerson algoritluu
stops. Hence, we har,'e found the rnaximal flow and the minimum cut and are thus optimal.

Figrue 5.28 shon's the graph of the o<ample pnrblem when the Ford-Fulkerson alg<nithm
stops. As can be seen, the optiruality conditions lrold because tq,L:6q,1 : 2, xt,z: lr,2 : 0
ancl f2,* : t.}2,s: L.

[0,2] 2
t0,81912

[0,1] it

Figure 5.28: State of the Fbrd-Fhlkerson algorithm when stopping in lteratiorr 4

136

t},il9/a

[0,8]d1+



Chapter 6

Dynamic Programming

Refererrce: BradleS.'et al. [3] Chapter 11. \\iirrston [11] Chapter 20' Dourschke et al' t4]

Chapter 7, Hillier and Lierberman [7] C]rapter 10.

6.1 An Introductory Example: The Commuter's Prob-
lem

Let ru illustrate dvnauric prograurrnirrg rvith the couunu[cr's prob]erm (see Bradelv ct al. [3]
pp. .153). 'Ihe graph given in Figrue 6.1 dcpicts a street ntltw<rrk rn'ith a.rcs rtlpresr:ntirtg
streets and nodes repre.setrtitrg intersections. Clomntuters liom rlifi'eretrt resitlentiai areas
har,'e to pass a sequence of 6 intersections before they arrive at a parking lot. 'Lhe first
iutersection is located imrnediatell,- next to the resiclential area an<l there is rto ch<iice for
the r:ornmuter. Afternards, at the second until the fifth intersection. comuruters can r:hnse
in rnost czuxrs between trvo roa,<ls. The clriving time fol the roarls alc' iderrtical and each
commuter ha.s to ttrke 5 roads betueer: the first and the fifth intersection. '.[he waiting times
at the intersections r.arr- arxl are depicted above the intersection nodes. The planning ta.sk
is to dctermine fbr each resideutial area the route with the shortcst conunute time. Sincc
the drivirrg tirne is u>rrstant this trarrslates into uriniinizing the total waiting time.

A cornmuttx frorn the rersidcntial a;rca cor]ilc-.ctcd to intcrscction 3 has to rnake a dccisiorr a,t
ear'.h of the fir,e intersectiorrs, rvhich he iras to pa-ss. on the next street to take. 'Ilhis leads
to 25 : 32 possible routes. \\re call each of tlfs route a "polic1,'". Basicalll', it is a plan on
which route to ta,ke or a sequcnce of decisions. Clourmuters from the other resiclential areas
have a srnaller nunrber of possible paths. <lue to the stnrcture of the netli<rrk. fhrrs, arr
upper bound on the nuurtrcr of paths. u{ric}r have to be inr,'estigated in order to deteuuiner
the optirnal policy for earh resiriential are&, is 6 (resiclential arcas) times 32 possible paths.
u'hich gives 172 paths to inl'estigate. \\'e will urw show trow \r'e (:an soh.e the problern with
a substantial smaller effort bv using d1'arnic programming.

I)1,namic prograrnuring has been developed in 1953 by Itichard Bellnrann (*1920, 11984). an

r37
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applied rnatlternaticiau wtro u<rrkecl lbr the RAND corporatiorr' al US arnerican think tank'

uo,i ouho vias a professor at the Universitv of Southern Clalifonria' The r:ptimality principlc

of Bellnrann esseutiall)' sa,vs tliat for solviug a globa'l problenr to <lptimalit-v it suffices to
solre a seri<rs of local problerns to optimalit;'' In De6nition 27 belorv rn'e rvill gir'e a more

prec;ise definition of the optimality principle.

838

Figure 6.1: Cornrnuter's street network

For niodelling a problem as d)'nalnic progtram we htn'e to define sttrges. states. decisions.
stat+-tleperr<leut cost tunctions. and the re(ursiott ftrnctiou. \\'e rvill <lo so in the follou'ing.
Dcpending on.the proLrlem, rccrrsions functir:ns can be {bruulated backward or forward
oriented. Irr tire r:orurmrter exarnple u,e u'ill ernploy a trackward oriented recursion functirtn.

Stages: Travclling florn his residerrtial area to one of [her citv parking lols a cornuruter has
to pass 6 intersections. At cach of the intersections excupt the sixtir onc the crruunuter has
to decicle, ra'hich street to take. \\'e clivi<le the journev of the cornrnuter into stages. At, stage
1 he is at irrtersectir:n 1. at stage 2 at intersection 2 etc. With i lve denote thc stage and
urith n the total mrnrber of stages.

States: In each stage d - 1,.. . , n. thc comrrruter will pass exactly one intersrxtiorr. Ther
interscx'tions,u'hichcaube pa"ssulinstagez,aredefineda.sstates.Zt: {1,...,6}arerther
sta,tes of the first stage. 22 : {7,. . . , 12} the sta,tes of the second stagc etc.

Decisions: In ea.ch state z; ¤ Zi <tf. the stage'i:7,...,5 the c(xnilIuter has to <lecicle,
which street to takc. \\,'ith (el,eia1) rve dcnotc the street lcading fi'om intersectir:n (state)
zr at stage r. to the intersectiorr (state) zi.t i\t, stage l* l. \{ie tlenote witir -Y;(;i) the set of
dercisious iil srare zr.E.H., Xr(;r:13): {(13,19),(13.?0)} aud &(:,r:30): {(30,36)}.

2

o

5

36a

5

7 tlts
6u4

66g
s
E
{t}p
TD
rl)L

crr

3

6
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State-dependent cost function: If tlrt: cortrtrulter art'ives at intersectiort ;;, tlte ceitttnuter
Iras a waiting time of cr,. Hence. w-e hare the state-dcpendent cost function f;(zi) - c:rr.

"Cost" is usecl in <l,vrranrirl proglalllrnirrg a.s a generic terru for the goal q>nsi<lered in the
ol-rjective fuuction, rvhich is in our cxarnple u.'aitiug timc.

Backward recursion function: The backw-ald reculsire liruction deterntiucs lbr ea,ch stnte
:1 in ear:h st:rgc i the total r:ost fi'r-rnr statc :,; to the final sttrte if decision r:1 is taken. ln oul
exanrl>le the total cost e<1uals the rvaiting tirrrc of tlx; drirrer lroru the poiut in titrte rvhen he
arrires at z1 until he reachcs the parking lot.

Fi(:i,r;): f,i(:i) +F,1,(2,+r) (l:5,...,1i z; e z,; ri e -\r(;i)) (6 1)

E.g., bcing in state 25 and choosing strcct (25.31) gires total cost of ft(25,(25.31)) :
3 * 8 : 11 while bcirrg in the sarne sta,te l:ut choosing suect (25.32) results in total cost of
/i,(25. (25, 32)) : 3 * 2 : 5r.

The filrction is terrned "backrvar<i" bccauso wc aro solving the problern in a backwarrl lashion
sta.r'ting with thr: states iu sta,ge 5 and then rnrx,iug Lr:rcliwarcls until ne Lra,re rea,r:hed the
$tates in stage 1. Tire function is terrue<l "recrlrsion" because Etluation (6.1) is use<l iu a
recursive rrilnrlcr to deternfne thc total cost for each dccisiorr in each state.

Minirnum total cost function: 'I'he nrinirnunr total cost firnction frx state z; <leterrnines
arrlorrgst all possibh dccisiorrs thc orrc nith thc rrriniruurn c'os[. T]rus. thc fuuctiorr docs rrot
<lepencl on thc decision any more, whir:tr is fur<licatr:d bv thc notation 1,,-(.0). 'I'he r,'alne of
the rrrininnrrn erost function is also termed as "<x>st-trlgo". Frlr the rxrrnruuter's problern the
cost-tr:-go {br an intersection z; is t}re total waiting of the comrnuter at inte}scctir:n .:1 and
all follorving interse<:tiorls on his clriw to a parkirrg lot. R>r each state of each stage $¤ oarl
rrow dctr:rrrduc the rnirrimuur cost-to-go as. fbllows:

t;': (zi) - rrlllf {.f,14+},!,(:1=1,1} (i : 5....,1: :i ¤ zi) (:6.2)
orgXt(z,r)

Definitiorr 27 T'he optirnality principle of dynamic programmlng proposed, h'u

Rir:hard Bellman, states that for o'ptim.ally sohving a tlyn.am,ir: p?agTo,ytt i.t sffices to st:quen-
ti.all,y d,etenni,n,r:, for eul:h, sta,te z; o.f eo,dt, stn,ge i. th,c oqtti.rnu,l de.r:i,si,ort t;i ort,t of tlt,e. set o.f
de:cisirms Xi in. onl.er to solue th,e ouerrtl,l Ttroblern. to optirnal'ity.

ln order to <:alculato the cost-to-go frlr tht-' statcs in stagc 5 ue ntrtd to kno.w tlrc total r:ost
fcrr t,irc, states irr stage 6. Horryever, these are known upfront tre<:ause <lrrcre arri'i,ing at an
intersectiolr itt starge 6 therc are no nrorc choices ftrr the cclrnnruter and thus hc knou,s thc
wating time rurtil rea,ching the parking lot. Henr:e, \rre cal) initialize the cost-tGgo Ibr all
statcs iu stagc 6 as follou's:

lJ1 32 33 :34 3ir :t6
c;o826553db

-{i
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We now applv the backward recursion function (6.1) anrt the udnirmrn total <xrst furrctiorr
(6.2) in order to calculatc the cost-go-go of al} statcs in stages 5 co 1.

Stage i:5 u.ith intersection states 7^: {25,....30}:

2s rr5 36 /u(:r) F[(.2$ ft(ss, r,s) f,{(..)
25 (25,31)
25 (25,32)

31
:32

3 8 11

3 2 5 5
26 (26,32) 32 5
26 (26,33) 33 5

27,33)
{27,34)

2
6
ti
5

I

11
I

T2
33
34

27
27

7
I

1u
72

28 (28,:14) :14 e
28 (28,35) 35 I

5
5

14
14

L4

(29,35)
(29,36

30 30,36

For state z :28 txlth de,cisions gir,'e the urinirnuru cost. In su:h a case we clxrose orre of the
decisions. In this case we choose the decision. u'hich leads irrto the state with the srualler
nurnber. 'Ihis is state 34 arxi the seler:ted decision is thus (28,34).

Stage i :4:

24 x4 !5 fr(rd F{(zel Fa(za,ta) Fikr)
19 (19,25) 25 3 5 8 8
20 (20,25) 25
20 (20,26) 26

ct:dtJ

36
29
29

5
rl

1

1

6
4
6r).)336

4
6

5
I

I
I

14
16

14

2L (21,26)
2L (21,27)

26
27

6
6

I

12
13
18

13

22
22

27
28

L2
14

15
17

15(22,27)
(22,28)

3
3

28
29
29
30

23
23
2,4
.)4

(23,28) 3
329

29
(21,30)

4
6

2
2

7
6

LI
7
6
I

14
4

Stage 'i: 3:
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z3 x3 24 /,1 1g)
1"3

13
(1"3,1

(13,20)
19
20

6
6

8
14

14
2A

L4

L4
14

2A
2L

19
18 18

(14,20)
(14,21)

o
5

14
13

15 (15,21)
15 (15,22)

2L
22

13
15

2
2

15
L7

15

16
16

10
I
15

15
7
7
6
6

21
13

6
6
3
3

13

I
15I

23
24
24

22
25

21
22
25
27

22
20
2A
22

5
5

2A

18

16
18
18
13

6

4
4

6

(L6,22) 22
2316,23

L7,23

tL7,24J
L7
17
18

 
Stage i,:2:

Stage i: l":

?2 fi2 Z3 22

227 (7,13) 13 I 14 22
8 (8,13)
8 (8,14)

13
t4

14
1.8

6
6

20
24

20

I (9,14)
I (9,15)

14
15

18
15 22

(
I

25
22

10 (10,15)
10 (10,16)

15
16

15
13 16

3
3

18
16

11
11

(11,16) 16 I
(11,17) t7 I

13 2L
I 18 18

L2 (12,17) 17 4
L2 (12,18) 18 4

I
15

13
19

13

a
21 ff1 Z2 4 zr,nt) Fi(zt)Fttzr)
1

1

1,7)
1

2 (2,8) 82 (2,e) e

I
I

2
2

3 (3,9) e 7
3 (3,10) 10 7

22
16

29
23 23

(4,10) 4
4
5
b

2A
22

11
1,2

23
18

10
11

5
5

(4.11
5,11

(5,12

Xg| ft(r3, ca) .}}t

18.24

t 4l(;s) F2(22,r2\ Fir

6, 12 13 19 19
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The table for stage 1 gives tlie shortest total nraiting tirrN" for clach residential area' The

polic-v ft-rr obtainiug the shortest waitiug tintc. i.c'. thc routc, u'hich thc contrnuter lns to
take. can tre obtaitte<l b5' goitg tlrlough the tahles for stages 1 to l--r' Let us <lonsirier tlte
rcsitlcrrtial alela colrltecte<l to the iutersectiorr 3. Frorrt thc tablc f<x' stagc 1 \1'e soo that thc
optimal <fc<'ision is (3. 10) leatling ir116 illterscction 10. Front thc table fbr stagc 2 wc sce tltat
the optimal decision at interxrction .1.0 is (10.16) lcading irrto interstrtion 16' Corrtimrirrg
this wa-v lor stages ll to 5 gir-es the optitnal trrolicy 3 -+ 10 -+ 16 -+ 2i3 -+ 29 -+ il6 with
a waiting tiure of 23 irrinutcs. Solving thc prol:lcnr rvith cl-vnandc prograntutirtg uc hen'e

applietl the backv'ard tecrrsion fitrrction (6.1) for 5j--r tirnes ittstearl of enurneratirrg 172 paths

6.2 Dynamic Ordering Problem

As a s<rortcl cxample for appi-virrg d-vrrzuuir: 1>rograrnrrting lt:t us tr>n-si<ler tlrc rly12111ic ordt:rirtg
probleur (see Winston [11] pp. 1046 1050). A totrtpatrl'needs to orrler tnaterial for tlte next,
fir'e periods lr,here the demand is as follorvs:

Period ,1

Demarrd (d,) 22{.) 280 :}6{) 140 270

For each period an order is placed a.ttd tna,terial is delivered there a,re lixetl t,osts of c: 25A.
I(eepiug a urit of inr,'entor.y for one pcriod costs /r : 1. There is no liurit orr thc atuourtt
x,hich r:a.u be or<lered or kept il itrverrtor),. At the beginning of periotl 1 the irrverttory is
cmpt),. Heucc. at least 220 rrrrits have to bc ordercd antl dclivcrcd at thc beginnirtg of pt:riocl
1. At tlxr <nri of periocl 5 tlrt: irrvorton' is rccluirc<l to 1>e ornpt),. llhc plannirrg problcnt is
horv rmrch should ]re ordere<l arrd tlelivered at the lregiunirrg of eaerh l>eriotl sttch that the
derna,nd is mct and thc costs ale mininrized.

Stages: 'J'he stages are the uurnber of periocls n :5 for rvhich a <lecision on the antount to
be orderecl arrd dclirercd hzr.s to bc uirdertakcn.

States: Sta,ters relate to the inv-cntory position a,t thc cnd of each period. Let, z; rlerxlte the
irrr.'entory at the r:rxl of periorl e. Sirrce u'e have assumetl zerr> irrventory at the begilrnirrg <lf

1>eriori 1 and at tlte eud of period 5 u'e have ro : 0 auti :5, : 0. The set, of possibk-' states a.t
thc entl of pcriocl I : 1.. . . .4 is

1 i-.lor)2

1l

.rLzi o, D d,,lu:rl*1, (i.:1.....n-1) (6.3)
r:i*1

For our exarnple rve obtairr: Zr : {1r.280,6.10,780.1.050}. 22 : {0,:16(}.500.770\. Z\ :
{0. 140,410}. and z4 - |0.27a}.
Policy: In the case of the <l,vnarnir, orrleriug prohlern, a Jrolicv is a se<lueuce of rler<:isions
r.there ne decidc iu cach stage (which cquals a pcriod) horv much is ordercd arrcl dclivcr<xl a,t
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the beginniilg of the period. The poliqv tilrs transf<rrurs the initial state "zero irtveutory at

the belinning of period 1" into the final state "zero inventory at the end of period 5" while

fulfilling the dernand in periods I to 5.

Decisions: Depentling on state { on stago r, u'e have a' set of <lecisions wtric}r v'e can make

in stage i + 1. For all statcs t'ith rronzero in'neutorSr it ctru be shot'n that an order in the
nrxt period r,r'ill rrerer bc optirn:r,l a.ncl hence the only decision t'o ta'ke is not to order in ttxl
uext peri<ld. Sirrce tlte inventor,v level at the irritial state z0 is zer<l it can ):e shorvu tirat the
set of decisions in tire ncxt periocl is to ordcr

,n
T:'l

u,hich gives for our exarnple ,{1(4 - 0): {220,500,860,1.000.1.270}. Note that we hatrr
not consitlered an or<ler decision such a*s X1 : {640} rvhere we would order ftrr lreriocls 1, 2
and 4. In this czLse, $/-e t'ould havc to place a new order in pcriod 3 to cater the demarrd of
perio<l 3. Hou.ever. when ordering in perio<l 3 u'e ciut include the <lerna.txl of perio<l 4 in that
order. Bv this wc sa\.e on []re holding costs t'or []te dernaud of period '1 in periotls 1 and 2.
'I'hus ordering in period 1 for periods 1 and 2 and orclering in pcliocl 3 for pcriotls 3 and 4
is (frorn the cost perspective) alu'avs better than orclering in period l for periods 1, 2 arxl .4.

The set of possible order clccisiorrs at the beginning of pcriodi:2,...,ninthe case of zero
inventory iue:

Xrtzo - 0) : lA"lu:1.
u

(6.4)

Xik,-, - o) : 0,I tl,, I u,: i.
1L

, 'fl' (i, :2... .,n) (6.5)

Note, tirat for perio<is i. : 2.. . . .5 r'e har.e the a.d<iitional or<ler cluantity of 0 irr ca,se the
dcruau<l of period i ha"s already been ordered in a preccdirrg pcrio<l. This optiou is not
available for period 1 l:ccause $'e rl,ssunre the inr,'entor-v to be ernpty at the beginning of
period 1. Applyirrg Forrnula (6.5) to er,'ery periocl weobtaiu X,: {0.280.640,780.1.050},
X3 : {0. 360, rr00. 7701, X4 - {0, 140, 410}. and X5 : {0. 270}.

State transition function: The sta,te trarrsition function girres the state zi-1 on stage i - 1

depcnding ou the state :i arrd the dcx:ision x, oil stage '/,

3i: zi-1 * r; - di (6.6)

Obviousl"v. tire Ihrrction does sirnple bookkeepiug b), taking the inverrtory at the errd of the
preceding period adding the amount reccived by the be.gimring of the period and subtracting
the clernan<l of the period in or<ler to urrne up with ttre in'i'entory at the end of the period.
Note that equation (6.6) is also a flon, constraint. In production managemert equation (6.6)
is termed d-vnarnic inventor balanr:e constraint.
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rt(zo,r):h.zt+" {l:11;:: 
,, (6.7)

The tunorurt of irrventor-v a the end of period r iru:urs <xrst of h per ruft an<l in ca"se of a
rleliver-v of :r:; at the l:egirrning of pcriod i there ale ordering costs of c'
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State-dependent cost function

Backward recursion function:

t';(zi,ria1) : f i*t(zi+t):rr+1) * fir(:ia1) (z: 4,...,A: zi e Zi, $t+t ¤ &+1(:i)) (6'8)

Minimum total cost function:

FiQ,): 
,,n*rl,ii,1,(.0., tE,(r,,re+r)) (i - '4.. ' ' .0: zi e Z) (6'01

Let us norv sol'i'e the prol:lern tly dynatni<: prograrnrning.

Stage 5: We staft lvith the final state ;5 : 0 and ar,ssociated cost-to-go of f|(0) : 6'

Stage 4: \Ve have two possible states tra : 0 arul za : 270' In eiu:h case tltere is only a

single tlecision leadirrg iuto cach state. \t'e use a table fbr the dvrrarnic programuring. The
* in tlre last cohrmn inclicaters for all rorvs of a sti*e zae Zl the optimal clecision;r5 leading
irrto that state a*s s,-ell a.s the optirnal cost of tire state Fa(:r).

z4 iD5 z5 .f{zs, *d) f'{ (:r) Fa(za,*) Fi(rn)
0270 0 250 0 250 * 0: 25tl 250

27000 0

Stage 3: In stage 3 w'e har.'e the state sclt 23: {0, 140, "110}. Thc taLrle gives the calculations:

t) 0 0*0:0

-{J ))q 24 f{zn.xr) $(rr) flr(2r.,,:.a) 4i(.*)0 1.10 0
0 270+140:410 270

250
2r:0*270:52t1

250+250:500
520 + 0: 520

250 500
0

00140 0 250 0 + 250: 250 2.50
.110 0 270 27A 0 27A*0:27A 270

Stage 2: ln stage 2 we have the states 22: {0,360,500,770} antl the fblkrwilrg calculations:
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L:1 ,lli2 ( i2 , .r:3 ) l;'i lzz32 lr3 z:, .ft(:3, r'3)
0 360
0 140+360:500
0 .410+360:770
0 410+360:770

250
250*140:390
410+250:660
410+250:660

2t:0 * 500 : 750
390+250:640
6ti0+27t):91J0
660+270:930

0
140
410
410

500
2rt0
270
270

6,40

00360 0 500 0 + 500 : 500 500
500 0 140 140 '2ts0 140+250:390 39{l
770 0 410 .410 '271,1 410+270:680 68{]

Stage 1: In stage 1 re har.'e the states Zl : {0.280,6.10, 7S0. 1.050} and calcrdtrtion gives

.t1 ;11.2 Z2 l{:z.rz) I,iGr) Il ( .;1 . "r,2 ) fT (;i )
0 280
0 360+280:640
0 500+280:780
0 770+280:1.050

250
250+360:610
250*500:75t)

250+770:1.020

250+640:890
610*500:1.110
750+1190:1.140

1.020+680:1.700

0
360
500
77A

640
500
:190

680

890

00280 0 640 0 + 640 : 640 640
640 0 :J60 360 500 iJ60+500:860 86{)
780 0 500 500 390 500+390:890 890

1.050 0 77A 770 680 770*680:1.450 1.450

Stage 0: In stage 0 the set of states is made of thc sirrgle sta,te, i.e. Z0 : \01 and w-e obtain

/1(;1 , "t'1) *14llu1a0

1.140

'fhr.l optintal polic:1,- for thc d1.-namic oldt..ring problt:rn is jr* : (220. 280.500.0, 270). The
tohrl cost are {i(0) : 1.140 an{ are'ruacle of or{eri1g cost gf 1.000 arrd hokling mst of 1{0.
The optirnal statcs are :* : (0,0, 140, 0.0).

Solr.'ing the dynarni<: prograrn to optimalit3' also provicles firr n<>ri-optirrral state the optimal
policS, to the {inal state z-r:0. E.g., Iet ru cousider the rron*optinral sta.t<):2 : 500
on stage 2. 'Lhc optirnal policv to reach ther linal state is :r* : (0,0. 270) (note that the
ckrureuts of ;; rrrr: for stag<x 3, 4 and 5). Thc cost from th<l lxlgirrning of period 3 on"warcls
are f,j(500):390.

Figure 6.3 givcs thc statc space of the clecisir-ur problcnr. Nodes represent states arrd rrrcs
rcpresent <lecisions. Solirl a,rc,s present optinral der:isi<>rm. fhe optinral policv from state
zo : 0 to z5 : 0 frrlfilling denrand d7 lor t - 1. . . . , 5 is depicted by 11r" soqucuce of fzrt solid

0 220
0 280+220:500
0 640+220:860
0 780+220:1.000
0 1.050+220-1.270

250
250*280:530
250*640:890

25U+780:1.0110
250+1.050:1.300

250+89t):1.140
530+640:1.170
890+860:1.750

1.030*890:1.920
1.300+ 1.450:2.7rs}

0
280
6.iI0
780

1.050

890
640
860
890

1.450

Ft) ;0, rr) F't(zo



C HAPTER 6, D}'NA}{JC PROG,IIAI{T,{IT\TG 1.16

?i0+

d):)t'l

280+?20",,'500
tid0t'?20*8CI0

7ri0122th1.{x}il
1.(l5tl+230"." 1.2T(

25t)

?50
!i$+2?0*$!(l

0
t7t)

J* 7.it

!5(l
?5* 1 1{il.-3$U
dlt]+2;:n*m0

0
fi0
d1(l

250
?50+3(i0,,,,,ti1(r
t50l-.500*TICI

2.10 t 7T$:,1.*:it)
0

0-r3$0*'1fi0
500
77CI

?,ltQ

250+3x0",,,530
350+6+D:.t${l

?.Ifi i 78{l:1.uilO
?n(+1.0st,,,",.1.300

I.r
2.50 -i 0 ,'," t5CI *

1]1ll-l) *

!5t) .i !it0 * 5fiu '4

$!0+f!-5?tl
ti + 2I){r : ?50 *
370 i U "',' :l?ti $

?50 + 5tlfl *, 7l5tl
il$0-l2iril:{i*{i $

ti60-r-370,",,!lli0
0 -r .1t}0 : StlQ .$

1,10 r.i!5$-3{]0 '4

410+-2?*"*{ifr0 *

25t) -i tl{il : ttf}O *
6IQ+ijt)0",,'l.l l0
i$0 i3.Qil*1"140

1.{}30-i ti*il=-l.ItJt}
0 ? f;:i* * Si(l *
360+Sft0-S60 *
itfi) i.itlJtj*$IXl *

?Tci-fisD*1.{50 t

35il I 8!n: 1.1n$
530+0tt)',,,1.lTt)
8$C1..860: I. Tirl)

l.nlt0-iil1.1t):Llll0
1 .i100+.1 . { j'iil,." ?.?$0

J:r i$

rl rl
27$ 0

{l0l7{l
23

{tfl
u

270
i:l

2?0
!5$

U

!Ilil
0

ll(xl
2,:rtt

!;0
ti$)
:llttl
2?0

$ ltl
5flCI

3$t]
ris{l
ti.tr}
ti(x)
iI$l
{;&1

,1li1
0
t)

77CI

0
t)

0
0
u

u
3$0
Srlt)
?TO

0
(r

u
!$t)
fi.i0
7$O

1.$$0

rl0
1.:!tl-:-:-J$**itil0

0

l 0l)tl

:rt

,11(r

(l

1n{J
.110 . .i12

2t{0

7$t)
3$0+:180,,,,,ti1{} Srjt)

i.,lU
??il
28e
3$0
${.}0
7?S

ri$x]
6,ICI

8$0
Itxl

1.450

0
0
U

il

?s0
(i{0
:u{l

1.05(r

Figure 6.2: Calculating the optirnal policv fbr tire dylamic ordering problern

arcs. Optirlral policies fronr rrcrr-optimal sta,tes e; to the f;nal sta,te is : 0 are depi<:te<l by
tlrc unique scquerce of solid arcs fTorn :i to the fina] state zs :0. E.g., frorn state ;2 : 500
t,o z^:0 the optimal polir:v is jrf*: (0,0.270) rvith eosts }lj(500) :390.

6.3 Capital Budgeting Problem

As the next cxamplc for cll,nr,rrrt. progla,mming- let rrs use the capital buclg'eting problem
n'irich \re have introcluced in Chapter 4 Integer arxl \{ixecl-Integer Prograrnrning. Tlrcre, r't'e

have soh'e<i tire probleul &'ith lrrartch'artd.'bourrcl. Table 6.1 recapitulates the problern data.

\'todcling and solving the capital budegting problem with clynspic prograrnming we'will bc
lrsillg forward recursiorr. Let:

Stages: The problem has ru : 4 stages.

r!t ):ij l'1 +l

f
JI,nl ql! !l ,l

i'3iI:4 *4
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z2
zi zo Zs 24 z5

.(zJ

270 di

147

(6.10)

z1
1450

xl
Q7q 890

x4x.,,'} xs

680
I
I F

0

270390

500

t 0

Figrre 6.3: State space frrr the d1'namic ordering protrlem

1 140 0

532

16
22
12
8

0
0

0

1

224 280 360

4

144

Proju:t i Value r,1 Brrdget demand a1

5
7
4
3

1

2
o
4
Arailable budget b: L4

Table 6.1: Data of the capital budgeting problern

States: Let zi tre the allocated ixrdget by rrrakinl5 decisions on stages 0 rurtil rl. T'he starting
state is zo : 0 and for the {inal state ne have za < 14. Thi.s {inal state is untvpir:al and also
detriurental as n'e will see.

Decisions: In stage i : 1, . . . . 4 w-e deri<le upon the projett ,. \\ie tlnrs have ttre <lecisiorr

&t -
1, if proiect zl is selected
0, otherwise

and the set of possible <lecisions

Xlzn-r) : {ri ¤ {0, 1} I ;z-r + ai . r; 1 L4} (6.11)

770780

410640

360280

50041

State transition function: Selecting project z in sta,ge 2.. i.e., J1: : 1, increa,ses the allocated
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brxiget tr) on. Otherrvise. the state does rtot chauge' That is rve obtain

:i.: ?.i-l*tti'.t;

nlaxr;¤Xi(zi-r)

14E

(6.12)

Statedependent cost function:

f i(r;, t;) : ci ' 't',i.* 0 ' (14 - ;1) (6'13)

Serlecting proiect i in stage i incrcases chc objcctire f'rurction b-v .fi("r:i, zi)' Note that the cost

function is generally defined basetl on the selection decision :x, and the remaining brrdget
(74 - z). However, fbr the particular proble.ru lv'e rlon't value an) left-over txrdge't. hence

(14 - z1) is multiplie<l by 0. Note also. that in our case we rna:iimize r'alue but speak of a
'uoost" functicxr. In <lynarni<: prograrnilling u'e speak of <xrst functiur and total urst, regar<lless

if u'e arc considering cost or value.

Forward recursion function

F;(zi,r;): f;(xr,zi)* Fi-Jzi-) (r:1....,4i.i¤ Z'iiri e 'K,(;;-1)) (6'14)

Maximum total cost function:

4l(;,) : {FiQi,ri)} (i : 1, . . .,4; zi e Z;) (6.15)

Let us nr>u, <k> the calculatiurs frir ollr exa.rnple problern. \\,e sort the rou,s accrrrcling to
increasirrg statc z;.

Stage z: 1:

Z1 :t1 16 fi(r,r) 4i(.0) F1(:1,11) fT(r,)
0
5

0
1

0
0

0 0
0

0 0
16 16 16

Stage i:2:

'lJl2Z2 2 I2
0
0

22
22

iT(:, ) F2(2. 12) FiQr)
0

0

0
5
7

t2

0
5
0
5

0
0
1

1

16
0

16
22
38

0
16
22
38

Stage zi: 3

76
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"f,l frg
0

L2
0
0

12
t2
0

149

z:,

0
4
5
I
I

11
L2

0
L2
16
22
28
34
38

0
0

16
22
16
22
38

r2
0
0
5
{
5
(

12

xlit

0
8

12
16
22

24
28
30
34
38

42

0
8

L2
16
22
20
24
28
30
34
38
36
42

0
0

L2
16
22
L2
16
28
22
34
38
28
34

XS: ?}(z:,)
0
1

0
0
1

1

0

0
L2
16
22
28
34
38

 

Stage e :4:

z4 t4 zs fa(ra) f}(rr) Fa(za,ra) FtQn)

In stage i, : 4 we obtain 11 non-domirrated stats; q which respect the brrdget constraint
z; 1 L4. The optirnal state is 4 : 14 which has the largest total cost fi(14). The optiural
policv for the capital budgeting problem is r* : (0,1,1,1). That is projects 2, 3, and 4 are
selected. Figure 6.4 gir,'es the state q)ace of the problern. The optimal policy is in<licated try
the solid bold arcs, dominated decisions are given b-v dashed arcs.

6.4 Shortest Path Problem

Let us sohe the shortest path problein addressed in Section 5.2.3 with d1'narnic programming
with tnr:kward reormion. Figure 6.5 gives the digraph G -- (V, A,c) of. the exarnple.

Stages: Stages rnrxlel the maxirmrru rrurnber of nodes wtrkh have to be traversecl irr or<ier
to go ftom node 1 to anv node. As can be seen in Figure 6.5 there are n : 4 stages. Note
that in the case where the graph would not have node 3 and there w'ould be an arc (1,5).
tlten rxrcle 5, jointly' with rrode 4. woukl still be on stage 2 as the uraxirnrrm munber of arcs
to go from node 1 to node 5 is 2.

000
310
404
505
707
714
815
909

10t7
11 0 11
L2 012
t2 19
L4 111

0
8
0
0
0
8
8
0
8
0
0
8
8

a

I I:;l q) 4rt
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zi

14

38 38
12

10 F*,(2,)

16

0

0

0 4

Figure 6.4: State space fbr the capital budgeting problem

States: Let :; be a rmde on stage e. Let lzi denote the set of rurdtx on stage r. then we obtairr
the set of all possible states on stage zi as

Z;:V (6.16)

Tlre starting state is ;1 : 1 arrrl the terrninal state is za : 6

Decisions: On each stage 'i - 3.. . . ,1 n'e have to detcrmine for each state z; frorn rvhich
state e,..1 on stage i * 1 rl'e arc going trar.kwards to ,z,. By this lt'e also select an arc betweeir
the two nodes i; and zra1. The s<lt of all possible decisious orr stage z going into state;i is

Xnk): {(q, i-t+r) : zt+r e Z;a1 tur{l (zi. ziu) e A}

2

I

5

4

2

32

11

(6.17)
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3 24

Xi: {(zi,z*r) : 3a ¤ Zi aud 4411 e Z*r a,nd (a;, A+) ¤ A}

F{(z): {Fi(zi,*)l (ri : 3... . ,1; z; ¤. Z)rl]ln
:t;¤Xdz)

Wb can ryrw undertake the calcruations for tlre stages 3 to 1.

Stage i:3:

zs :r3 24 f{zt,zi fj(sr) . .E$(zr,ue) f}("r)
2 2
2 2

II
I
I
a
II
I
a
t
II
II
I
4

5
4
5

2
2
2

3
2
3

4
5
5

2
2
3

I
I
I
II
III
2

I
I
I
I
I
I
l
I

3

151

(6.18)

(6.20)

F'igure 6.5: Shortest path Problem
 

 

Statedependent coet function; f;(zi,zr+r) is the length of the arc connecting node zi
and node 26a1.

Backward recursion function:

I'aQ,1,ni) : ft{za,zl+r) * }ilr(rn*t) (i : 3, "', 1; z'i e Zil ra e Xi(za)) (6'19)

with .fi(6) :0. IT(6) :0 is the minimum t'.ost-t+'go for the final state 6 on stage 4.

Minimum total cost function

4 (4,6) 6
5 (5,6) 6

0
0

)X2zgfr222

2
2

2 ,il
4
5

)
zz, zs) I-li(rs) Fzl

Stage i,:2:

(2,5)
(3,5)

Z2
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zi

6

5

Stage a: 1

152

4

3

2

F',(q)

o
^

^

2 3

Figure 6.6: State space for the shortest path prublem

21 !t1 22 f{zt, zz) Fi@i F1(21,a1) .Ff (rr)

4

1 (1,2) 2
1 (1,3) 3

4
3

4
5 8

88

The three tables provide for each stage 'i - 4,. .. ,1, each state z;, and eac"h de,cision rr the
resrrlting total cost F;(zi,ri) as well as the rninirmun cost-to-go 4.(rr) for each state ;;. The
optimal policy is r* : ((1,2), (2, 5), (5, 6)) with cost f|(l) : 8. Figule 6.6 presents the state
space.

6.5 Allocation of Sales Workers to Markets

As final exarnple we rant to consider the allocatiou of sales staff to sub-markets (see Wiustorr
[11] pp. 1043-1044). Again, we will be using bar.kward recursion for soh'ing ttre prob]em.
In contrast to the other problems c:ousidered so far, the objective function is non{inea,r.
Contrary to linear programming, dynamic programrning does not require linear objective
fimctiorm.

The problem can be described as follors: A companv rr,arts to introduce a new product
on a market which is separated into three sub-rnarkets. Ttre probability pi to be sucrrcssful
on sub-market zl depends ou the nurnbe,r of assigued sales sta,ff and is given iu Tatile 6.2.
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0
0.5
0.7
0.85

0
0.3
0.55
0.7

153

Suc<rcss probabilities (p;)
f Sales staff Region 1 Region 2 Region 3
0
1

2
3

0
0.6
0.8
0.85

Tablc 6.2: Succcss prol:abilities for the su]:-ma.r'kcts

I'he company *'ants to assign 5 available staff rnernbers to the three markets such that the
probatrilitv to be successfirl on all three rna,rhets

J

P(Srxress on all three sutr-rrarkets) : ff frr.
i:1

is nraximized. E.g.. if ne n"ssign 3 staff members to sulrmarket I and 1 sta.ff rnr:mber to each
of the sub-markets 2 a.nd 3 then we obtain

P(Success on all thrce sub-mzrkets) : 0.85 . 0.5 . 0.3 :0.1271t

After these prdimfurarv thrxrghts. Iet rts moclcl the problern a,s dynamic progran!.

Stages: Wer have n - 3 stages wlxlrc cu:h stagc <lepicts a srb-market.

Decisions: At each stage i - 1, . . . ,3 u,e tlecitle horv man-v staff rnenrb¤r ri w¤ a.ssign t<r

sub-ruarket i. Taking into account that re har,'e 5 sales u'orker in total and that w-e harc
to assign at least l rvorker to ea,ch sutr--rna.r'ket u,e have the decisirin set X1 : {1.2,3} of
possil-rle <l<-,cisious tbr cacli s[age ,.

States: Going lliN:kwmd, in stage i x,e depict u,ith state :; the nurnber of rvorkers rnhich
are still arailable lbr <lecisiorrs iu stages 0 tiirrough i. The initial state at stage 0 is ;, : 6;

and the final state at stage 3 is;3 :5. Thus,w.e ha,r'c Zt:11,2,31, Z2: {2,3,4}. and
Z.t : {3.1.5}.
State-dependent cost function: Assigniug lrr; rvorker to sub-rnarket i results in a succc.ss
probability ft.@a) : p(t;i) on this sub-rrurket where tlm probabilities zue given in llal>le 6.2.
Note that the statc,r<lepcndent cost function does not clepend on the state .:;. Hence, u.e
coultl cousitler an1, sequence of the three sub--rnarkets.

zi-t: ;,t-:r:t (i:3,,...r)

State transition function:

(6.21)
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Backward recursion function:

Fi(zi,ri,,1) : p;+t(rr*r) . Fi*rQ,*r) (i.:2,.. . ,0; zt Q Z{ x:i;1 e Xi*lz)) (6.22)

with ff (5) : 1, i.e. the probabilitl' to be srrccessful orr tite nort-existirtg strtrmarket 4 by
a"ssigrring 0 workers to this rnarket and leavirrg 5 workers for sub*rnarkets 1 to 3. X;a1(;i)
denotes the set of decision-s u'hich can be underta^}i<xr on stage i + 1 leading into state
;i on stage ?. Ftrr exautple. the <iecisiors leading to state it : 2 ou stage i. : L are
XzQr - 2) : {1,2}. That is, we can assign in stage 2 (and thus to market 2) either 1or
2 r'orkers. \\,e ca.nrxit il^ssign 3 workers beca.rrse then u'e woul<l ha:ve a.ssigned 5 w<lrkers for
ruarkets 1 and 2 and rro w-orkcrs n'ould be left lbr market 3.

Total maximum cost function: \\ie clenote with fl..(:;) ttre plobability to be successful
onsub-'rnarketsi*1,...,3.if;1 salesworkersarearailableforthesub*ruarkeJs0,...,zand
5- z; salcs s,,orkcrs have been assigned to sub-markets ? + 1,...,3.

FiQ): Iua-x
ri+r¤Jfi+r (r;) {Fr(rr,"rz+r)} (i : 2.. . . ,0; zi e Z) (6.23)

\\ie now solve the probleur by backward recursion starting on stagc 2:

Stage z:2

22 rI3 23 "ir(*r) ,E, ("r) F:2(:2,rs) F{{42
4L5
{)nrALU

2 3 5

0.rl
0.55
4.7

1 0.3.1:0.3
1 0.55'1:0.55
1 0.7.1:0.7

0.3
0.55
0.7

Stage i : 1

z1 t:2 i2 fz{ril Fibr) ,F1(:1,r:2) .Fi(:r)
314
224
213
1:i4
L 2 3
112

0.5
0.7
0.5

0.85
0.7
0.5

0.3
0.3

0.55
0.3

0.55
{J.7

0.15

0.275

0.38.5

0.5'0.3 : 0.15
0.7' 0.3 : 0,21

0.5. 0.55 :0.275
0.85 .0.3 : 0.255
0.7' 0.55 : 0.385

0.5 .0.7 : 0.35

Z1'.t1'0 :L1 Fr Zr) F0(2.s, 11) ko)
0.85'0.l5:0.1275

0.8 . 0.275 :0.22
0.6. 0.385 : 0.231 0.231

0
0
0

tf

2
1

')

2
1

0.85
0.8
0.6

0.15
0.275
0.385

Stage a : 0

f,
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We obtain the optimal policy a:* : (1,2,2) rvith total ma:rimum cost ff(0) :0.231. The
state space is gir,'en in Fig. 6.7.

# stafi available in
stages 0,...,i(*)

5

0.15 0.55

0.3

4

3

2

^

^

0.275,

F'r(zi)

0

Stage (i)

0

Figure 6.7: State spar,e for the resource allocation problem

0.23

32



Chapter 7

Operations Research Software

7.L Gurobi

C}urolii is orre of the rnost pow-erful cornmercial solr,'ers availal:le todali Gurobi is widcly used
in intlustry arul ar:arlernia. In this cla*ss, \rye rrse Gurobi luith Google Colatr. Gtiogle Colzrlr
operates as a digital notebook, erral:iing you to u'rite and executc courputer code u'ithout
requiring any softuia.r'e in-stallatic)n^s on )'our persona,l computur. It is irnportant to r-ecognize
that, when tackling larger au<l nrore irrtricate problerns atrove the scope of this course. )'ou
rrray eventually nced to install the software on \.'our courputer and acquirc the necessary
Iicenses.

Figrue 7.1 gives the Grrrobi irnplernentation of the beer gla^ss procluction plarufng problern.
The problcrn is solved with the "m.optiruize()"-courrnarrd rvithin the notebook. Gurobi not
only finds the optimal solution but also pror.ides additional information like shadow prices
and reduced costs.

j * $ecl*re a*d inlti;li3:e mq:del
r - gp-i{*de}i-'Be*r ttig Fn'{r$r}f,ti.*n P}enni.n6

$ freats derisic,n ,J*riatrl*s
x = m"addval"s{e, fline=l*k1}*at", "Ls$er'"'j}

.* *hjectite i'*neti*n
c.setShjectiv*{$txrf 1 + 4, !*rf tl, 6RE,lt3&(Il.'iIZE:

F t.re{te c,*pac!.fy r:oilstraint6
produrtlon - $.add(cnst!"{gtxi{t} } i$3r41} {- Ss, nane-'Produ(ti{*'}
inventory = &"add(8nttr{3**}{;Bi + ?+*rllJ (. tsg, $&are*':nrr*tit$ry'i
$em*nd = ft"ad$csnstritsxl*l <- &, na&e='ilemiiln{i'}

Figrue 7.1: Gurobi rno<iel of the beer gla-s production problenr
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OBSBCTIV* T$$flT}*H YAtt'E

1lt7

7.2 LINDO

LINDO is tr comrnercial softrvare for solving linear programs u,hich is offerecl by LINDO
Sl,"sterns Irrc (see rvwrv.linckr.coru). A free version of the progranl (,,Clil^ssic LINDO,') can tre
downloadcd at https : / /www.lindo. con/index.php/1s-downloads. A user rnanual cat be
don nloarlcd at https : / /uqw .1indo . com/index. php/1s-downloads/user-manua1s.

7.2.L Modelling and Solving Linear Programs with LINDO

F igure 7.2 givcs thc LINDO rnodel formulation for the beer production exaruple. As can
bee seen. the rno<iel is straiglrt foru'ar<l ancl very similar to the way u'e are moclelirrg linear
programs in this ura.uuscript.

50,0 xl + {5$ s}
5x1+5x3<=6SlU xl + 3S xI q* 158{= I

Figrrre 7.2: LP of the lrcer glass prodnction planrring prol>lern irr LINDO

ltsing thc Solve-cornmand, the liru:ar progriun is solr,'ed and thc solution gir,'en in F igure 7.3
is obtairred. As cau be seeu, LINDO is pr<xidiug the irrfbrrnation about, the slack or surplrts
of the constraints a-s'wrll as dual prices and reduced costs.

IF DFTIffU'{ T6$ST AT STEP }

1) 51{2.857
VAEIAEI.E

x1
x2

6. 42957t
,rt, iBE?111

REDUCED COST
fl. B00BBt]
0. B000Btl

sI"A0x tr8 *tftrLs$
s. *il***0I B0{&B$s ?1{}86

8TI}L FRI(g$
ts. $?x.dI6

?. BS?1{3
s. Bt]0080

7

Figure 7.1): Optirnal solution of the beer glzr"ss protluction planrring probleru in LINDO

With the cornrnancl Reports Tableu the tableau calt bc visualized. The talrleau will l:e
shown irr the "Report \\rinclor,r"'. F'igrue 7."4 shou,s the initial LINDO tableau of the lrcer
mug production plarining prc;l:leur. 'I'lie tablea,u is castecl slighti3,- tliffereut from the u'arv

fiD$

ITERATIA$S.l{o

x
3{
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cl<xre in this rnantrscript. I'he z variable for the objective function is c:alled ART (frrr a'rtifir:al

varialrle). the olijei:tive functiotr coe{Iicients are multiplied b.v -1 arrd slack valiablcs a'rer

calltxl SLK a.rrd ntrmbcrtlcl accor<ling to tltc row' Fiuth<lrrnore, the ol:ljtrtir"e function is

represetrtetl in the first rorv. Note, that the start tableart (and onl,v t'he sta'rt tabela'u) has a

copv of ttrc objectir.r function in the la-st row.

. THE TABIE}U

EOVI
3
4

{
000
BA0
[00
000
000

0E$
ssB
Btlt)
sa*

5L(
SIN
AET

(BA5IS
}RI
slt(

x2*48$. UoS
5. SB&rE SB&
1.&00

-{58. SB&

sni{
0
I
*
s
B

-5$Si
10

B
- 5Sfl

st
0$0

*uB
0$0
Be(

u.fl8n
s. af0
l.EBO
0-t00
0 $!0

2 Sll: 3 ¤il{

stH 3
t2. 500
-0.2s00.050
-0 . 050

stl( 4
0. 000 3

000
000
000
080
000

fJ

0
0I
0ART

Figure 7.4: Irritial tableau of the treer gla^ss prodx:tiorr planuing problern in LINDO

t lll,trl2fi 0n0l
1.0u0

7.2.2 Performing a Pivot-Step with LINDO

When solving the linear prograrn, LINDO pxli'iries the option to uta.ntrall5,' select ttre pivot
eleureut defined lry pivot colurnn and pivot rorri. For this one has to actir.'iate the problexr
window (rvhi<h includes the folmuLltion of the LP) and c}oose ther conrmand sequeuce "Solve
Pivot...". Figure 7.5 slmx,s that the pivot elernent (X2. Rorv l3) is selex'ted. Figure 7.6
shows the first pivot step and the resulting second tableau.

TBE TASIENU

EUI'
1

3

¤&t{ 2 6rt 3 gi,r. I0.0rd i.6!t 0aa0 0a*6
1. U00 6 ta, u. n0u 6e. 6t0
u. aGU 1 .6Ue ' Ut0 150 000
0 . uoff 6 . 0s0 r. ff!0 Q.080
0. a0u e . 6$t 0. aro 6. a00-5C

(s&$19)
Art5LX 2

¤r.x {
&87

B1 y.3
-540 6tA -rto 0n0

&E,r oua *{&, Bfi6

THE TAEIEAU

wJli {BA5r5)1 ABT2S1N 23X2
4 SI,K 4

Figure 7.5: I\'IanuallS-' selection of the pivot element in LINDO

X3 ENTERS AT ?AIIJE 7.5OOO IN ROI.I 3 OEJ. ?AIIIE= 33?5,0

xt
-2?5.0003.500

0.500
-0 . 500

0 000
1.008
0.00[0 0[0

00
00
0n

000
500
500
s0u

51Xx!
375

2?
7
fr

00
O,B
1.0

000
000
000
009

0
B
1
0

r SeSct*ton: I

i f'lll.{[r8, i

r strJ* ure l
l;...,...........,..............,

"ld,' BN$.lcctisffilr ;l

fqBct

liilet X

Fig-urc 7.6: Secorrd tableau in LINDO
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7.2.3 Modelling and Solving Integer Programs with LINDO

Integer vilrialtles ale defined in LINDO b-v usirrg tlie GlN-cornnrand. F'igure 7.7 provitles the
LlNDO-{orrurilation of ttrc integer prograr} (4.5) - (4.8) aud Figure Z.S gir,es the trrrotourl
x,hen solving tirc problern r.vith branch-and-Llound.

5xl+&x?
mct isx! t* S+9$3<*d5

Figure 7.7: LlNDO-ruodel of tirc intcrgcr probleru

LP OPIIHUN FOO}$ hI STEP 2
OSJECIIUE lr0llr¤ * {1.25e80C!
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1 PIUST
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tl .8E0E!
FLTP X2 I0 )*
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}l2l

t

Xl I0 (-
!{2 TO }*SEI

srr
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frT
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{ nI I $ITll B}S*
2, EHD- 40,96
3,8iS- tB.BS

BE0IC¤D Cr]Sr
-5.8t0688
-8.S8SSB8

DUIL PBICTS
0.8000s8
0.&8$8$B

T1 . BESBBS
It ll$*-9.1E8&+31
IlilItt- 37. !g

rg

1B
1B

l*$ IHIEGER SIILUII0H 0F tlt.SEESSSg $I 8nfiltsH S PIUoI 13
rs. Bs6s0

}ELETE X2 SI LEUEL S
DELT'I X1 A' LIUEL 2
OELETE X2 ST LEqEL 1
Etllll{E*RIIB}l 8O|SLEIE. 8[*]*]lES* S FI{,0IS-

LEST IilTE8¤B SOLI'TI$}I IS IIIE SESI TOUIS
*E-IilSTNLLI}S BIST SOLUIIOH...

0oJ(GrIu[ ruHclloil uslut
1) trB. BSB$B

UANIRSLE
l(1
x2

UiLIIE
$. [80088
5.80EUSS

SLTC( ON SURPLTS
,l . BESEBS
&- $000s&

n0H
2l
$)

}{l- IIEfi0TIOHS- 13
BSEHtllES* 3 O[rtSH". 1-00tr

Figurc 7.8: LlNDO-protocol u'herr solving thc intcgcr probleur

Binary varitrbles are clefined in LINDO by." using the INT-<:oulma,rd. 'I'here ale t\r/o wa"vs
using the INT (arrcl the GIN-) conunand. \\'e t:a,n either define each r.a,riable separa,tely a"s

it lras been done for the integer \,'ariables in F'igure 7.7 or 1\e crln define INT 4 which sta,tes
that, the first -t r.ariables are bina,N. This option is used in the LINDO-nroclel gir,,en in Figure
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7.9 rvhir:h tlepicts ttre capital budgeting problern. The proto<xrl of tire trranch-ancl-bourxl
procedure is given in 7.10.

ta rng EDT

I}TT {

l'igure 7.9: LINDO*model of the capital budgeting problem

LP OFTIUUU FOUHD AT STEP 3
OBJECTIVE VAI.UE . 4d,BOOOOOO

ilE1f IHTEGEE SOIIITION OF '[2.0000008RE-IIISTALSIITG EEET SOIOTION. . .

6E"'ECTI1'E TIIHCTIOI{ VALI]E

1) i!2. 00000

AT BEANCfi O PIYOT

5

VABITEIE
x1
x2
T3
:{4

ROU STACI{ OR SUHPLUS2) 0.0000u0

NO. ITERATI0ilS. 3
ERir}lCEES. 0 DETERI{.= 1.0t}0E

16xl+?2x2+12x3+8x4
ECt to
+7lr.2+4x3+3x4t=1,[

REDUCED COST
-16. 000000
-2e 000000
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-8.080000
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tl, BOB
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1.000
1 000
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800
B0t)

DUAT PRICES
0.000008

Figure 7.10: LlNDo-protocol u'hen solving the capitai budgeting problern
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